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ABSTRACT. The aim of the paper is to show one useful way for stability investigation of the
positive point of equilibrium of some nonlinear system with aftereffect and stochastic perturbations.

Obtained results are applied for stability investigation of some mathematical predator-prey models.
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1. INTRODUCTION

The study of realistic mathematical models in ecology, especially the study of re-
lations between species and their environment has become a very popular topic that
interested both mathematicians and biologists. Investigations on various population
models reflect their use in helping to understand the dynamic processes involved
in such areas as predator-prey and competition, renewable resource management,
evolution of pesticide resistant strains, ecological control of pests, multispecies soci-
eties, plant-herbivore systems, and so on. Well known Lotka-Volterra predator-prey
mathematical model after its appearance got specially wide development in many dif-
ferent directions, in particular, for systems with delays and stochastic perturbations
1, 3, 10, 11, 12, 16, 17, 18, 27, 28, 33, 34, 35, 36].

In this paper some general nonlinear mathematical model is considered that is
destined to unify different known models, in particular, the models type of predator-
prey. The following method for stability investigation of the positive point of equi-
librium is proposed. The system under consideration is exposed to stochastic per-
turbations and is linearized in the neighborhood of the positive point of equilibrium.
Asymptotic mean square stability conditions are obtained for the constructed linear
system. In the case if the order of nonlinearity more than 1 these conditions are
sufficient ones [2, 30, 31, 32| for stability in probability of the initial nonlinear system

by stochastic perturbations.
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This method can be successfully used for stability investigation of many other
types of known biological systems: stage-structure predator-prey models [9, 15, 37,
SIR epidemic models [2, 6], chemostat models [4, 5] and other [7, 8, 14, 25, 26].

2. SYSTEM UNDER CONSIDERATION INTRODUCTION

Consider the system of two nonlinear differential equations

t1(t) = 21(t) (@ — Fo(w1s, 2or)) — Fr(w1s, Tor),
(2.1) To(t) = —x2(t) (b + Go(@1s, T2:)) + G1(1e, T2t),

zi(s) = ¢i(s), s<0, i=1,2.
Here z;(t), i = 1,2, is a value of process z; in the point of time t and x; = x;(t + ),
s <0, is a trajectory of the process x; to the point of t.

Put, for example,

Fo(z1e, w0) = [y folaa(t — 8))dKo(s),
(2.2) Fy(zy, v0) = H?:l fooo fi(wi(t — 5))dK(s),

Go(xyy, xor) = fooo go(x1(t — s))dRy(s),

Gi(1e, 29t) = H?:1 fooo gi(wi(t — s))dRi(s),

where K;(s) and R;(s), i = 0,1, 2, are nondecreasing functions, such that

Ki = fooo dKZ<8) < 00, Rz = fooo dRZ<8) < 00,

2.3 N .
(23) K; = [;7 sdK;(s) < o0, R; = [;7 sdR;(s) < oo,

and all integrals are understanding in Stieltjes sense. In this case system (2.1) takes

the form

gy B0 =00 (0= [ folon = )ARo(s)) ~ Ty S5 Flrilt — K (s),
Ig(t> = —Ig(t) (b —+ fooo g(](flfl(t - S))dRo(S)) -+ H?:l fooo gz(xz(t - S))dRZ(S)

Systems type of (2.1) are investigated in some biological problems. Put here, for

example,

fo(z) = fi(z) = folz) = 91(x) = gao() =z,

(25) 9o(@) =0, dE(s) = d(s)ds, dRo(s) =0,

(0(s) is Dirac’s function). If a and b are positive constants, xi(t) and zy(t) are
respectively the densities of prey and predator populations then (2.4) is transformed

to the mathematical predator-prey model [32]

i (t) = 21(t) (a — [;° @1 (t — 8)dKo(s) — [ aa(t — s)dK(s))
o(t) = —bxa(t) + [5° x1(t — s)dRy(s) [, wo(t — s)dRa(s).

Putting in (2.6)

(2.6)

dKo(s) = a10(s)ds, dKs5(s) = axd(s)ds,

2.7
( ) dRZ(S) = bZ(S(S - hi>d8, 1= 1, 2,
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we obtain the known predator-prey mathematical model with delays
l’l(t) = xl(t)(a — (lel(t) — CLQQEQ(f)),

l’g(t) = —bﬂ?g(t) + blbgl'l(t — hl)llfg(t — hg)

If here hy = hy = 0 we have the classical Lotka-Volterra model

21(t) = 21(t)(a — a1z (t) — agwa(t)),
o (t) = @2()(—b + bibaw:(1)).

(2.8)

(2.9)

Many authors [1, 3, 9, 11, 12, 34, 35] consider ratio-dependent predator-prey
models with delays type of

l’l(t) = Sl,’l (CL — fO LE‘l t— S dKO ) fO 1(t s)ea(t) dKl(S),

o2t K(t—s)+azzh(t—s)
. T (t—s)za(t
l’g(t) = —bIg + fO (tls +b2x2 T (t—s) de( )

(2.10)

Here it is supposed that m and k are positive constants.

System (2.10) follows from (2.1) if
Fo(z1e, w0) = i w1(t — 5)dKo(s),
Fy(xy, wor) fo (z1(t — 5) o(t — 8))x2(t)d K1 (),
G171, Tor) fo (z1(t = s), m2(t — )) 2(t)dRa(s),
) =

f($1,932) ﬁ (951,932

(2.11)

m+b2x2

Putting in (2.10), for example,

dKo(s) = agd(s)ds, dKy(s) = a16(s)ds, k=1,

(2.12) dR1(s) = b1d(s — h)ds, m

Il
\.D—‘

we obtain the system

8

in(t) = 2 (8) (0 — agm (1) — 22,

. . biz1(t—h)
Z'Q(t) - $2(t) _b + xl(t—fll)-li-bzxg(t—h)> ?

(2.13)

that was considered in [3, 9].

3. POSITIVE POINT OF EQUILIBRIUM, STOCHASTIC
PERTURBATIONS, CENTERING AND LINEARIZATION

3.1. Let in system (2.1) F; = F;(¢,¢) and G; = G;(6,1), i = 0, 1, be functionals
defined on H x H, where H be a set of functions ¢ = ¢(s), s < 0, with the norm
o]l = sup,<q|¢(s)], the functionals F; and G; be nonnegative ones for nonnegative
functions ¢ and . Let us suppose also that system (2.1) has a positive point (x7, z3)
of equilibrium. This point is obtained from the conditions #(t) = 0, #5(f) = 0 and

is defined by the system of algebraic equations

vila = Fo(at, 23)) = Fi(a7, 23),

z5(b+ Go(77, 73)) = Gy (27, 73).
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Note that system (3.1) has a positive solution only by the condition

(3.2) a > Fy(x7, z3).

For example, for system (2.4) a positive point of equilibrium is defined by the equa-
tions

(3.3) vi(a — Kofo(z1)) = K1 K2 f1(2]) f2(23),

23(b + Rogo(27)) = RiRag:1(77)ga(3),

if a > Kofo(x}). In particular, in the case fo(z) = fi(x) = fao(z) = go(x) = g1(x) =
g2(x) = x system (3.3) has the positive solution

b — Korj _a— Ko(RiRy — Ry)™'b
(3.4) O — o= a 0l _ @ o(R1 Ry 0) ’
LRy — Ro K1 K, KK,
by the condition
Kob
> —————>0.
“7 Rk, - Ry
For system (2.10) the positive point of equilibrium is defined as follows
1
A A Kl b2b m
1= 7 s=7 A=a-—5———->0, B= > 0.
x4 K07 Ty BKO’ a B—l—(LQBl_k ) (Rl _ b)

In particular, for system (2.13) it is

., A ., A
(3.5) ] =— 932:B—a0, A=a

)
Qg

ay bb2
— >0 B = > 0.
B+ ay ’ by —b

3.2. As it was proposed in [2, 32] and used later in [1, 8] let us assume that
system (2.1) is exposed to stochastic perturbations, which are of white noise type,
are directly proportional to the deviations of z1(¢) and xo(t) from the values of 7,
a3 and influence on 1 (t), ©2(t) respectively. In this way system (2.1) is transformed

to the form

(3 6) l’l(t) = l‘l(t) (CL — F()(ZL’lt, l’gt)) — Fl(l’lta l’gt) + Ul(lﬁl(t) — x’{)wl(t),
LL’Q(T,) = —l’g(t) (b + G(](:Z:lt, S(th)) + Gl(«rlt, LL’Qt) + O'Q(Slfg(f) — x;)wg(t)
Here 01, 09 are constants, wy, wy are independent of each other Wiener processes [13].
3.3. Centering system (3.6) on the positive point of equilibrium via new variables
Y1 =T — ], Y2 = Ty — x5, We obtain
n(t) = () +a7) (@ — Folyre + 27, y2r + 23))
—Fy(y1e + 27, Y2 + 5) + o1y (t)in (t),
(3.7) ga(t) = —(p2(t) +23) (b+ Golyw + 27, y2u + 73))
+G1 (Y1 + 27, Yor + 23) + o2ya(t)a(t).
It is clear that stability of system (3.6) equilibrium (z7}, z3) is equivalent to stability
of the trivial solution of system (3.7).
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3.4. Along with system (3.6) we will consider the linear part of this system. Let
us suppose that the functions f;(z), ¢g;(x), i = 0,1, 2, in system (2.4) are differentiable

ones. Using for all these functions the representation
df

fetat)=fot hetold),  fo=fG), = D)
and neglecting by o(z), via (2.2), (3.7)) we obtain the linear part (process (21(t), z2(t)))

of system (2.4) after adding stochastic perturbations and centering
at) = (o= Kofwa(®) ~ [ alt -k ()
K fuofn /0 " (b — $)dKy(s) + o1 (B (1),
(3.8) Z(t) = —(b+ Rogoo)z2(t) + /000 21 (t — s)dR(s)

+31910921/ 22(t - S)dR2(5) + 02,22(15)7112(15),
0

where

dK (s) = Kafao fr1dKi(s) + foridKo(s),

3.9
( ) dR(S) = Rgggogude(S) — g(]lLU;dRo(S).

Below we will say about system (3.8) also as about the linear part appropriate

to system (2.4) or for brevity as about the linear part of system (2.4).

In particular, by conditions (2.5), (3.3) from (3.8), (3.9) we obtain the linear part
of system (2.6)

Z(t) = —a (/OOO 21(t — s)dKo(s) + /OOO 2o(t — s)ng(s))
+oy21 () (1),

(3.10) Z(t) = —bz(t) + Roaj /000 21(t — s)dRy(s)

+R1£L’>{ / Zg(t — S)dRQ(S) + O'QZQ(t)wg(t).
0
Via (2.7) from (3.10) we have the linear part of system (2.8)

Z"l (t) = —$T(CL12’1 (t) + CLQZQ(t)) + 0121 (t)w1 (t),

(311) |
ZQ(t) = —bZQ(t) + blbg(:c;zl(t - hl) + 'TTZQ(T, — hg)) + 0222(t>w2(t).

4. AUXILIARY STATEMENTS

We will use two definitions of stability.

Definition 4.1. The trivial solution of system (3.7) is called stable in probability if
for any €; > 0 and e > 0 there exists 0 > 0 such that the solution y(t) = y(t, ¢),

where y = (y1,v2), ¢ = (¢1, $2), satisfies P{sup;>( |y(t, #)| > €1} < € for any initial
function ¢ € H satisfying P{||¢]| <} = 1.
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Definition 4.2. The trivial solution of system (3.8) is called mean square stable
if for any € > 0 there exists 6 > 0 such that the solution z(t) = z(¢,¢), where
z = (21,22), ¢ = (¢1, P2), satisfies E|z(t, ¢)|? < € for any initial function ¢ € H such
that sup,., E|¢(s)|* < 0. If besides lim,_ E|z(t,$)|* = 0 for any initial function
¢ € H then the trivial solution of equation (3.8) is called asymptotically mean square
stable.

As it is shown in [28, 29] if the order of nonlinearity of the system under consider-
ation is more than 1 then a sufficient condition for asymptotic mean square stability of
the linear part of the initial nonlinear system is also a sufficient condition for stability
in probability of the initial system. So, in this paper we will obtain sufficient condi-
tions for asymptotic mean square stability of the linear part of considered nonlinear

systems.

We will use also the following auxiliary statements.

Theorem 4.3. [19] Let there exists a functional V(t, ), t > 0, ¢ € H, such that
aElp(0)]° <EV(t,¢) < cysup Elp(s),
ELV(t,¢) < —c3E[p(0)[%,
where L is the generator [13] of equation (3.7), ¢; > 0, i = 1,2,3. Then the trivial

solution of system (3.7) is asymptotically mean square stable.

Consider system of stochastic differential equations without delays

ul(t) = alul(t) + OZQUQ(t) + o1Uy (t)w1 (t),

(4.1) , .
Ug(t) = 611,61 (t) + 62U2(t> + O'QUQ(t)U)Q(t),

and put

(4.2) € = %af, i=1,2.

Lemma 4.4. Let there exist numbers u and v satisfying the conditions

(4.3) y>pt art+pbitea <0, pas+y(6+e) <0,

(4.4) Aar + pbr + en) (paz +(B2 + €)) > (ular + B2) + az +v61)*.
Then the trivial solution of system (4.1) is asymptotically mean square stable.
Proof. Let Ly be the generator [13] of system (4.1). Using the function
(4.5) v(t) = ui(t) + 2pun (t)us () + yus(t)
and (4.2) for system (4.1) we have
Lov(t) = 2(ui(t) + pus(t))(crus (t) + agus(t))
+2(pun () + yua(t)) (Brua(t) + Baua(t)) + otui(t) + yozus(t)
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(4.6) = 2(a1 + pb + e)ui(t) + 2(pas + (B2 + €2))uj(t)
+2(p(o + B2) + ag + 61 )ur (t)us(t).

By conditions (4.3), (4.4) from (4.5), (4.6) it follows that function (4.5) is a positive
definite one and Lov(t) is a negative definite one, i.e. function (4.5) satisfies Theorem
4.3. Thus, the trivial solution of system (4.1) is asymptotically mean square stable.

Lemma is proven. O

Corollary 4.5. Suppose that the parameters of system (4.1) satisfy the conditions

By >0, (a1 + 52)(B2 + €2) > B,

ag(ﬁg + 62) - a1 + €
(a1 + B2)(B2 + €2) — Proa I

and the intervals

(4.7) (1 + 32)? > 4fr o,

a1+ 32) (02 + €) — fras’ B

(4.8) (_( (B2 + €2) o+ 61) |

—\/(041 + 32)? — 4B — (a1 + [2) \/(041 + 32)? — AP0 — (a1 + Ba)
(4.9) 261 ’ 261

have common points. Then the trivial solution of system (4.1) is asymptotically mean

square stable.

Proof. Choose v from the condition pi(o; + B2) + o + v31 = 0. To satisfy the condi-
tions (4.3), (4.4) p has belong to intervals (4.8), (4.9). O

Lemma 4.6. For positive Py, x, y and nonnegative Py, (Q1, Q2, such that P, >
Q1x + Qsy the following inequality holds

P1+Q193_1+Q2y_1> V(Q1+Q2)2+ PP+ Q1+ Qs i
Py — Qv —Qyy Py .

Proof. Tt is enough to show that the function

Flay) = P+ Q™'+ Qay !
= Py — Q17 — Qay

reaches its minimum in the point

o \/(Q1+Q2)2+P1P2+Q1+Q2.

Lemma is proven. O
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5. STABILITY OF EQUILIBRIUM OF SYSTEM (2.4) WITH
STOCHASTIC PERTURBATIONS

Consider system (3.8) as the linear part of system (2.4) with stochastic perturba-
tions. Following the general method of Lyapunov functionals construction (GMLFC)
20, 21, 22, 23, 24, 29| rewrite system (3.8) in the form

Zl(t) = 0127 (t) + a222(t) + 0121 (t)w1 (t),

(5.1) . .
Zs(t) = Prai(t) + Baza(t) + ooza(t)aia(t),
where
(5.2) Zy(t 1(t) fo ft ,21(0)dOdK (s) — K fiofor fooo ftt_s 2(0)dOdK»(s),
Zg( o(t) + [ [ z1(0)d R(s) + Rigiogar [y~ Ji, #2(0)dOdRy(s),

and via (3.3), (3.9)

ap =a— K — Ko foo = K1 K3 fa (flo ) — Ko forx7,
(5-3) = —K1Ksfiofa, B1 = R = R1R2920911 — Rogm%,
52 R1R3g10921 — b — Rogoo = —Ri1R2g10 ( )

We will suppose that the corresponding auxiliary system without delays (4.1)

with oy, 5;, 1 = 1,2, defined by (5.3), is asymptotically mean square stable.

Following GMLFC, we have construct Lyapunov functional V' for system (5.1) in
the form V' =V} + V5, where in corresponding with (4.5)

(5.4) Vi(t) = Z{(t) + 2uZ0 (1) Zo(t) +7Z5(1)

and V5 has be chosen by some standard way after estimation of LV;, where L is the

generator of system (5.1). Via (5.1)
LVi(t) = 2(Zi(t) + uZa(t)) (o121 (t) + aeza(t))

+2(uZy(t) + 7 Z2(8))(Brza(t) + Baza(t)) + 0721 () + y0325(1)
(5.5) = 2(on + pb)Z1(t)z1(8) + 2(pon + v61) Za(t) 21 (¢)

+2(0n + 1B2) Z1(t) 22 () + 2(paz +7B2) Za(t) 22(t) + 0727 () + yo3.25 ().
Substituting (5.2) into (5.5) and using (4.2), we have

LVi = 2(on+ pbr+ @) (1) + 2(pos +7(B2 + €2))23(t)
+2(pu(ar + B2) + ag +v51)21(t) 22(t)

2(0n + ) / / (0)dOdK (s)

—2(a1 + ) K1f10f21/ / (0)dOd Ky (s)

—I—2(ua1+’yﬁ1)/0 /t_ 21(t)z1(0)dOdR(s)
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+2(po + 751)31910921/ / 21 (t)22(0)dOd Ry(s)

2(0n + p1f3) / / (0)dOdK (s)

—2(avg + puf2) K1 fiofa / / (0)dOdK;(s)
2jias +5s) / / (0)dBdR(s)

+2(p0s-+ 1) aguogar | / (1) 22(0) 0y (5).
0 t—s
From here, using (2.3),
KI= [kl 1R = [ SR
and some positive numbers v;, i = 1,...,4, we obtain

LVi < 2(an + pbr 4 €))7 (8) + 2(pas +v(B2 + €2)) 23 (1)
+2(p(ar + Ba) + ag +7B1) 21 (t) 2a(2)

fe'e) t
Rl + ubil2(8) + lon + | / / 2(6)d0|dK (s)|
0 t—s
+”Y1K1f(2f1o|f21||041+M51|Z%(t)

fe's) t
o K fuol falln + ] / / 2(0)d0d IS (s)
0 t—s

[e's) t
1 Bllas + A2 () + e + B / / 22(0)d6|dR(s)
0 t—s
+72311:32910|921||MCY1 + 51|22 (¢)

+75 ' Rigrolgar||pen + 75| /000 /; 23(0)d9d Ry (s)

#9330 + e+l [ [ Haslars)
Kool + w300 + Kol faloa il [ [ B0)d0anats
Rl + 2180 + b+l [ [ A@)ablare)

) t
+ Ry Ragio|ga1 || o + 702175 (t) + Rigolger|| oz + 32| / / 75 (0)dOd Ry (s)
0 t—s

or

LVi < [2(ar + pb+e) + |f(||a1 + pph | +71K1f(2f10|f21||a1 + |
+|R|per + 81| + Y2 RiRogio|gar || e + 75122 (t)
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(5.6) +[2(pas + ¥(Bo + €)) + 75 K || + 18] + K1 Ko fiol for| o + s
+74_1|R||/~0042 + 78| + 311%2910\921“#042 + 7] 25 (1)

]
+2[p(ar + B2) + as + bz (1) (¢ +Z/ / 0)dOdF;(s),
where
dFy(s) = (Jou + pbu| + yslog + pBel)|dK (s))|
+(|par + 61| + yalpaz + vB2|)|dR(s)],

dFy(s) = Kifiolfor|(01an + pBi| + |ag + pBa|)dKa(s)
+Rig10|g21| (73 e + 81| + |pas + vBa])dRa(s).

Following GMLFC, the additional functional V5 we have to choose in the form

Z// 0 —t+5)22(0)d0dF(s).

Then

(5.7) LVa(t) = FL22(t) + Fy22(t) Z / / 0)d0dF;(s),
where

o= (Jon+ pb| + ysloz + i) K|
(e + 81| +yalnas + 160 ) B,

Fy = Kifulfal(yen + ubl + |z + pBel) Ko
+Rig10lgo1| (V3 ' [ma + 7B + paz + v5a]) Ra.

Via (5.6), (5.7) the functional V' = Vj + V4 satisfies the condition LV (t) < 2/(t) Pz(t),

where

[ =) _ [ Pu P
(5.8) 2(t) = < w(t) ) , P ( s P ) ,

pii = 2(o1 +pbi+er)

+(2|K| + 1K1K fiol fr|) o + pbi]
+(2| R| + 72 R Ragiol g |) e + v
+3| K ||z + pBa] + 7al B[z + 73],

(5.9)  p2 = 2(poz+ (P + €))
+97 K K fol far||an + wBi] + v Ry Ragiolgan | o + B |
+(73 | K| + 2K, Ks fiol for|) a2 + 113
+(v ' R| 4 2Ry Rogiolgan |) o + 73,
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pi2 = plag + B2) +az+v6:.

Corollary 5.1. If there exist numbers p, v > p?, v; > 0, i = 1,2,3,4, such that the
matriz P, defined by (5.8), (5.9), is negative definite one, i.e.

p11 <0, P22 < 0, P11p22 > p%Q,

then the trivial solution of system (3.8) is asymptotically mean square stable and the
positive point of equilibrium of system (2.4) with stochastic perturbations is stable in

probability.

To simplify the obtained stability condition consider some particular cases of
system (3.8).
Via (2.5), (3.9), (5.3) for system (3.10) that is the linear part of system (2.6) with

stochastic perturbations we have:

a; = —Kox] <0, oy = —Kox] <0,

pr = RiRoxy > 0, B2 =0,

dK(s) = Kyx30(s)ds + x5dKo(s), dR(s) = Rex5dR(s),
K, =1, |K|= Ko, |R|=R\Roa}.

(5.10)

Choosing ~v from the condition p;5 = 0, we obtain

_Hont oy plag| 4 oo
b T
From the condition py; < 0 it follows aq + 51 < 0. So, using (5.9), (5.10), (5.11), we

have

(5.11) v =

pu = 2(—laa| + b + @) + 2K + 11 Ko)ai(|ou| — pb)
+(2R1R21’; + 72R1EQ$T)|QQ| + ’Ygf(ol’ﬂaﬂ + M’}/4R1R2£L'§|Oé2|,

| + | 1k S'Ri Ryt
W) +7 1K2ZL'1(|CY1| — ub) + 2 1R1R2I1|a2|
1

+(’)/3_1K0 + 2K2)LL’T‘O(2| -+ M(’Yzl_lﬁglel’; —+ 2R1R25L’>{)|042‘.

P = 2 (—M|042|+€2

From the conditions py; < 0, pas < 0 it follows

Ai+ By + Boyy '+ By <p< Ay — Byy1 — Byya — Bsys

5.12
(5.12) Ai+ Boyy ' = Byt Az — Byy1 + Byya
where
Al = 2|042‘(K2.§C>{ + 6261_1), A2 = 2“0&1‘(1 - IA((]LUT) - R1R2|Oé2‘l’§ - 61],
(5.13) Az = 261(1 — Kox7), Ay =2[Joz|(1 — RyRox}) — e | By,

By = KB, By = Ky|ou |z, By = Ry Ry|as|a},
B3 = K0|Oé2‘.§lf>{, B4 = R1R2‘0Q|LU;
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Via (5.12) we can write

(A1 + By 4+ By '+ Bs%,_l) ( A3 — By + Baya ) <1
Ay — Byy1 — Baya — B3y Ai+ Boyy ' — By

(5.14)

and minimize the left part of inequality (5.14) with respect to v1, Y2, 73, 71 by

conditions
(5.15) Ay > Byyi + Baya+ Bsys, As+ Byva > Boyr, As+ Bo”h_l > B474_1-

Corollary 5.2. If minimum of the left part of inequality (5.14) with respect to 1,
Y2, V3, Y4 by conditions (5.15) less than 1 then the trivial solution of system (3.10)
is asymptotically mean square stable and the positive equilibrium of system (2.6) with

stochastic perturbations is stable in probability.

Let us show that in some cases minimum of the left part of inequality (5.14) can
be easy obtained. Suppose, for example, that K, = 0.
From (5.13) it follows that By = By = 0 and A; = 2|ay|ex5; . Inequality (5.14)

takes the form

(Al + By ! +3373_1) ( As + Bava ) <1
Ay — Bays — B3z Ay — Byt

Note p from inequalities (5.12) satisfies the condition v > p? that via (5.10),
(5.11) is equivalent to Byu* — plag| — |ag| < 0 or

lay| — /a2 + 461 |as| _ lat| + v/ af + 405 |as|

< < fo

20, 20,
Really, from (5.12), (5.15) via By = By = 0 it follows
A
0<pu< 22 < @ < [ho-
As 1

Using Lemma 4.2 firstly for P, = Ay, P = As, Q1 = Bs, Q2 = B3, © = 7,
y = 73 and secondly for P, = A3, P, = Ay, Q1 = By, Q2 =0, x = v; ', we obtain the

following

Corollary 5.3. Let Ay, Ay, As, Ay, By, By, By are defined by (5.13). If Ky = 0,
Ay >0, A3 >0, Ay > 0 and

(\/(BQ + 33)2 + A1A2 + By + Bg) (\/ BZ + A3A4 + 34) < A2A4

then the trivial solution of equation (3.10) is asymptotically mean square stable and

the positive point of equilibrium of system (2.6) is stable in probability.

Example 5.4. Suppose that the parameters of system (2.8) that is a particular case
of system (2.6) satisfy the condition

alb
1 A=a— — .
(5.16) a= 35 >0
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From (3.4) via (2.3), (2.5), (2.7) it follows that the positive point of equilibrium of
system (2.8) is
b A

*
ZL’l - T 1’2 -
biby’

=
The linear part of system (2.8) with stochastic perturbations is defined by (3.11). Via
(2.7), (5.10), (5.13) we obtain

balo2 a 2Ab.b
A =22 Ay =2 —— — Ahy | — o2 Ay = 2212
1 Ab%b%7 2 (blbg 1) 01, 3 as )

a2b alag a2b2
Ay =——(2(1 —0bhy) — By =—nh By = Abh,.
4 b1b2 ( ( 2) Ablbg) ) 2 25 4 1

Via Corollary 5.3 if

1 (a oF 1 ao3
o< (0 he < (1
'S <b162 25) ey ( 2 Ab, by
and

(5.17) (\ /B2 + A1 A + Bg) (, | B? + A3 Ay + B4) < Ay Ay

then the trivial solution of equation (3.11) is asymptotically mean square stable and

the positive point of equilibrium of system (2.8) is stable in probability.

Note that in the case h; = hy = 0 the obtained stability condition follows from
Corollary 5.1 via oy = —a12}, ag = —agx}, f1 = bibaxh, f2 = 0. In the case o} =
03 = h; = hy = 0 inequality (5.17) holds and condition (5.16) ensures asymptotic
stability of the positive point of equilibrium of the classical Lotka-Volterra model
(2.9).

Stability regions for the positive point of equilibrium of system (2.8), obtained
by conditions (5.16), (5.17), are shown in the space (a,b) for a; = 0.6, a3 =1, b; = 1,
by = 1 and different values of the other parameters on Fig. 5.1 (¢ = 0, 03 = 0,
hy =0, hy = 0), Fig. 5.2 (67 = 0.4, 02 = 0.6, hy = 0, hy = 0), Fig. 5.3 (62 = 0,
05 =0, hy = 0.1, hy = 0.15), Fig. 5.4 (62 = 0.1, 05 = 0.3, hy = 0.01, hy = 0.1).
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6. SHORT SKETCH OF RESEARCH OF SYSTEM (2.10) WITH
STOCHASTIC PERTURBATIONS

Consider now system (2.10) that was obtained from (2.1) by conditions (2.11).
Via (3.1), (3.2) the positive point of equilibrium (x7, z3) of system (2.10) is defined
by the conditions

wi(a — Kor}) = Ky f (a7, x3)x3,

(6.1)
b= ng(I‘T,l’;), a > KO$T

Suppose that the functions f(xy,x2) and g(z1,22) in (2.11) are differentiable and can
be represented in the form

fyr + 21,92 + 23) = fo+ fiyr — fay2 + o(y1, y2),

91 + 21, 42 + 23) = go + G191 — g2y2 + 0y, 42),

where limy,_o % =0 for |y| = v/ y3 +y3 and

* .k \k—1
kao(zixs

(@) + ag(w3)*)*

m—1

fo = f(x1, 23), flzl'zf, ngI‘Tf, f:

mby(xixs
7)™+ by(23)™)*

~

gozg($T>$;)7 g1 :ZE';E], 92:‘%’){97 g: ((

So, the functionals Fo(xys, xey), Fi1(z1¢, T2), G1(214, T2¢) in (2.11) have representations
P+ oo+ o) = Kusi+ [ it = s)dKals),
Fi(yie + 21,92 + 73) = Kifors + fia) /000 yi(t — s)dKi(s) +

(6.2) + K1 foya(t) — foxs /OOO y2(t — s)dKi(s) + o(y1, y2),
Gi(yie + a1, y2e +23) = Rigoxy + g123 /OOO yi(t — s)dRa(s) +

+R1goya(t) — 92@/ Yot — s)dR1(s) + o(y1, y2).
0

Via (6.1), (6.2) the linear part of system (2.10) with stochastic perturbations
takes the form

Zl(t) = ((1, — Kox’{)zl(t) - K1f022(t)
(6.3) —/0 21 (t — s)dK(s) + fg;L';/O 2o(t — 8)dK;(s) + o121 ()W (1),

() = g1 /000 21(t — s)dRy(8) — goxy /000 2o(t — s)dRy(8) + o929(t)wo(t),
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where dK (s) = 27dKy(s) + fixsdK;(s). Following GMLFC one can represent system
(6.3) in form (5.1) with

t—s t—s
Lo (t) +91!L'2/ / Zl dngl — g21’2/ / 2’2 d@de )

= K25 (I—— 1) Ko7, = Ki(fors — fo),

1
B = Rigixs, By = —Ry1g2%5.

Further investigations are similar to Section 5.

For short consider system (2.13) that is a particular case of system (2.10). The
point of equilibrium of system (2.13) is defined by (3.5). From (2.12), (3.5), (6.3)
it follows that the linear part of system (2.13) with stochastic perturbations has the

form
(6.4) 21(t) = c1z1(t) + qozo(t) + o121 ()W (),
Z9(t) = Prz1(t — h) + Baza(t — h) + oa29(t)a (1),
where
o = ala(ZB + ag) —a, Qy= —B2a1a, o = (B+17a2)2’
bbs 1
/81 b162ﬂ7 /62 /617 bl _ b’ /6 (B + b2)2

System (6.4) can be represented in form (5.1) with
t
Zl(t) = Zl(t>, Zg(t) == Zg(t) +/ (5121(‘9) + 6222(9))d0
t—h

Suppose that all parameters of system (2.13) are positive and besides
(65) by > b, o +6 < O, 62 + €9 < 0.

Then ay + (32 < 0. Since here 3; > 0, s < 0 then conditions (4.7) hold. Let us show
that intervals (4.8), (4.9) have common points. Really, it is easy to see that the left

bounds of both intervals are nonpositive ones. Besides,

Vi +5)° —4bios — (e +8) _ len+ Bl  Jau| . oate -
201 I ¢ b 7

i.e., at least the positive part of interval (4.8) belongs to interval (4.9).

From Corollary 4.5 it follows that the trivial solution of system (6.4) with h =0
is asymptotically mean square stable. It means that the trivial solution of system

(6.4) can be asymptotically mean square stable and for enough small A > 0. A coarse
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estimate for h one can get using the functional V; defined in (5.4) for fixed values of

p and 7. Putting for example u =0, v = —ay8; ' > 0, via (6.4), (4.2) we obtain

LVi(t)

VAN

271 (t)(0q 21 (t) + az2a(t))

L5210 + By2a0) + D) +10330)

221 (t)(n 21 (t) + 225(t)) + 05 21 () + 0325 (t)
#2910+ Aoaa(0) (20 + [ (Graa0) + (00
2o + )20 + (% + )0

+296 [ (haa020) + 522 (02208

v | ' (Grat)21(0) + oz (t)2(0))d0

—h
2(on + €1)21 (t) + 27(02 + €2) 25 (¢)

B {51 <hzf(t) +/tjh zf(@)dG) +|5s] (hzf(t) + /:h z%(@d&)}

t

+716| {61 (hZ§ (t) + /t jh i (HW) 18] (hzg(t} " /t_h Zg(e)de)]

2o+ 1) + QIO + 215+ e0) + Qa0 + Qs [ s26).

where Q1 = v61(01 + |52]), Q2 = 7|52|(B1 + |F2|). Following GMLFC, the additional
functional V5 we have to choose by standard way

=30 [ @-t+nzem

Then for the functional V =V, + V;, we have

LVi(t) < 2[oq + e+ |ao| (81 + |B2])R)21 (1)
+27[B2 + €2 + || (B + | Ba])h]25 (¢).

As a result we obtain the following statement: if conditions (6.5) hold and

( g + € |G + €2 )
|| (By + |Bal)” | B2l (B1 4 152])

then the trivial solution of system (6.4) is asymptotically mean square stable and the

positive point of equilibrium of system (2.13) with stochastic perturbations stable in

probability.

Note that choosing optimal values of p and v in the functional V; (instead of the

fixed = 0 and v = |ap|3; ") one can loosen estimation for h.
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