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ABSTRACT. We present a class of nonlinear dynamic viscoelastic models for materials subjected
to shear stress. The model equations are based on a continuum variation of a reptation model in
which chemically cross-linked (CC) systems of molecules act as constraint boxes per unit volume for
physically constrained (PC) systems of molecules. Results from validating the model with dynamic
shear experiments are given and a stability analysis for the corresponding linearized systems is

discussed.

1. INTRODUCTION

In this paper we derive for the first time a continuum model combined with
molecular based internal dynamics for shear deformations in viscoelastic materials.
The resulting partial differential equation model is coupled to ordinary differential
equations for internal strains via a nonlinear stick-slip molecular theory. An initial

step toward validating the models with carefully designed experiments is discussed.

Various molecular and phenomenological models have been proposed to model
rubber deformations. One early and influential paper on viscoelasticity is that of
Pipkin and Rogers [20]. Their approach (like many subsequent contributions to the
literature) is phenomenological, and is based on incorporating the strain/stress his-
tory in the relaxation model in a mathematically sound way leading to an appropriate
relaxation kernel. The construction incorporates step strain data obtained from ex-
periments. The approach presented in this paper is a combination of micro and
macro-scale considerations. The relationship between the constrained (PC) and con-
straining (CC) molecules embodies an attempt to construct relaxation kernels in a
direct way. The relaxation kernel incorporates the strain/stress and strain rate his-
tory and the stress/strain relationship is a nonlinear integral expression as is the case
in [20].
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A more scientifically satisfactory model can be obtained by combining molecular
and continuum mechanics approaches that are less phenomenological in nature. The
fundamental ideas originate in the presentations of Doi and Edwards [12] and Johnson
and Stacer [17] as extended in [5, 6]. To make the presentation in this paper self
contained we first briefly summarize some of the background material presented in
[4, 5, 6].

A dynamic model for rubber viscoelasticity has been proposed in [17] based on
a continuum simulation of the reptation model considered in [12]. In step-strain
relaxations of polymers with constraint (stick-slip) theory, PC-molecules deform with
CC-molecules, contract and creep to return to a lower energy, higher entropy state.
As a result, the total energy density at a constant strain dissipates in time and

viscoelastic behavior results.

Such a linear continuum model of rubber viscoelasticity is developed in [17] by
considering the CC-linked molecules as providing cells or boxes with entrapped molec-
ular segments and placing a unit cell or box at each point of the rubber continuum.
This approach was extended to nonlinear models for rubber undergoing tensile de-
formations in [5, 6]. Here we consider the case where the CC-box experiences a
shear stress as a result of which the PC-molecules undergo a parallel deformation. In

our formulation the PC-molecules act as internal variables in the relaxation of the

CC-box.

2. CONTINUUM MODEL OF JOHNSON AND STACER

When the Johnson-Stacer [17] CC-system experiences shear deformations, the
PC-system undergoes deformation along with it. The relaxation of the PC-system
is determined by the history of the CC-system along with thermodynamic consider-
ations. On the other hand the PC-system deformation acts as an internal variable
affecting the relaxation of the CC-system. The tendency for the PC-molecule to return
to a lower energy and higher entropy configuration forms the basis of the viscoelastic
model in the deformation process. A PC-molecule entrapped in a CC-molecular box
undergoes a deformation in the direction of the shear when the CC-box experiences
shear. After the initial induced stress, the PC-molecule relaxes even if the CC-box re-
mains deformed. Let the CC-constraint tube have length L(¢) and the representative
entrapped PC-molecule have length ¢(¢). The model in [17] assumes that the length
of the CC-tube is approximated as a step function of time and ¢(0) = L(0). Suppose
instantaneous step-strain deformation of the CC-system results in the PC-molecule
having length ¢*. A model of the PC-molecule returning to its original contour length

is given by

0(t) = £(0) + [¢* — £(0)] e7¥/7
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If the initial stretch for the CC-box is ALy, relating the stretches in the form 22 = fo

ALo — Lo
lo
Aly = ( Lo) ALy.

leads to the relation

Then in the time interval t5 < t < t; we have

a)—%+%AL—@mA

where 7 is the relaxation time for the slip motion of the PC-molecule.

Setting t = t1, we have

(
Ut1) = lo+ 7 ALge =)/,
Lo

Ly = Lo+ AL

Next we suppose that the CC-box is subjected to an instantaneous shear step

deformation AL, at ¢t = t;. For t in the time interval (¢1,%2) we have

0t) = Lo+ (01 + Aly) — Ly] et/
= Y + bo AL —(t—to)/T + b AL —(t=t1)/7

Similarly, after another instantaneous shear step deformation AL, at t = tg, for
ty <t < t3 we have

i 0
0t) = lo+ —ALge 0/ 4 “LAL e (=t)/7
Ly Ly

Uy
RN P
+ L2 2€

Following [17] and taking the limit, as At; — 0, of a succession of such step strains,

we are led to the formula

(2.1) é@):€0+1ét%%%d2§)g*ﬁﬁﬁds

for the length of the PC-molecule.

We make the following observation for the linear theory that will be subsequently
modified for a nonlinear theory. If A¢; and AL, represent instantaneous step-stretches

at t = t;, we have assumed the fundamental relationship

(2.2) - =
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3. SHEAR DEFORMATION IN THE CC-BOX AND DEFORMATION
OF THE PC-MOLECULE

A deformation that is close to the axial extension and to which we can readily
apply the continuum ideas of Johnson and Stacer is generalized simple shear as de-
picted in Figure 1. We suppose that the unit CC-box undergoes a deformation of the
type x — x+u(y), y — vy, 2 — 2.

FiGURE 1. Simple shear.

The configuration gradient [2, 3] for this deformation is given by

The configuration gradient A can be written in a unique way as a product of a stretch

tensor F and rotation R as

A=FER,

where E? = A*A. The eigenvalues &, &, & of A*A are given by

& = 145 WP+ a1+ W)

(3) = L)+ )+ W) -
& = 145 WO~ )1+ W)l
= 1)+ 5 W) - SO+

& = 1.
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We note that £&, = 1 and thus also &1£63 = 1. For small deformations we set

Me = VE =T+ 0) 4 WP+ W)
32 e = VE=1-20)+ WO - W)

The quantities Ai., Mg, A3e are the principal stretches for the CC-shear deformations.

Although the CC-box experiences shear deformation, the entrapped PC-molecules
experience deformations that can be simple shear, simple elongation, or a combina-
tion thereof, depending on the orientation of the PC molecule in the entanglement
with the CC-box. In any case, we assume that the PC deformation du, is in the same
direction as the CC-box shear, and thus the principal stretches for the PC-molecules

may be assumed to obey the (incompressibility) relationships

(3.3) Ayp = Agp = ——

To develop relationships between the principal stretches A;. and \;, we use (2.1) and

(2.2). The equation (2.1) suggests that we write

t
)\1 (8) d)\lc(S) o
4 Ap =1 P e e 9/ s,
(3.4) P +/0 Ac(s)  ds ‘ N

The equation (2.2) further suggests that we assume the relationship

Ny Nip
(3.5) ach = )\jc(sljv

where 9;; is the Kronecker delta.

In (3.2) we assume that u also depends on time. Thus,
1 1 1
Mo = T gdyult.y) +  10ult 9 + g 0ty F

1 1 1
Aze = L

Using (3.6), we obtain from (3.4) the equation
t 1 3 3
My =1+ [ o) (1= 5005, + 5 Byutsi) + ..
0
1 1
(3.7) (5838yu(5, y) + iﬁyu(s, Y)0s0,u(s,y) + .. ) cem =)/,
From (3.7) we find

82

t 1 1
~ - [ _(t_s)/T
(3.8) Aip ~ 1 —l—/o A1p(s) (1 20yu(s,y)) 5 s yu(s,y)e ds.
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Setting Ay, ~ 1 + du, where du, = du,(t,y), we see from (3.8) that
duy(t,y) =~ —8u(ty /8usy) (t=9)/7 s
! 1
(3.9) + / [5% — anu] 5858yu(57 y)e—(t—S)/TdS _ 5(3yu(07 y)e_t/T,
0
Next, let (assume that 0,u(0,y) = 0)

1
w = 0u, — iayu(t, ).

Then from (3.9)

1 1 8% 1
8tw+ (; - iﬁtay) —Zayu(t,y).
Thus
L[ oo
Supltey) = oulty) = 5 [ IO us s
0

= 2 [ St - s, + § Ou(e) - Byt )

-
1
iﬁyu(s, y)ds.

From this last equation we are persuaded to make the approximation
1 t

(3.10) S (t,y) = a ulty) ~ o / e~/ u(s, y)ds.
T

4. THE DYNAMICS EQUATION

We proceed to write the dynamic equation for a particular rubber material consid-
ered in [17]. For this particular material the energy density proposed in [17] consists
of two parts, W,. and W, where W, is the contribution to the energy density of a
unit CC-box from the cross-linked molecules constituting the box. A contribution to
the energy density function from entrapped PC-molecules is denoted W,.. The W,
and W, proposed in [17] are given by

Wee = 105 (A, + A5+ A3, — 3) +
103 (A?CASC + A%ckic +A5A5 —3)
Wye = 169 (22, —3) +0.0138 (A2 + 22, + A2, —3)" +
7.89 (Afpv + A2 >\2 +A2 A2 - 3)°,
where the specific numbers in these expressions are derived from validation with

experimental data of Young and Danik (see [16]). Using the fact A\, = & and A3, = &
and (3.1), we find

_ 2 3
Wee = 208u,, + auy, + - -
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Thus

OWee
Ou,,

(4.1) = 416uy + azu’ + azu, + - - - = Je(uy) ~ 416u,,.

Next using (3.3) we have

2 2 2
Wy = 169 <>\2 +— - 3) +0.0138 (v + — - 3)
Ay Ap

1 3
+ 789 (20, + 5 —3)
z

oW, 2 , 2 2
— 169 (2 0.0276 A2 —3) (2), — —
O, 69< Atp = A%,,) * ( B ) ( v A%p)

+ 23.67 | 2\ ! -3 2 2—i
"R )

Recalling A\, ~ 1 + du, we have

oW,
Oy

~ 10146u,,.

Using (3.5) we have
OWpe OWpe 0Ny OWpe Ay

OA1e Oy ONie Oy Aic
i\\ii ~ ! _;iup ~ 1+ 0uy, — %Q/u 5up8 u+ - (5’ u)® +
agz:’c = %I;\le: 88)211; ~ 1014w, <1 + ou, — %ay 5up8 U+ — (8 u)? + ) %
= 51260u, (1 + du, — ; 5up8 U+ — (8 u)* + )
~ 5120u,.
Thus to first order we have
(4.2) %ﬂuzc ~ 5120u,.

Now we consider the shear vibration of a rubber sample with a square cross sectional
area A. and density p. From (4.2) and (3.10)

2
(4.3) %I/ch ~ 2560,u(t,y) — ?/0 e~ =79, u(s, y)ds.
Yy

The shear dynamics of the rubber sample are given by

oW, oW,
=F
du, * 8uy) ’

pA02u — 0, (
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where F is the external load. Using (4.3) and only first order terms, we have our

desired linear equation

256A

T

t
4.4 pAOPu — 67T2A.0%u(t, y) + ¢ | e 9%u(s,y)ds = F.
t Yy Yy
0

5. A NONLINEAR REPTATION MODEL

In the previous section the deformations of the PC-molecules and the CC-molecules

were assumed to be related according to the formula

Al 0
AL L
leading to the relationship
a)‘jp _ >‘jp 5
Mic e 7

between the stretches.
The above relationship has the merit that it would make it feasible for the PC-
molecule to remain within the constraining tube during relaxation. However, a more
realistic and general relationship is of the form

Al l O\, Yy
5.1 — = f(t,+ L= f(t,22)dy
( ) AL f(?L)7 or 8)\20 f(7>\26> ]

where f is a material dependent nonlinearity. With this more general relationship

between the deformations, the relaxation process after an instantaneous step-strain
in the time interval 0 =ty <t < t; is given by

((t) = Lo + f(to,

14 t—t
LO )ALoe( 7'0)

In the time interval (¢,,-1,%,), m > 1 the relaxation process has the form

_€0+Zf )AL 7

Z

In the limit, as At = t; — t;_; tends to zero, we have

0(t) :/0 f(s,%)dz(;)e_@ds.

In differential form we have
dl ot) . dL 1

5.2 — = f(t — — —(l(t) — £y).
(52 = ) G~ )~ )
We can write (5.2) in terms of the stretches of the PC-molecules \;,,7 = 1,2,3 and
those of the CC-molecules \;., 7 = 1,2,3. When writing (5.2) in terms of the stretches,

we take (o = 1. In particular, setting ey = du, = A;p, — 1, we have from (5.2) the

equation

1+&

.1
(53) g1+ ;81 = Alcf(t, )\10 )
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In the problem at hand A\?,\3. = 1, and from (3.2),

1 1 1 1
=Xy = 1— =4/ Zu' () — = ()3 -
. QU(y)+4U(y) 16U(y)

1
= 1—€—|—€2—§63:t~-‘,

where we set £ = $u/(y). Next we write (5.3) as

) 1 . 3
et e = 8(1—1—2&?4—5624—"‘)
1
-f(t,1+51—5—515+52+5152—§53i---).

In the case f is independent of ¢, which we assume henceforth, we expand f about

the point 1 and obtain

1 3
e1+-e1 = é(l+2e+=+-")
T 2

-{f(1)+f'(1)(sl—e—sla+52+elaz—%a3+—-~-)+~~}.

(5.4)

In Section 3, f(t, f\—i”) = f\—i’; In this case (5.4) becomes

1 3
€1+ —& = é(1+25+§52+-~-)
T

1
-{1+51—5—515+52+5152—§e3j:---+---}.
(5.5)

We note that a special case of this latter equation is

. 1 ) 3
é1+ —e1 = (142 + 552)
_d 2 13
= = (e+e"+ 5¢ ),
which is itself a special case of the general model
. 1 d 2 3
(56) g1+ —&1 = —(b1€ + ng + ng )
T dt
These, of course, are both special cases of the general model
1
(57) él—i—;El = gv(s,é).
Neglecting all higher order terms in (5.5), we find
. 1 .
(5.8) E1+ —e1 =¢,
T

which is (3.10) of Section 4.
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The dynamics of the rubber (see Section 4) are given by

(5.9) pAOFu — %(agz;c + a@v;/ ZC) =F.
Now
Wy OWpe ONie
Ou, e Ou,
OW,e OA1p DA e
T O\ OAie Ouy
W Aipy 1
~ o 2

= 5126 f(1+¢e,—e—e1e+€> +e16% — %534_—...).
From (5.9) we have now
(5.10) pAOfu — 0,{ge(e) + 51261 f(1 +61 — e —e1e + > + 18 — %63 +.-)}=F,
where g.(¢) = 832¢ + age? + -+ . This is a general nonlinear model based on the
nonlinear constitutive relationship involving f of (5.1) and that of (4.1). In Section

ﬁ) — Alp

3 we had the simpler proportional assumption f(52 T2 as well as g.(e) ~ 832e.

In that case (5.10) becomes

1
(5.11) pADfu—0,(832: +512e1(1+ 1 —e— e+l +are’ — o+ —o1)) = )

If we retain only first order terms in ¢,¢; in (5.11) we obtain the equation
pA.O7u — 0,(832¢ + 512¢1) = F.
Thus, a linearization of (5.11) and (5.5) gives

pALPu — 0,(832e +5126)) = F
.1 :
e1+-—-¢€1 = ¢
T
which, recalling (3.10) and & = fu,, we see is the same as (4.4) of Section 4.

6. THE NONLINEAR MODEL AND SIMPLE SHEAR
EXPERIMENTS

Model development and identification processes (inverse problems with experi-
mental data) for nonlinearities and parameters were carried out for filled elastomers
undergoing simple shear deformation. A series of dynamic experiments were designed
and carried out, each involving one or more “double sandwich” fixtures with layers of
filled rubber at the interfaces as depicted in Figure 2. (These were part of a project
at the Thomas Lord Research Center of the Lord Corporation in which proprietary
dynamic experiments on filled rubber undergoing tensile and shear deformations were
designed and carried out-see [3, 5, 6].) The side bars were fixed, while the middle bar
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Load Cell

FIGURE 2. Schematic of the double lap simple shear experimental device.

was either perturbed by an impulsive hammer hit or provided with an initial strain
and then released. In all experiments, both accelerometer and load cell data were
collected for the motion of the middle bar. The samples consisted of A225 highly
filled rubber with dimensions 0.1 x 0.1 x 0.8 in. with two such layers in each of the

double lap devices as seen in Figure 2.

For simple shear, the model developed and used is based on (5.10) with Kelvin-
Voigt damping added as given by

(6.1) pAcuy — Cpuyy, — %ACU =0, O<y<l{,

(6.2) {Muy(t,€) + Cpug(t,0) + Aco(t,0)} = F(t) + Mg,
(6.3) u(t,0) =0,

(6.4) u(0,y) = uo u(0,y) =0.

Here p is the mass density, A, is the square contact area of the sample, Cp is
a damping coefficient, M is the mass of a tip body possibly attached to the middle
bar (M = 0 if the tip mass is not included in the experimental set-up), F(¢) is an
applied (at y = /) external force when present, and o is the elastic and viscoelastic

shear stress given in general form by

(6.5) o(g,e1) = ge(e) + &1

1
(6.6) €1+ —e1= gu(e, ),

as developed in the previous sections of this paper.

For each experimental data set, a least-squares minimization problem was carried
out to identify the unknown parameters ¢ in the nonlinearities g, and g, using the ac-

celerometer data {a;} (the load cell data was not used in the optimization procedure)
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with the corresponding model solutions uy(t;, ¢; q) in

1 n
(6.7) J(q) = 3 Z la; — wg(t;, 4; Q)|2-
i=1

The resulting optimized model was then used to generate load cell values which were

then compared to the corresponding experimental load cell data.

Initial experiments involved one double-lap device with an attached tip mass (to
produce deformations in shear sufficient for observation) which was excited with a
hammer hit on the middle bar. The experiment was performed with highly filled
rubber samples with different amounts of attached extra mass. In general, we found
that the data collected with no extra mass on the sample could be approximated
well with the above type models even when the viscoelastic response function g, is
assumed to be linear. This is not surprising, since the maximum strain levels in
these type of experiments were below 10%. However, when extra mass was involved
to achieve larger deformations and strain levels (this required huge masses!), the
experiment did not provide suitable data, since additional “tilting” modes became
excited and these could not be accounted for by the above one-dimensional model.
We subsequently redesigned the experimental device to consist of a hub with four
identical arms, each containing a double lap device as pictured in Figure 2. The arms
could be latched down so as to produce initial strains of up to 100%. Upon quick
release, this device produced very clean free-release data for the samples undergoing
simple shear with no additional deformations; these proved adequate for our model
estimation and validation. Thus, the experiments consisted of latching down the four
arms of the fixture at some prescribed initial strain (50%, 70% and 100% strain) and
then suddenly releasing the latch. We began with approximately 50% initial shear
strain and repeated each release experiment three times. We again collected both
accelerometer and load cell data. The sequence of experiments was repeated with

about 70% and 100% initial shear strains, respectively.

For our model fitting we used a number of different constitutive relationships
between the stress and the strain, including linear and nonlinear functions for both
ge and g,. The identification problem was first performed for the data obtained for
100% initial strain. We quickly found that a linear viscoelastic response function g,
was no longer adequate to describe the data in this higher strain regime. Thus, we
were led to models of the form

ou 0u 1 _Ou Q%

= Ge(5=) + Cp=n+e1, E1+—61 = Gol(5—) =
7 =G:(5,)+Cp ! 1719(8y8t8y

oy Oty )

de _ 10%
dt — 20tdy’

(i.e., Gui = Gua if the nonlinearities are the same in both increasing and decreasing

where g. and g, are cubic polynomials and g, may or may not depend on
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deformation). The notion that one might need g, ’s of the form

(65) ol i) ={ Jtta)

if 1, > 0, (u, increasing)

Gua(uy) if u, <0, (u, decreasing),

was motivated by earlier results [5, 7, 8] with similar materials undergoing tensile
deformations where such models were necessary because stress-strain curves clearly
indicated that the nonlinearities are distinctly different for contraction versus elon-

gation.

The parameters in a linear §,; = g.,q¢ that provided the best fit for the 100%
initial strain data (see Figure 3) did not produce a model that described well the 70%
and 50% initial strain experiments. Thus we next used the full nonlinear hysteretic
model (i.e., Gy # Jua in (6.8) taken as cubic nonlinearities) to approximate the 100%
initial strain data and found several different sets of cubic nonlinearities that gave a
very good approximation. Again, earlier efforts with these materials suggested that
cubic (as opposed to higher order) nonlinearities might be sufficient to capture the
dynamics. To find a set that also provides a good fit for the 70% initial data we
optimized on both data sets simultaneously (i.e., we used both data sets in the cost
criterion (6.7)). The best fit in this case is depicted in Figures 4 and 5. We found that
the set of parameters identified in this case described both data sets with very good
accuracy (Figures 4,5). Finally, we found that the 50% initial strain data sets were
the most difficult to use with the models (see Figure 6). Our investigations suggest
that in this data, the deformations are likely too small to obtain reliable fits due to

unfavorable signal to noise ratios.
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FIGURE 3. Hysteretic model with g,; = g,q linear for 100% initial shear strain.
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FIGURE 4. Model with g,; # §.q cubic best fit compared with 100%

initial shear strain data response.
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Acceleration data and the approximated values
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Model with the same (as in Figure 4) g,; # Gua cubic best

fit compared with 70% initial shear strain data response.
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7. ANALYSIS OF THE LINEAR MODEL EQUATION

In this section we analyze the linear model equation (4.4) and make some con-
clusion about the model. Dividing by pA. in (4.4) we obtain the equation

672 256 1

2 2 —(t—s)/T7 92

(7.1) Oyu — —8 pT / (t=s)/ d,u(s,y)ds = pACF

We will later on solve (7.1) with boundary and initial conditions given by
0

(7.2) u(t,0) =0, 5o(6:8) = G(t), u(0,y) = du(0,) = 0.

To facilitate our analysis, we set
672 256 [°

(7.3) v=—u——= e =9/u(s, y)ds.

Then from (7.1) we obtain

(U 2561) _ e v—@v + 416 2/te_647126 (=) +lv ds
T eT2r 67212 p " \er2r) ), T r

672 672 ([ 416 416,
F _ T
p*A. p (6727) e e u(0,y)

We rewrite the initial and boundary conditions in (7.2), using (7.3), as follows:

(7.4) =

v(t,0) =0
2o [V e w9 [ug, (s, b) + Lo, (s,0)] ds + 9,u(0, b)e 5! = G(¢)
(7.5) v(0,y) =0

'Ut(ov y) + %U(Ov y) =0.

The second equation in (7.5) can be written as

2 t 1
% vy (t, D) —e_%tvy(O,b)] + (67526)/;7/0 ¢~ orar (15 Ju,(s,b)ds + G(0F)e™ orar !

(7.6) = G(t).
We next consider the Sturm-Liouville problem
7"\ =0
Z(a) —hoZ'(a) = 0, hy>0
Z(b) —hZ'(b) = 0, hy>

We recall that there is a corresponding sequence of eigenvalues 0 < A\ < Ay < ... <

An < .../ 00 and corresponding orthonormal eigenfunctions @1, @s, ..., @n, .. ..

Consider a solution of (7.4)-(7.6) in the form

ty) = Zvn(t)@n(y)
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Writing

= Z fn(t)gon(y)

where

flty) =

672 672 416 _ 416,
F—
P?A, p \6727

e~ 6727 u(() y)
we have from (7.4) the equation

'U”(t> 4 296 256 ¥ 4 @)\ 416 .
" 67272

77) (64;1267) / - ( 6)+ 10nls) ) ds = £,(0)

Set

Then
/ 416 / 1 416
t) = t —Upn(? t
#0 (6727) (vn<>+ ) - gl
Let
ui(t) = on(t)
up(t) = v,(t)
(7.8) uz(t) = wa(t)
416
= o
2 41
A, = 6; bW 67262
-
From (7.7) we have
d ulf 0 1 0 ulf 0
(7.9) |l @ = Ao L w ]
uy < > —d uy 0
Next define
0 1 0
N
L > —d
Then
256 256 d2
. — ¢3 b 2 2 b -
&1 — A, =¢ +<672 +d)§ +(d +oar d+ A )§+dA +

The Routh-Hurwitz Theorem guarantees that the roots of the polynomlal equation
P2 hra?+asz+a3=0

have negative real parts if the following conditions are met:
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(i): a1 >0

.. a1 as

1): >0
(ii) g

(iii): ag > 0.

Thus the roots of |1 — A,| = 0 have negative real parts if

2
6275267 +d Apd + d? <0
256 2 '
1 6727d +d"+ Ay
Thus, the eigenvalues of A, have negative real parts if
256 2 [ 256 @

1 d d d) A, —Ayd— — :
(7.10) (6727+ ) - (6727+ ) ..
Now recalling that

416
d p—
6727
p 67272

a simple calculation reveals that the inequality in (7.10) is true if A, > 0. Thus the

eigenvalues of A, have negative real parts.

From (7.8), (7.9) we have

Un(t) 0, (0) t 0
v (t) | = v (0) |+ / elt=94n 11 (s) | ds.
wa(t) 0 ‘ 0
Remark 7.1: Since the eigenvalues of A,, have real parts negative we have
v, (0) 0
el v 0) | — | 0], ast— .
0 0

8. SOLUTION OF THE LINEARIZED MODEL EQUATION

In this section we proceed to solve (7.4), (7.5). For convenience we rewrite (7.4)
and (7.5) as follows:

| 256 406 672 (416 ) /t e (o2 L) g
—_ - - T s — S
R O N I N NToT B Vs T Y

672 672 [ 416 \° _ e
8.1 = F—— “omr (0, ).
(8.1) P2A. p <6727) e u(0,y)
The initial and boundary conditions are
v(0,y) =0,
(82) Ut(ov y) = 07

v(t,0) =0,
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and

1% _ 416 256/) t _ 416 4 o

@ vy(t,b)—e 672Ttvy(0,b)] +WA e gr2r (¢ )’Uy(S,b)dS
(8.3) +G(0T)e a2t = G(1).
Set

- P _ 416 256/) t _ 416 4
(8.4) W= —pse 672Ttvy(0,b)+W/o e~ am2r 9y, (s, b)ds.
Then equation (8.3) becomes
(8.5) %vy(t, b) + @ + GO )e Tt = G(1).
Differentiating (8.3) we have
P d 416 _ 256p 416 _ 416

8.6) ———w,(t,b) — t,b) — G(0F =Gt
8:6) G2 a0 ~ Grr ¥ fGryrr v T g G0 (®)

where we have assumed that G is sufficiently regular, e.g., G € C'. From (8.5) and
(8.6) we have

p d
) -
ez a0 T G72r

and from (8.2) we see that

p 416
0 (10) = ) + o

(8.7) G(t),

(8.8) v,(0,b) = 0.

From (8.7), and (8.8) we thus see that we can give v,(t,b) explicitly in terms of
the function G. Thus we write

vy(t,b) = n(t)
where 77 can be explicitly determined in terms of the function G. Thus, we replace
(8.2) and (8.3) by
v(0,y) = w(0,y)=0
(8.9) v(t,0) = 0
vy(t,b) = n(t).

We now proceed to solve (8.1) with initial and boundary conditions given by
(8.9). Toward this goal let

Q(t,y) = v(t,y) — yn(t).
In terms of @ the equation (8.1) becomes

256 416 672
Qu +

672r 0 T Grara? T T, O

416 \? [t e 1 .
— g (t—s) 2 _
(8.10) - (6727) /Oe 672 (QS+TQ) ds = f,
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where

256 416

f=r—uyn (t)—m?yﬁ (t)+6727'

5yn(t)

416 \? ' e , 1
_ N 4
(6727) /Oe {yn (8)+Tyn(8)}d8-

For initial and boundary conditions we have
Q0,y) = —yn(0)
(8.11) Q:(0,y) = —yn'(0)
Q(t,0) = Qy(t,0) =0.

Let us now consider the Sturm-Liouville problem

—Z'"-\Z = 0
(8.12) Z(0) = 0
Z'(b) = 0.

The eigenvalue problem (8.12) has a system of eigenvalues p; < pig <

corresponding orthonormal system of eigenfunctions 1, ¥, ..., ¥,, .. ..

416 \* [t _ae . 1
Raﬁn::<6n7)(éfaé§@ ){Qy+;Q}d&

oo

R(t,y) = D r(t)tn(y),

n=1

flty) = an(t)%(y),

We now write

Qt.y) = > au(t)n(y),

and seek a solution for (8.10) and (8.11). Let

... /oo and a
Let

0o 1 0
Av=| B L
& d
where
R, =", - 20
p 67272
Then
n(t ) 4n(0) t } B
G | =t o) |+ [ et s | as
0



MODELING OF VISCOELASTIC SHEAR 403

where

b
2.(0) = —n(0) /0 Yy (y)dy

/

b
0,(0) = —n(0) / yn(y)dy.
0
Once @ is determined the solution v for (7.4) and (7.5) is given by

v(t,y) = Q(t,y) +yn(t).

Remark 8.1 The eigenvalues of A, have negative real parts if s, > 0. This is estab-
lished using the Routh-Hurwitz theorem as was done earlier.

Remark 8.2 It can be shown that the eigenvalues of A, are such that their real parts
are less than a fixed negative real number for all n.

Remark 8.3 Because all the eigenvalues of A, have real parts negative, we have

[ a(0) 0
el g | =] 0], ast— oo
0 0

9. CONCLUDING REMARKS
The stress strain models of (6.5)—(6.6) given by

o(e,e1) = ge(e) + &1
1

1+ —e1 = gule,9),

discussed in Section 6 are special cases of more general models in which one admits
heterogeneity in the PC-molecules. Specifically, one might have a distribution of
different classes of PC-molecules, each characterized by different internal strains e,
depending on physical properties such as length, relaxation time, etc. For example,
the PC-molecules might have differing relaxation times 7 so that €;, = €;,(¢,y; 7). For
a continuum one would then have a probability distribution P(7) on 7 € 7, where
T is the set of possible relaxation times. The corresponding stress strain models are
then given by

(9. 65 P) = el é(0.9) + 7 [ cults )P (),

where €;,(t,y; 7) satisfies, for each 7 € T,
) 1 )
(92) Ein(tv Y; 7_) + ;gin(t> Y; T) = gv(g(t7 y)7 €(t, y))

Multiple relaxation times also play an important role in molecular based (tube
reptation) nonlinear constitutive models for the flow of polyethylene melts ([9, 10, 11,

15, 18]). Such formulations are analogous to proposed forms of the “elastic” moduli
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based on experimental observations in the works of Ferry, Andrews, Ter Haar and
others [1, 14, 21, 23, 26].

The models we used with shear data in Section 6 required only a simple Dirac
delta measure dP(7) = 6, (7)d7 with €;, = ; then satisfying

€1+ 7_—151 = gu(€, )

in order to obtain reasonable fits to the experimental data. We compare this with the
situation for tensile deformations reported in [5, 6] where the data required multiple
relaxation times in the model so that the measure P had atoms at 7y and 7, (i.e.,
the measure is composed of Dirac measures concentrated at 7, and 7), and the

constitutive law led to the model

o(t,y; P) = gele(t,y),£(t,y)) + mer(t,y; 1) + yee2(t, y; m2)

) 1 d )
g1 + 7_—151 = Egv(s,e)
) 1 d )
€9 + 7_—252 = Egv(e,e).

In the shear studies, we found that the nonlinear models (specifically, g,) were es-
sential in describing our data, but a simple uniform relaxation time was adequate for
the PC-molecules.
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