Dynamic Systems and Applications 17 (2008) 407-434

NONOCCURRENCE OF THE LAVRENTIEV PHENOMENON
FOR MANY INFINITE DIMENSIONAL LINEAR CONTROL
PROBLEMS WITH NONCONVEX INTEGRANDS

ALEXANDER J. ZASLAVSKI

Department of Mathematics, The Technion-Israel Institute of Technology
32000 Haifa, Israel

ABSTRACT. In this paper we establish nonoccurrence of gap for two large classes of infinite-
dimensional linear control systems in a Hilbert space with nonconvex integrands. These classes
are identified with the corresponding complete metric spaces of integrands which satisfy a growth
condition common in the literature. For most elements of the first space of integrands (in the sense
of Baire category) we establish the existence of a minimizing sequence of trajectory-control pairs
with bounded controls. We also establish that for most elements of the second space (in the sense
of Baire category) the infimum on the full admissible class of trajectory-control pairs is equal to the

infimum on a subclass of trajectory-control pairs whose controls are bounded by a certain constant.
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1. INTRODUCTION

In this paper we consider two large classes of optimal linear control systems
in infinite-dimensional Hilbert spaces with nonconvex integrands. These classes are
identified with the corresponding complete metric spaces of integrands which satisfy
a growth condition common in the literature. For most elements of the first space of
integrands (in the sense of Baire category) we establish the existence of a minimizing
sequence of trajectory-control pairs with bounded controls. We also establish that
for most elements of the second space (in the sense of Baire category) the infimum
on the full admissible class of trajectory-control pairs is equal to the infimum on a
subclass of trajectory-control pairs whose controls are bounded by a certain constant.
The results of the paper show that for these classes of integrands the Lavrentiev

phenomenon does not occur for most elements.

The Lavrentiev phenomenon in the calculus of variations was discovered in 1926
by M. Lavrentiev in [11]. There it was shown that it is possible for the variational
integral of a two-point Lagrange problem, which is sequentially weakly lower semi-
continuous on the admissible class of absolutely continuous functions, to possess an

infimum on the dense subclass of C' admissible functions that is strictly greater than
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its minimum value on the admissible class. Since this seminal work the Lavrentiev
phenomenon is of great interest. See, for instance, [1, 2, 4, 5, 7-10, 12-14, 16-19, 21,
22] and the references mentioned there. Mania [13] simplified the original example
of Lavrentiev. Ball and Mizel [4, 5] demonstrated that the Lavrentiev phenomenon
can occur with fully regular integrands. Sarychev [16] constructed a broad class of
integrands that exhibit the Lavrentiev phenomenon. Nonoccurrence of the Lavrentiev
phenomenon in the calculus of variations was studied in [1, 2, 8-10, 12, 17, 18, 19, 22].
Clarke and Vinter [8] showed that the Lavrentiev phenomenon cannot occur when a
variational integrand f(t,z,u) is independent of ¢. Sychev and Mizel [18] considered
a class of integrands f(¢, z,u) which are convex with respect to the last variable. For
this class of integrands they established that the Lavrentiev phenomenon does not
occur. Sarychev and Torres [17] studied a class of optimal control problems with
control-affine dynamics and with continuously differentiable integrands f(¢,x,u). For
this class of problems they established Lipschitzian regularity of minimizers which
implies nonoccurrence of the Lavrentiev phenomenon. Ferriero [10] showed that the
Lavrentiev phenomenon cannot occur for a class of higher-order variational prob-
lems with integrands which are convex with respect to the last variable. In [22] we
studied nonoccurrence of the Lavrentiev phenomenon for a large class of nonconvex
optimal control problems with integrands which belong to a complete metric space of
functions. We established that for most problems (integrands) in the sense of Baire
category the Lavrentiev phenomenon does not occur [22]. It should be mentioned that
in [22] we consider optimal control problems with the unconstrained state variable x
which belongs to a Banach space F, with the constrained control variable v which
belongs to a Banach space F and with the right-hand side of differential equations
determined by a continuous mapping G : [T}, Ts] x E x F' — E which satisfies Lips-
chitzian conditions with respect to x and with respect to u. In this paper we extend
the main results of [22] to infinite-dimensional constrained optimal linear control sys-
tems with nonconvex nonautonomous integrands. More precisely, here we consider
optimal control problems with the constrained state variable x which belongs to a
Hilbert space X, with the constrained control variable v which belongs to a normed
space Y and with the differential equation 2’ = Ax 4+ Bu, where A is a given possible
unbounded closed and densely defined operator in X which is a generator of a strongly
continuous semigroup {S(¢): t € [0,00)} on X and B : Y — X is a bounded linear

operator.

In the sequel we say that a property of elements of a complete metric space Z is
generic (typical) in Z if the set of all elements of Z which possess this property contains
an everywhere dense (G5 subset of Z. In this case we also say that the property holds
for a generic (typical) element of Z or that a generic (typical) element of Z possesses

the property [3, 15, 20]. Our results show that the Lavrentiev phenomenon does



NONOCCURRENCE OF THE LAVRENTIEV PHENOMENON 409
not occur for a generic element of large classes of constrained optimal linear control
systems.

Assume that (Z,||-||) is a Banach space. Let —0co < 71 < 75 < oo. Denote by
Wh(7y, 79; Z) the set of all functions x : [, 7o) — Z for which there exists a Bochner

integrable function w : [11, 7s] — Z such that

x(t) = x(m) +/ u(s)ds, t € (11, 7]

T1
(see, e.g., [6]). It is known that if z € Wh(7,7; Z), then this equation defines a
unique Bochner integrable function u which is called the derivative of x and is denoted
by .
We denote by mes(2) the Lebesgue measure of a Lebesgue measurable set 2 C R*

and denote by int(FE) the interior of a set £ C Z in the norm topology.

For each z € Z and each r > 0 set

By(x,r)={y € Z: ||ly—«z|| <r} and Bz(r) = Bz(0,r).

Let a,b € R! satisfy a < b, X be a Hilbert space equipped with a scalar (inner)
product < z,y >, z,y € X and with the norm induced by the scalar (inner) product

and let (Y,]| - ||) be a norm space.

Let A be a given possible unbounded closed and densely defined operator in X
which is a generator of a strongly continuous semigroup {S(¢) : ¢t € [0,00)} on X

and let B:Y — X be a bounded linear operator.

In the sequel we assume that H is a convex subset of X with the nonempty
interior int(H ) and that for each ¢ € [a, b] a set U(t) is a nonempty convex subset of
Y.

We consider the following optimal linear control problem

b
() [ #tt.(o), ut)dt - min
o' (t) = Ax(t) + Bu(t), t € [a,b] almost everywhere (a.e.),
x(0) = zp and x(t) € H, t € [a,}],
u(t) € U(t), t € [a,b] almost everywhere,

where 2o € X, z € Whl(a,b; X), u : [a,b] — Y is a Bochner integrable function and
an integrand f : [a,b] x X x Y — R! satisfies the conditions stated below. Here z(-)

is the mild solution of the equation
2'(t) = Az(t) + Bu(t), t € [a,b] almost everywhere.

Namely

(1.1) z(t) = S(t)zo + /t S(t — s)Bu(s)ds for all t € [a, b].
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A function x € Whl(a,b; X) is called a trajectory if there exists a Bochner
integrable function u : [a,b] — Y (referred to as a control) such that the pair (z,u)
satisfies (1.1) with zy = z(a) and

(1.2) x(t) € H for all t € [a,b] and u(t) € U(t), t € [a,b] (a.e.).
For each z € H denote by A(z) the set of all trajectory-control pairs (x,u)

satisfying z(a) = z and denote by A (z) the set of all trajectory-control pairs (z,u) €
A(z) for which there is M, > 0 such that

l|lu(t)|| < M, for almost every t € [a,b].

Let ¢ : [0,00) — [0,00) be an increasing function such that
(1.3) lim p(t)t™! = oo.

In [21] we studied the problem (P) with H = X and U(t) = Y, t € [a,b] for two
classes of integrands. The first class of integrands considered in [21] contains the set

of all functions f : [a,b] x X x Y — R! which satisfy the following assumptions.

(A1) f is measurable with respect to the o-algebra generated by products of

Lebesgue measurable subsets of [a,b] and Borel subsets of X x Y.
(A2) f(t,x,u) > o(||ul|) for all (t,z,u) € [a,b] x X x Y.
(A3) The set {f(t,0,0): t € [a,b]} is bounded from above.
(A4) For each M, e > 0 there exists ¢ > 0 such that for every ¢ € [a, b]

|f(t 21, u1) — f(t, 2, u9)| < €
for each x1, 29 € Bx (M) and each uy,uy € By (M) satisfying ||x1—xs||, ||ui—us|| <.
(A5) For each M, e > 0 there exist I',§ > 0 such that for every t € [a, b]

|f(t,x1,u) - f(tvx?vu” < emax{|f(t,x1,u)\, ‘f(tax%u)‘}

for each u € Y satisfying ||u|| > I" and each x, x9 € Bx (M) satisfying ||z, —z2|| < 0.

In [21] we showed that if an integrand f belongs to this class of functions, zg € X,
H = X and U(t) = Y for all t € [a,b], then for the problem (P) there exist a
minimizing sequence of trajectory-control pairs {(x;, u;)}5°, and a sequence of positive

numbers {M;}32, such that for each integer i > 1
lus(®)]] < M;, t € [a,b] (ae.)

The second class of integrands studied in [21] contains all integrands f : [a, b] X

X xY — [0,00) which satisfy the following assumptions.

(B1) f is measurable with respect to the o-algebra generated by products of

Lebesgue measurable subsets of [a, b] and Borel subsets of X x Y.

(B2) f(t,z,u) > é(||ul]) for all (t,z,u) € [a,b] x X x Y.
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(B3) The set {f(¢,0,0) : t € [a,b]} is bounded from above.

(B4) For each M > 0 there exists L > 0 such that for each ¢ € [a,b], each
x1, Ty € Bx(M) and each uy,uy € By (M) the following inequality holds:

[f(t, 21, u1) = f(E 22, u2)| < L[|y — 2| + [|ur — ual])-

(B5) For each M > 0 there exist 6, > 0 and an integrable scalar function
Yy (t) > 0, t € [a,b] such that for each ¢t € [a,b], each u € Y and each z,29 €
Bx (M) satisfying ||z1 — 22]] < 6 the inequality |f(t,z1,u) — f(t, 22, u)| < ||z —
Zo||L(f(t, 21,u) + (1)) holds.

In [21] we showed that if an integrand f belongs to this class of functions, zg € X,
H=XandU(t) =Y, t € [a,b], then for the optimal linear control problem (P) there
exist a minimizing sequence of trajectory-control pairs {(x;,u;)}°, and a positive

number M such that for each integer i > 1
@) < M, t € [a,?] (ae.).

One of our goals in this paper is to extend the results of [21] obtained for unconstrained
optimal linear control problems (with H = X and U(t) =Y, t € [a,b]) to the class

of constrained linear control problems (P).

Our second goal is to answer the question if the extensions of the results of [21]
hold for constrained linear control problems (P) with many integrands. In order to

meet this goal we introduce the following spaces of integrands.

Denote by M4 the set of all functions f : [a,b] x X x Y — R! which satisfy
assumptions (Al)-(A4). We equip the set M, with the uniformity determined by
the base

Eas(N e) ={(f,9) € Max My:
lg(t,z,u) — f(t,z,u)| < eforall (¢, z,u) € [a,b] x Bx(N) x By (N)}
N{(f,9) € Max My |(f = g)(t, z1,m) = (f = 9)(t, 22, un)]

< e[|z = @] + [[ur — ua])
(1.4) for each t € [a,b], each 1,29 € Bx(N) and each uy,us € By (N)},

where N, e > 0. Clearly, the space M 4 with this uniformity is metrizable and com-
plete. We equip the space M, with the topology induced by this uniformity. This
topology will be called the strong topology of M 4.

We also equip the space M4 with the uniformity determined by the following

base:

gAw(Nve) = {(fag) € Max My: |g(t,x,u) —f(t,x,u)| Se

(1.5) for all (¢,2,u) € [a,0] x Bx(N) x By (N)},
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where N, e > 0. Clearly, the space M 4 with this uniformity is metrizable and com-
plete. We equip the space M 4 with the topology induced by this uniformity. This
topology will be called the weak topology of M 4. Denote by L 4 the set of all functions
f € M, which satisfy (Ab). Clearly, for each f € M4 and each trajectory-control
pair (z,u) the function f(t,x(t),u(t)), t € [a,b] is Lebesgue measurable.

Now we define the second space of integrands. Denote by Mpg the set of all
functions f : [a,b] x X x Y — R! which satisfy assumptions (B1)-(B4). Clearly,
M B C M A-

We equip the set M p with the uniformity determined by the base
Ep(N,€) ={(f,9) € Mpx Mp : |g(t,z,u) = f(t,2,u)| < e
for all (¢t,z,u) € [a,b] x Bx(N) x By (N)}
N(f,9) € Mp x Mp: [(f = g)(t, z1,u1) = (f — 9)(t, 22, ua)]

< e([lwr = al| + [lur — wal|)

(1.6) for each t € [a,b], each 1,29 € Bx(N) and each uy,us € By (N)},

where N, e > 0. Clearly, the space M p with this uniformity is metrizable and com-
plete. We equip the space Mg with the topology induced by this uniformity. Denote
by L the set of all functions f € Mg which satisfy (B5).

Note that assumptions (Al)-(A4) and (B1)-(B4) are not very restrictive. They
are common in the literature and the spaces M 4 and Mg contain many integrands.
Therefore it is natural to ask a question if the Lavrentiev phenomenon does not occur

for many integrands in these spaces. This goal is achieved by Theorems 1.1, 1.3, 1.4
and 1.5.

For each f € M4 and each trajectory-control pair (z,u) set
I(z,u) = /bf(t,x(t),u(t))dt.
For each f € M, and each z € H we study a problem
I (z,u) — min, (z,u) € A(2)
and put
(1.7) Ul (2) = inf{I'(2,u) : (z,u) € A(2)}.

In this paper we assume that there exists a strongly measurable function &, :
la,b] — Y such that

(1.8) () eU(t), t€la,b] (ae) and sup{||&(t)]| : t € [a,b]} < oc.



NONOCCURRENCE OF THE LAVRENTIEV PHENOMENON 413

Denote by M 4. the set of all continuous functions f € M4 and by M g, the set

of all continuous functions f € Mpg. Set
EBC = »CB N MBm EAC = »CA N MAc-

Clearly, M 4. is closed subset of M 4 with the weak topology and Mg, is a closed
subset of Mpz. We consider the topological subspace Mp. C Mp with the relative
topology and the topological subspace M 4. C M 4 with the relative weak and strong
topologies.

For each p > 0 put
(1.9) H,={xe€ H: Bx(z,p) C H}.

Let p, M be positive numbers. Denote by H o, the set of all z € H for which there

exists a trajectory-control pair (z,u) such that
(1.10) z(a) =z, z(t) € H, for all t € [a, b],

llu®)|| < M, t € a,b] (a.e.).
It is not difficult to see that if f € My, p, M > 0 and z € IZIP,M, then U/ (2) < oo.
The next theorem establishes that if an integrand f belongs to Lpg, then the

Lavrentiev phenomenon does not occur for any integrand which is contained in a
certain neighborhood of f in Mpg. It should be mentioned that this neighborhood is

not necessarily small.

Theorem 1.1. Let f € L and let p, M, q be positive numbers. Then there exists
K > 0 such that for each g € Mg satisfying (f,g) € Ep(K, q) each z € pr,MﬂBX(M)
and each (z,u) € A(z) the following assertion holds:

If mes({t € [a,b] : ||u(t)|| > K}) > 0, then there exists (y,v) € A(z) such that
I9(y,v) < I9(x,u) and |[v(t)|| < K for almost every t € [a,b].

Theorem 1.1 will be proved in Section 3. In Section 5 we will prove the following

useful result.

Lemma 1.2. The set Lp (Lp. respectively) is an everywhere dense subset of Mp
(Mp. respectively) and the set La (La. respectively) is an everywhere dense subset
of My (M a. respectively) with the strong topology.

The next two theorems which will be proved in Section 6 show nonoccurrence of

the Lavrentiev phenomenon for most elements of Mg.

Theorem 1.3. Let p, M,q be positive numbers and let M be ether Mp or Mp..
Then there exists an open everywhere dense subset F C M such that for each f € F

the following assertion holds:
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There is a number K > 0 such that for each g € M satisfying (f,g) € E(K,q),
each z € H, N Bx(M) and each (x,u) € A(z) satisfying mes({t € [a,b] = ||u(t)|| >
K}) > 0 there is (y,v) € A(z) such that 19(y,v) < I9(x,u) and |[v(t)|| < K for
almost every t € [a, b].

Theorem 1.4. Let M be either Mpg or Mp. . Then there exists a set F C M which
is a countable intersection of open everywhere dense subsets of M such that for each

f € F and each triplet of positive numbers M, q, p the following assertion holds:

There is a number K > 0 such that for each g € M satisfying (f,g) € Ep(K, q),
each z € H, N Bx(M) and each (x,u) € A(z) satisfying mes({t € [a,b] = ||u(t)|| >
K}) > 0 there is (y,v) € A(z) such that 19(y,v) < I9(x,u) and ||[v(t)|| < K for
almost every t € [a, b].

The next theorem which will be also proved in Section 6 shows nonoccurrence of

the Lavrentiev phenomenon for most elements of M 4.

Theorem 1.5. Let M be either M 4 or M 4.. Then there exists a set F C M which is
a countable intersection of open (in the weak topology) everywhere dense (in the strong
topology) subsets of M such that for each f € F and each z € U{H, » - p, M > 0},

inf{I/(x,u): (z,u) € A(2)} = inf{I’(z,u) : (z,u) € AL(2)}.

2. AUXILIARY RESULTS
Put
(2.1) Dy = sup{[|S@)| : t € [a, ]},
It is well-known that Dy is a finite number.

Lemma 2.1. Let f € My and let M, p,q be positive numbers. Then there exists
M; > 0 such that for each g € M 4 satisfying

(2.2) (f,9) € Eaw(M(Do + 1)(1 + (b—a)||Bl]),q)
and each z € H, N Bx (M) the inequality U%(z) < M, holds.
Proof. Set
My = (b= a)lg +sup{f(s,y,v) :
(s,9,0) € [a,b] X Bx(DoM (1 + (b—a)|[Bl])) x By (M)}].
Let

(23) ZEI:IP’MQBX(M)
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and g € M4 satisfy (2.2). By (2.3) and the definition of H, ; (see (1.9) and (1.10))

there exists a trajectory-control pair (z,u) such that
(2.4) z(a) =z, z(t) € Hy, t € [a,b] and ||u(t)|| < M, t € [a,b] (a.e.).

Since (z,u) is a trajectory-control pair it follows from (1.1), (2.1) and (2.3) that for
all 7 € [a,b]

(2.5) Hx@npzstpp+/wsmn-w3u@ymlSZ%A1+(b—aﬂ%HBWM.
hn%wd@Q%@@szméﬂmeEdNﬁhﬁGMMaﬁ“EMW
gt z(t),u(t) < ft,z(t),ut)) +q <
<sup{f(s,y,v): (s,y,v) € [a,b] x Bx(DoM(1+ (b—a)|[B][)) x By(M)} +¢
and
U?(z) < I?(z,u) < (b—a)lg+ sup{f(s,y,v):
(s,4,v) € [a,0] x Bx(DoM(1+ (b— a)|[B|])) x By (M)}] = M;.

Lemma 2.1 is proved. 0

Lemma 2.2. Let f € My and let M, p,q be positive numbers. Then there exists
My > 0 such that for each g € M4 satisfying (2.2), each

(2.6) 2 € H,p N Bx(M)

and each (x,u) € A(z) satisfying I9(x,u) < U9(z) + 1, the inequality ||x(t)|| < My
holds for allt € [a,b].

Proof. Let M; > 0 be as guaranteed by Lemma 2.1. In view of (1.3) there is ¢y > 1
such that

(2.7) o(t) >t for all t > c.
Set
(2.8) My = M + MDgy + Dyl|B||co(b — a) + Dol|B||(M; + 1).

Assume that z € X satisfies (2.6), g € M4 satisfies (2.2) and (z,u) € A(z) satisfies
(2.9) Plx,u) <Uz) + 1.

By (2.6), (2.2), the choice of M; and Lemma 2.1, U9(z) < M. Together with (2.9)
this inequality implies that

(2.10) I(z,u) < My + 1.
Let 7 € (a, b] and set

(2.11) By ={telar]: |lult)|| > cod, Es = la 7]\ Ey.
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It follows from (1.1), (2.1), (2.11), (2.6) and (2.7) that

lz(n) = ||5(T)Z+/TS(T—S)BU(S)dSII < IIZIIDo+Dol|B||/TIIU(8)IIdS

§||z||D0+D0||B||(/E ||U(8)||d8+/E||U(S)|Id8)
SMDo+Do||BHC()(b—a)+Do||BH/ |[u(s)||ds
Eq

< MDy + Dy||Blleo(b — a) + Do||BI| |~ ¢(|[uls)]])ds.

Ey
Combined with (A2), (2.10) and (2.8) this inequality implies that

|zl < MDo+Do|IBHCo(b—a)+Do||BH/ ¢(|lu(s)[])ds

< M Dy + Dyl||Bl||co(b — a) + Do||B||I9(x, u)
< MDy + Dyl|Bl|co(b — a) + Dol [BI|(Mi +1) < M.

Lemma 2.2 is proved. O

The following result is proved analogously to Lemma 2.2 of [21].
Lemma 2.3. Let f € L4 and let e, M > 0. Then there exist I',0 > 0 such that

|f(t,l‘1,U) - f(t,$2,U)| < emin{f(t,xl,u), f(t,ﬁg,'d)}

for each t € |a,b], eachw € Y satisfying ||u|| > T' and each x1, 29 € Bx(M) satisfying
||LU1 — .TQH S (5

3. PROOF OF THEOREM 1.1
In this section we establish the following result which easily implies Theorem 1.1.

Theorem 3.1. Let f € Lp and let p, M,q be positive numbers. Then there exist
K, Ay > 0 such that for each g € Mp satisfying (f,g) € Eg(K,q), each z € pr,M N
Bx (M) and each (x,u) € A(z) satisfying I9(xz,u) < U9(z)+1 the following assertion
holds:

If the set E = {t € [a,b] : ||u(t)|| > K} has a positive Lebesgue measure, then
there exists (y,v) € A(z) such that ||v(t)|| < K for almost every t € [a,b] and the
following inequalities hold:

19(y,v) < I%(z,u) — M [E ()| dt,
2(t) — y(O]] < Ay / a®)||dt for all t € [a,b),

[lu(®) —v(®)]] < A1[E||?L(1t)lldlh tcla b\ E (a.c)
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Proof. Recall that &, : [a,b] — Y is a strongly measurable function which satisfies
(1.8). In view of (1.8) there is a number Ny > 0 such that

(3.1) [1€(t)]| < Np for all t € [a, b].
By Lemma 2.1 there exists M; > 0 such that

(3.2) U9(z) < M,

for each z € IZIP,M N Bx (M) and each g € Mg satisfying

(3.3) (f,9) € Es(M (Do + 1)(1 + (b —a)[|B]), q)-

By Lemma 2.2 there exists My > 0 such that for each g € Mg satisfying (3.3),
each z € H,y N Bx(M) and each (x,u) € A(2) satisfying I9(x,u) < U9(z) + 1 the
following inequality holds:

(3.4) l|z(t)|] < My for all t € [a, b].
We may assume without loss of generality that
(3.5) My > (M +1)(Ng+ 1)(Do+ 1)(1 + (b —a)||Bl])-

By (B5) there are oy € (0,1), Lo > 0 and an integrable scalar function 1y(t) > 0,
t € [a, b] such that for each t € [a, b], each v € Y and each x, 25 € X satisfying

[l [[a]| < Mo + 4, [|21 — 22]] < do
the following inequality holds:
(3.6) [F(t w0, u) = ft o, u)| < loy = @ [Lo(f(E 21, w) + ho(1)).
Set
(3.7) Ao =sup{f(t,x,u): t €[a,b], v € Bx(My+1), y € By(My+1)}.

Clearly, Ay < 0o. Choose a positive number 7y < 1 and a number Ky > 1 such that

(3.8) (Do + D)(I[BI] + 1)(M + 1)(My + 1) < p/4,
(39) K0>M+1+M0+p,
(3.10) o)/t > 5t for all t > K.

By (B4) there exists L; > 1 such that for each t € [a, b], each x1, 25 € Bx(2K,) and
each uy,us € By (2K)),

(3.11) |f(t, 21, u1) — f(t, 22, u)| < La(||zy — wof| + [Jur — usl]).
Set

(312) Al = max{DoHBH(?) + 8M0p_1), 8D0||BH[3_1K0}
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Choose a number v; € (0, 1) such that
(3.13) (Mo + 1)8(Do + 1)(|| BI| + 1)(min{1, p}) ="y (M +2) < o,

7> 4[24D0|| B||L1p™ Ko(1 + ¢)(b— a)

b
Choose a number K > 0 such that

(3.15) K > 4+ (M~+1)(Do+1)(1+4 (b—a)||B||) +2Mo+2(M + No) +2Ko+8(q+Ay),

(3.16) o)/t >~y  forallt > K.

Assume that

(317> g € M37 (fag> € 5B(Ifu Q>7 S E[P,M N BX(M>7 (‘TJU) S A(Z)7
(3.18) mes({t € [a,8] : ||u(®)]| > K}) >0,
(3.19) P(z,u) <U(z)+ 1.

In view of (3.17), (3.15) and the choice of M, the inequality (3.2) is true. Together
with (3.19) the inequality (3.2) implies that

(3.20) I(x,u) < M + 1.
By (3.17), (3.15), (3.19) and the choice of M, the inequality (3.4) holds. Set
Ey={tela,b]: |u®)]| = K}, By ={t €[a,0]: [[u®)]] < Ko},

(321) E3 = [CL, b] \ (E1 U EQ),

(3.22) d= [ [ju(t)]dt.

£y
Relations (3.21), (3.22) and (3.18) imply that

(3.23) d>0.

It follows from (3.17) and the definition of H,j (see (1.10)) that there exists a
trajectory-control pair (Z, ) € A(z) such that

(3.24) Z(a) =z, 2(t) € H, for all t € [a, b],
(3.25) lla(t)|] < M, t € [a,b] a.e..
Since (Z,4) € A(z) it follows from (1.1), (2.1), (3.17) and (3.25) that for each 7 € [a, 0]

(3.26) llZ(T)|| = ||S(7)z + /T S(t —t)Bu(t)dt|| < DoM + (b — a)Dy||B|| M.
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Combined with (3.5) this relation implies that
(3.27) |1Z(t)|| < My for all t € [a,b].
We estimate the number d. By (3.22), (3.21), (3.15), (B2) and (3.20),

dZEWWWSL%MMWW

(3.28) Sm/%wwmws%/ﬁmmmwmﬁSmwﬂ+u
In view of (3.21), ((13.22) and (3.28) “

(3.29) mes(E;) < K! ; [lu(®)|]dt < K~'d < K~y (M +1).
Put 1

(3.30) a = 4Dy||B]|dp 2.

By (3.30), (3.28) and (3.13)
(3.31) a < 4Do||Bllp~ 'y (M +1) < 1.
It follows from (3.21), (3.15), (3.10), (B2) and (3.20) that

b
‘éwHMWﬁséwﬂwwmmﬁs%/¢wwmm

(3.32) <ol (z,u) < vo(M; + 1).
By (3.21), (3.15) and (3.32)

(3.33) mes(E; U E3) < K [|u(t)||dt < K5 yo(My + 1).
FE1UE3

Since the sets U(t), t € [a,b] and H are convex it follows from (1.1) that
(ax 4+ (1 — )z, atu+ (1 — a)u)

is a trajectory-control pair. The inclusions (Z,4), (z,u) € A(z) imply that

(3.34) (a2 + (1 — a)z,at+ (1 — a)u) € A(z).

Let t € [a,b]. Relation (3.24) and the inclusion z(¢) € H imply that

(3.35) az(t) + (1 — a)z(t) € Hqp.

Thus (3.35) is true for all ¢ € [a, b]. Define

(3.36) v(t) = &(t), t € Ey, v(t) = au(t) + (1 — a)u(t), t € Es,

v(t) = u(t), t € Es,

(3.37) y(t) = S(t)z + /t S(t — s)Bv(s)ds, t € [a,].
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Since &, : [a,b] — Y is a strongly measurable function it follows from (3.34) and

(3.36) that v : [a,b] — Y is also a strongly measurable function. Relations (1.8),
(3.34) and (3.36) imply that

(3.38) v(t) e U(t), t € [a,b] (ae.).
Let t € [a,b]. By (3.37), (3.34), (1.1) and (3.36)
ly(t) = (az(t) + (1 — a)z(t))]]

=||S(t)z+ / S(t — s)Bu(s)ds — S(t)z — / S(t —s)B(atu(s) + (1 — a)u(s))ds||

3

_ ||;/[a,ﬂm S(t— 5)Buls Z/ S(t — $)Blai(s) + (1 — a)u(s))ds]|

i=1 [(1 t]ﬂEl

< . S(t — s)Bu(s)ds — . S(t — s)B(au(s) + (1 — a)u(s))ds||
+|| S(t — s)Bv(s)ds — / S(t — s)B(atu(s) + (1 — a)u(s))ds||
[a,tNE3 la,t]NE3
< . S(t — s)Bu(s)ds|| + || - S(t—s)B(atu(s) + (1 — a)u(s))ds||
+|] - S(t —s)Bla(u(s) — a(s))ds]|
< Dol|BJ| : |18+ (s)lIds + Dol| B] : llat(s) + (1 — a)u(s)||ds

+DollBlla [ luts) ~(s)|ds.
It follows from this relation, (3.1), (3.25), (3.29), (3.22), (3.33), (3.32), (3.15), (3.8)
and (3.30) that

ly(t) = (az(t) + (1 = a)(t))|] < Dol Bl[ Nomes(E1) +Do|IBHOé/E [la(s)l|ds

+Do||BH[E [lu(s)llds + Dol |Bl|a(mes(E5) M + [ [|u(s)[|ds)

E3

< Do||Bl[|NoK™"d + Dy||BllaMK~'d + Dol|Bl|d
+Dol[Blla(Mro(M: + 1) + 0(My + 1))
= dDy||B||[NoK ™ + aMK™" + 1] + Do||B||a(M + 1)(M; + 1),
< 2dDy||B|| + ap/4 = 3Dy||B||d.
Thus
(3.39) ly(t) — (ai(t) + (1 — a)z(t))|| < 3Do||B||d for all t € [a,b)].
In view of (3.39) and (3.30),

lly(t) — (az(t) + (1 — a)x(t))|| < (3/4)ap for all t € [a, b].
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Together with (3.35) this inequality implies that
(3.40) y(t) € H for all t € [a, b].
Relations (3.40), (3.38) and (3.37) imply that
(3.41) (y,v) € A(z).
Now we estimate [9(y,v) — I9(x,u). By (3.4), (3.27) and (3.30) for each ¢ € [a, b]

l2(t) = (a2 (t) + (1 — a)z(®))|| = allz(t) — 2(t)[] < 20Mo = 8MyDo|| Blldp™".
Combined with (3.39) this implies that
(3.42) lly(t) — z(t)|| < dDy||B||(3 +8Myp™) for all t € [a,b].
Relations (3.42), (3.28) and (3.13) imply that for all ¢ € [a, 0]
(3.43) ly(t) — ()| < 8Do||BI|(1 + Mop™ )m (M + 1) < do < 1.
It follows from (3.36), (3.25), (3.21), (3.8) and (3.30) that for all t € Ej,

() = u(@®)]| = [laa(t) + (1 — a)u(t) —u(®)]] = af|a(t) — u(@)]]

(3.44) < a(Ky+ M) < 2aKy = 8dDy||B||p~ ' K.
In view of (3.43) and (3.4)
(3.45) ()] < (@)l +1 < Mo + 1, ¢ € [a,B].
By (3.44), (3.21), (3.28) and (3.13) for all t € E,
(3.46) ()] < [Ju(t)]] + 8dDol| Bllp~" Ko < Ko(1 + 8dDo||B|p™")

Together with (3.21), (3.36), (3.1) and (3.15) this implies that

(3.37) [o(t)]] < K for all ¢ € [a, 5.
Clearly,

Pz u) — I?(y,v) = Zzg;[[E g(t, x(t), u(t))dt — [Eig(t,y(t),v(t))dt]-
It follows from (B2), (3.21) and (3.16) that
(3.48) /El g(t, x(t), u(t))dt > . ¢(|lu®)|dt > ! . [u(t)||de,
(3.49) [E ot 2(0),u(e))de 2 55 Kmes(Ey).

In view of (3.45), (3.36), (3.7), (3.1) and (3.5),
(3.50) ft,y(t),v(t)) < Ao, t € E.



422 A. J. ZASLAVSKI

By (3.45), (3.36), (3.1), (3.5), (3.9), (3.30) and (3.50) for t € E,
(3.51) g9(t,y(t), v(t)) < g+ f{t,y(t),v(t) < g+ Ao.
It follows from (3.51), (3.15) and (3.49) that

Lgum><»ﬁ<m+Mmmwo

(3.52) < 8 'Kmes(E)) < 8_1/ g(t, z(t), u(t))dt.
E4
The inequality (3.52) implies that

(3.53) Lg@ﬂ><»w—Lg@m><»w>m®L;<ﬂmwmw
Let t € E,. It follows from (3.45), (3.4), (3.46), (3.35), (3.15), (3.17) and (1.6) that
gt 2(8), ult)) — glt, y(2), 0(8))] <

(3.54) |f(t,x(t), u(t)) = f(t,y(8), v(0)[ + [(g = F)(E, x(t), u(t)) — (g = F) &, y(t), v(t))]
< [f(E 2(t), ut) = f(t,y (@), v(@)] + qllx(t) = y(@O] + gllu®) —v(@)]].
By the choice of L; (see (3.11)), (3.45), (3.4), (3.22), (3.46), (3.9), (3.42) and (3.44),

[F (@), 0(t) = £ 2(8), u(®)] < La(ly(t) — @] + [Jo(t) = u(®)]])

(3.55) < Li(aDol|BI|8(1+ Mop™") 4 8dDo||Bl|p~" Ko) < 8dDy||B||L1(3p~" Ko).

Combined with the inequality L; > 1, (3.54), (3.42), (3.44) and (3.9) the inequality
(3.55) implies that

lg(t, x(t), u(t)) — g(t,y(t), v(t))]
< 8dDy||B||L13p™" Ko + qll(t) — y(®)| + gl [u(t) — v(t)]]
< 8dDy|| B||L13p™" Ko + qdDo| B|8(1 + Mop™") + 8¢d Do|| B||p~" K,
(3.56) < 24dDy||B||L1p™ Ko(1 + q).

This inequality implies that

| : g(t,ﬂ?(t),U(t))dt—[E gt y(t), v(t))dt|

(3.57) < 24dDo||B||L1p™ Ko(1 + ¢)(b — a).

Let t € E3. It follows from (3.36), the choice of Ly (see (3.6)), (3.45), (3.4) and (3.43)
that

[f @), u(t)) = [t y(t), o) = [f(t 2(t), u®) = F{&,y(t), u(t))]
(3.58) < 2 (t) =yl Lo(f (8 2(t), u(t)) + tho(t)).
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By (3.21), (3.4), (3.45), (3.15), (3.36), (3.17) and (1.6)
|g(t,x(t), u(t)) — g(t, y(t),v(t))]
<|f(tz(t),u®) — f(Ey@), v@)| + (g — £t x(t), u®) — (g — )t y@), ()]

(3.59) < [ 2(8),ult)) — [y (@), v(B)] + gll(t) = y(B)]]-
Combined with (3.58) and (3.42) this inequality implies that

|9 (&, 2(t), u(t)) — gt y(t), v ()] < [[x(t) =y [Lo(f (£ (8), u(t)) + tho(t)) + ¢]
(3.60) < 8dDo|| BI|(1+ Mop™")[Lo(f (t, x(t), u(t)) + tho(t)) + ql.
Together with (3.4), (3.21), (3.15), (3.17) and (1.6) this inequality implies that
lg(t, 2(t), u(t) — g(t, y(t), v(t))]
(3.61) < 8dDo|| BI|(1+ Mop™")[Lo(g(t, (), u(t)) + q + tho(t)) + q]
for all t € Es. It follows from (3.61) that
| ; g(t,ﬁ(t),U(t))dt—[E g(t,y(t), v(t))di]
(3.62)
b
< 8dDol|BJ|(1 +M0P_1)[Lo/ g(t, z(t), u(t))dt + q(Ly + 1) (b — a +Lo/ tho(t)dt].
By (3.21), (3.53), (3.57), (3.62) and (3.20),

19z, u) = Iy, v) = (7/8)/E g(t, (), u(t))dt — 24dDo|| Bl|L1p™" Ko(1 + ¢)(b — a)

(3.63)  —8dDy||B||(1 4+ Mop™")[Lo(M; + 1) + q(Lo + 1)(b— a) + Lg /b o (t)dt].
In view of (B2), (3.21), (3.16) and (3.22)

(3.64) /E g(t,x(t), u(t))dt > d)(llu(t)H)dthf1 : lu(®)[|t =1 'd.

Relations (3.63), (3.64), (3.14) and (3 22) imply that
I(z,u) = I*(y,v) > (271)~"d — d[24Do|| B||L1p™ Ko(1 + ¢)(b — a)

+8D0||B|(1 + Mop~)(Lo(My + 1) + q(Lo + 1)(b — a) + Lo / Go(t)dt)]

(3.65) > (4y) Y > Md=M | ||u(t)||dt.

Ey

By (3.42), (3.12) and (3.22)

l|x(t) —y(t)]| < Ard = A1/ ||u(t)||dt for all t € [a,b].
Eq
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By (3.36), (3.21), (3.44) and (3.12)
lu(t) — v(®)|| < Ard = Al/E l|u(t)||dt for all ¢ € [a,] \ E;.

Theorem 3.1 is proved. 0

4. AN AUXILIARY RESULT FOR THEOREM 1.5

Lemma 4.1. Let f € L4 and let M, p,e be positive numbers. Then there exists a
netghborhood U of f in M4 with the weak topology and K > 0 such that for each
g €U and each z € H,p N Bx (M) there is (v,u) € A(z) such that ||u(t)|| < K for
almost every t € [a,b] and I9(x,u) < U9(z2) +e.

Proof. We may assume without loss of generality that

(4.1) ep <1< M.

Recall that &, : [a,b] — Y is a strongly measurable function which satisfies (1.8). In
view of (1.8) there is a number Ny > 0 such that

(4.2) [|€(1)]| < Np for all ¢ € [a, b].

By Lemma 2.1 there is M; > 0 such that

(4.3) U%(z) < M,

for each g € M 4 satistying

(4.4) (9, f) € Eaw(M (Do +1)(1 4 (b—a)||B]]), 4)

and each z € H,y N Bx(M). By Lemma 2.2 there is My > 0 such that for each
g € M satisfying (4.4), each 2 € H, N Bx(M) and each (z,u) € A(z) satisfying
I9(x,u) < U9(z) + 1 the following inequality holds:

(4.5) l|z(t)]|] < My for all t € [a, b].

We may assume that

(4.6) My > (M +1)(Ng+ 1)(Do+ 1)(1 + (b — a)||Bl])-
Choose positive numbers €y, 79 and a number N; > 1 such that

(4.7) 8eo(M1 +4) <,
(4.8) Yo < 1, 32v(M; +2) < b—a,
Yo(M +1)(My 4 1)(Do + 1)([|B]| + 1) < p/4,

(4.9) o(t)/t >~y for all t > Nj.



NONOCCURRENCE OF THE LAVRENTIEV PHENOMENON 425

In view of Lemma 2.3 there are

(410) 50 € (0,1), N2 >N1—|—N0—|—M

such that for each t € [a,b], each u € Y satisfying ||u|| > N2 and each z1,29 € X
satisfying

(4.11) [zl [|2|| < Mo 44, ||y — 22| < dg

the following inequality holds:

(4.12) |f(t, z1,u) — f(t, 22, u)| < eomin{ f(t,x1,u), f(t, zo,u)}.

Set

(4.13) Ay =sup{f(t,z,u): t €[a,b], z€ Bx(My+1), u€ By(My+ 1)} + 1.
Clearly, A is finite. By (A4) there exists

(4.14) 91 € (0,d9)

such that for each t € [a, b], each 1,9 € Bx(My+4+42Ns), y1,y2 € By (Mo+4+2N53)
satisfying

(4.15) |21 = wall, [y — vl < 61

the following inequality holds:

(4.16) |f(t, 21, 91) — f(t, 22, 10)] < (32(b—a + 1)) e

Choose a positive number v, such that

(4.17)  y < 1and (Mp+ 1)32v, (M, + 1)(Do + 1)(No + 1)(||B|| + 1)p~" < 6.
By (1.3) there is a number K such that

(4.18) K> Mo+ 1)(M+1)(Do+1)(1+b—a)(||B|] +1)(Na+ 1)2 + 324y,

(4.19) ¢(t)/t >~y forall t > K.

Choose a positive number A such that

(4.20) A< (32(b—a+1)) "' min{l, e}
and set
(4.21) Z/{:{QEMAZ (f,g) ESAw(K-l—l,A)}.

Assume that
(4.22) gE€U, 2 € H, N Bx(M).

In order to prove the proposition it is sufficient to show that there is (x,u) € A(z)
such that |Ju(t)|| < K for almost every ¢ € [a,b] and I9(x,u) < U9(z) + €. There is

(4.23) (z,u) € A(2)
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such that

(4.24) (x,u) <UI(z) + €/4.

We may assume without loss of generality that

(4.25) mes({t € [a,b] : |[u(t)|| > K}) > 0.

In view of (4.22), (4.21), (4.20), (4.18) and the choice of M;, (4.3) is true. Combined
with (4.24) and (4.1) the relation (4.3) implies that

(4.26) I(x,u) < M + 1.

By (4.22), (4.21), (4.18), (4.20), (4.24) and the choice of My, the inequality (4.5)
holds. Set

By ={telad]: [[u@)]| = K}, By ={t €[a,b]: [[u(@)|| < N2},
(427) E3 = [a, b] \ (El U Eg),

(4.28) d= [ ||u(t)||dt.

Eq

By (4.25), (4.28) and (4.27)
(4.29) d> 0.

It follows from (4.22) and the definition of H,j (see (1.10)) that there exists a
trajectory-control pair (Z, ) € A(z) such that

(4.30) Z(a) =z, Z(t) € H, for all t € [a, b],

(4.31) la(t)]| < M, t € [a,b] (ae.).

Arguing as in the proof of Theorem 1.1 we can show that it follows from (1.1), (2.1),
(4.22), (4.6) and (4.31) that

(4.32) 1Z(t)]| < My for all ¢ € [a,b].

Arguing as in the proof of Theorem 1.1 (see (3.28)) we can show that (4.28), (4.27),
(4.19), (4.26) and (A2) imply that

(433) d S ’71(M1 + 1).

In view of (4.27), (4.28) and (4.33)

(4.34) mes(E) < K71 [ Ju(t)||dt < K7'd < K™y (M, 4+ 1).
Ey

Set

(4.35) a = 4D||B||dp~".
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By (4.33), (4.17), (4.10), (4.14) and (4.1)
(4.36) a< 1.
It follows from (4.27), (4.18), (4.10), (4.9), (4.26) and (A2) that

[EUE HU(t)IIdtS[EUE %¢(HU(t)||)dt§%/ ¢(|lu@)]])dt

(4.37) <ol (z,u) < yo(M; +1).
By (4.27) and (4.37)

(4.38) mes(E; U E3) < Ny* [|u(t)||dt < Ny tyo(My + 1).

FE1UE3
Since the sets U(t), t € [a,b] and H are convex it follows from (1.1) that (aZ + (1 —
a)z,at + (1 — a)u) is a trajectory-control pair. The inclusions (Z, @), (z,u) € A(z)

imply that
(4.39) (a2 + (1 — a)z,at+ (1 — a)u) € A(z).
(4.30) and (4.23) imply that

(4.40) az(t) + (1 — a)z(t) € Hy, for all ¢ € [a,b].
Define
(4.41) v(t) =&(t), t € Ey, v(t) = aa(t) + (1 — a)u(t), t € Es,

v(t) =u(t), t € Es,

(4.42) y(t) = S(t)z + /t S(t — s)Buv(s)ds, t € [a,].

Since &, : [a,b] — Y is a strongly measurable function it follows from (4.41) and
(4.39) that v : [a,b] — Y is a strongly measurable function. Relations (4.41), (4.39)
and (4.23) imply that

(4.43) v(t) e U(t), t € [a,b] (a.e.).

Arguing as in the proof of Theorem 1.1 ( see (3.39)) we can show that

(4.44) lly(t) — (az(t) + (1 — a)z(t))]| < 3Dy||B]||d for all t € [a,b].
In view of (4.44) and (4.35)

(4.45) y(t) — (az(t) + (1 — a)x(t))|| < (3/4)ap for all t € [a,b].
Together with (4.40) this inequality implies that

(4.46) y(t) € H for all t € [a, b].

By (4.46), (4.41), (4.42) and (4.43)

(4.47) (y,v) € A(2).



428 A. J. ZASLAVSKI

Now we estimate [9(y,v) — [9(x,u). By (4.32), (4.5) and (4.35) for each t € [a, b]
(4.48) [lz(t) — (ad(t) + (1 — a)z(t))|| = allz(t) — 2(t)]| < 2aMy = 8Do||B||dp™" M.
Combined with (4.44) this implies that

(4.49) lly(t) — z(t)|| < dDy||B||(3 +8Myp~) for all t € [a,b].

Relations (4.49), (4.33), (4.17), (4.14) and (4.10) imply that for all ¢ € [a, b]

(4.50) ly(t) — ()] < 8Dol|BI|(1 + Mop™ ) (M +1) < < 1.

It follows from (4.41), (4.31), (4.27), (4.10), (4.35), (4.33) and (4.17) that for all
te b,

() = u(®)]] = llaa(t) + (1 = @)u(t) = u(®)]] = afla(t) = u)]]

(4.51) < a(M + Nz) < 2aN; = 8Dy||B||dp™ Nz < 8Do|| B|p™ Nomi (M + 1) < 1.
In view of (4.50) and (4.5)

(4.52) ly@OIl < lx@)]] +1 < Mo +1, ¢ € [a, ].

By (4.51), (4.27), (4.33) and (4.17) for all t € Ey

o] < [lu(t)]] +8Dol|Blldp™ Ny < No(1 + 8Do|| Bldp™")

(4.53) < No(1 471 (My + 1)8Dol|Bl|p™") < 2Ns.
In view of (4.53), (4.41), (4.27), (4.2), (4.18) and (4.10) for all ¢ € [a, b]
(4.54) (@] < K.

Clearly,
3

ﬂmwdwmzzﬂ

i=1 v B

gwamwmw—/gwmmmmw.

L;

It follows from (A2), (4.27) and (4.19) that

(4.55) /Eg(tjx(t)ﬂt(t))dtz i o(llu))dt =~ | lu(t)]|dt.

Eq
Relations (4.55) and (4.27) imply that

(4.56) /E g(t, z(t), u(t))dt > vy Kmes(E)).

In view of (4.52), (4.41), (:1.2), (4.6) and (4.13),

(4.57) Ft,y(t),v(t)) < A for all t € E.

By (4.52), (4.41), (4.2), (4.6), (4.18), (4.21), (4.22), (1.5) and (4.57) for all t € E;
(4.58) g(t,y(t),v(t)) < A+ f(t,y(t),v(t) < A+ Ay
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It follows from (4.58), (4.18), (4.20), (4.56) and (4.17) that

/E g(t, y(t), v(t))dt < (A + A;)mes(E,)

(4.59) < 8 'Kmes(E)) < 8_1/ g(t, z(t), u(t))dt.

Let t € Ey. It follows from (4.52), (4.5), (4.54), (4.27), (4.18), (4.22) and (4.21)
that

l9(t, (1), u(t)) = g(t, y(1), v(@O))] < [F(E (), u(t)) = (£ y(t), v(?))]
+g = N 2(), u@®)] + (g = & y(), o))

(4.60) < [f(E2(), u(t)) = fty(0), v(t)] + 2A.
By (4.52), (4.5), (4.17), (4.51), (4.50) and the choice of d; (see (4.12)),
(4.61) [t y(t), v() = f(t,2(t), u(t))| < (32(b—a+ 1))

Relations (4.60) and (4.61) imply that

lg(t, 2(8), u(t)) — g(t,y(t), v(t))] < 28+ (32(b—a + 1))~

Combined with (4.20) this inequality implies that
(4.62)

| : g(t,x(t),u(t))dt—/E g(t,y(t),v(t)dt| < (b—a)2A+(32(b—a+1)) '] <87 'e.

Let t € E3. It follows from (4.41), (4.52), (4.5), (4.27), the choice of §y, N (see (4.10),
(4.11)), (4.50) and (4.14) that

[f (& 2(8), u(t) = f(8y (@), 0(0)] = [F(E 2(8), u(t)) = [t y(t), u(t))]

(4.63) < eomin{ f(¢, z(t), u(t)), f(t y(t),v(t))}.
By (4.52), (4.5), (4.18), (4.41), (4.27), (4.22) and (4.21
l9(t, (1), u(t)) — gt y(@),v()| < |f(E z(),u(t) — f(E,y(t), v(D))]

(
+(g =) x(8), w(t)[+[(g—F)E y (), v(@)| < |F(Ex(8), ult) = f(E y(t), v(E))|+2A.
Together with (4.63), (4.20), (4.26), (4.27), (4.5), (4.18), (4.20)-(4.22) this inequality
implies that

)
u(t

| gt x(t), u(t))dt - /Eg(t y(8), v(t))dt| < 2A(b - a)

E3

+eo f(t,x(t),u(t))dt
§€/16+€0/ g(t, (1), ())dt+60 lg(t, 2 (t), ul?)) — f(t, (), u(t))|dt

Es Es

(4.64) < €/16 4 €o(M; + 1) + A(b —a) < €/8.
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By (4.64), (4.59) and (4.62)
I9(x,u) — I9(y,v) > -8 e —871e > —¢/4.

Together with (4.24) this implies that 19(y,v) < U9(z) + €. Lemma 4.1 is proved. O

5. PROOF OF LEMMA 1.2

In this section we prove the following result which implies Lemma 1.2.

Lemma 5.1. Let f € M4 (respectively, M a.) and let €, N be positive numbers. Then
there is g € L (respectively, La.) such that:

(fa g) € EAS(N7 E);

if f € Mp (Mg, respectively), then g € L (Lp., respectively) and for each M > 0
there is L > 0 such that

9(t, 1, u) — g(t, 22, u)| < L1 — 22|
for each t € [a,b], each uw € Y and each x1,19 € Bx(M).

In the proof of Lemma 5.1 we use the following simple auxiliary result which is

proved in a straightforward manner.
Lemma 5.2. Let fi, fo: [a,b] x X XY — [0,00) be functions which satisfy (A1) and
(A3). Then the following assertions hold:

1. If (A4) holds with f = f;, i = 1,2, then (A4) holds with f = f1 + fo and with
f=h.

2. If (B4) holds with f = f;, 1 = 1,2, then (B4) holds with f = f1 + fo and with
f=nh.

Proof of Lemma 5.1. Consider a function ¢ : [0,00) — [0, c0) such that for each
integer ¢ > 0
(i) =i+ 1), dlai+ (1 —a)(i+ 1)) =ad(i)+ (1 —a)p(i + 1) for all o € [0,1].

Clearly, the function ¢ : [0,00) — [0, 00) is increasing and Lipschitzian on all bounded
subsets of [0,00), ¢(t) > ¢(t) for all t > 0 and lim,_o G(t)/t = cc.

Let f € M4 and let ¢, N > 0. Set
Y(t)=1,te€[0,N+1], ¥(t) =0, t € [N +2,00),
W) =N+2—t te(N+1,N+2),

g(t,z,u) = (||| De([ul)) £t 2, w) + (0= D=l D fal )l + ull + S(]]ul]) + 1],
(t,x,u) € [a,b] x X x Y.
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Clearly g satisfies (A1)-(A3). It is not difficult to see that (B4) holds for each of the

following functions
(&, u) = @([[z]]), (¢ z,u) = O(|ull), (zu) = [zl ¢z u) — (o],

(t,z,u) — o(||ul]), (t,z,u) € [a,b] x X x Y.

Together with Lemma 5.2 and the definition of g this implies that (A4) holds for g
and if f satisfies (B4), then (B4) holds for g. Clearly (A5) holds for g. Thus g € L.
Evidently (f, g) € Eas(N,€). Clearly, if f € M., then g € L 4.

Assume that f € Mp. We have already shown that g € Mpg. Let M > 0. Since
(B4) holds for g there is L > 0 such that for each t € [a, b], each x1, 29 € Bx(M+N+4)
and each y1,ys € By (M + N + 4) the inequality

‘g(taxlvyl) - g(t7x27y2>| < L(H‘rl - x2H + Hyl - y2||)
holds. Assume that

te€la,b, ueY, x1,29 € Bx(M).

There are two cases: ||u|| > N +4; ||u|| < N +4. Assume that ||u|| > N + 4. By this
inequality, the definition of g and the definition of

gt 1, u) = g(E, w2, u)| = |[|za]] = [l22]] < |lor — 22l
Assume that ||u|] < N + 4. Then it follows from the choice of L that

|g(t,x1,u) - g(tax%u)‘ S L||$1 - ZI}'2||
Clearly, in both cases
|g(t, 1, u) = g(t, 22, u)| < (L +1)||z1 — 22f|.

This completes the proof of Lemma 5.1.

6. PROOFS OF THEOREMS 1.3-1.5

Proof of Theorem 1.5. By Lemma 1.2, £, is an everywhere dense subset of M 4
with the strong topology and L 4. is an everywhere dense subset of M 4. with the
strong topology.

Let f € L4 and n be a natural number. By Lemma 4.1 there exist K(f,n) > 0
and an open neighborhood U(f,n) of f in M 4 with the weak topology such that the
following property holds:

(P1)If g eU(f,n) and z € f]l/nm N Bx(n), then there is (z,u) € A(z) such that
llu(t)|| < K(f,n) for almost every t € [a,b] and I9(x,u) < U9(z) + 1/n.

Define

Fa=00, U{U(fn) : fE€La}, Fae=02, U{U(f,n) N Mae: f € Lact
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Clearly F4 is a countable intersection of open (in the weak topology) everywhere
dense (in the strong topology) subsets of M4 and F4. is a countable intersection

of open (in the weak topology) everywhere dense (in the strong topology) subsets of
M Ac- Let

(6.1) g € Fa, zeU{f[mM: p, M >0}, e>0.
Choose a natural number m such that
(6.2) 2 € Hijmom N Bx(M), € > 1/m.

By (6.1) and the definition of F,4 there is f,, € L4 such that g € U(f,,m). It
follows from this inclusion, (P1) and (6.1) that there is (x,u) € A(z) such that
llu(t)|| < K(fm,m) for almost every t € [a,b] and

I(z,u) SUI(2)+m ™t <U%2) +e
Since € is an arbitrary positive number we conclude that
inf{I(y,v) : (y,v) € AL(2)} < U%(z) = inf{I?(y,v) : (y,v) € A(2)}.
This completes the proof of Theorem 1.5.
Proof of Theorem 1.4. By Lemma 1.2, Lp is an everywhere dense subset of Mpg

and Lp. is an everywhere dense subset of Mpg.. Let f € Lp and n be a natural
number. By Theorem 1.1 there exists K(f,n) > 0 such that the following property
holds:

(P2) If g € Mp satisfies (f,g) € Ep(K(f,n),8n), 2 € Him, N Bx(n) and if
(x,u) € A(z) satisfies

mes({t € [a,8] : [Ju(®)]| = K(f,m)}) >0,
then there exists (y,v) € A(z) such that 19(y,v) < I9(z,u),
llo(t)|] < K(f,n) for almost every t € [a, b].
Denote by U(f,n) an open neighborhood of f in Mg such that
{9 € Mp: (f.9) € Es(K(f,n),n)} CU(f,n)

(6.3) C{geMgp: (f,g9) € Es(K(f,n),2n)}.
Define
Fe=n2yU{U(f,n): feLlp}t, Fpe=2, U{U(f,n) N Mp.: [ € Lpe}.

Clearly Fpg is a countable intersection of open everywhere dense subsets of Mg and

Fpe is a countable intersection of open everywhere dense subsets of M g...

Let

(6.4) g€ Fgand M,q,p > 0.
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Choose a natural number
m > max{M, 1/p,4q}.
In view of (6.4) and the definition of Fp there is f,, € Lp such that

(6.5) g € U(fm, m).

Assume that
(6.6) he Mg, (g,h) € Eg(K(fm,m),q), z € H,p N Bx(M),

(x,u) € A(z), mes({t € [a,b] : ||u(t)|| > K(fm,m)}) > 0.
It follows from (6.6), (6.5) and (6.3) that

(h, fm) € Ep(K(fm,m), 3m).
Clearly, 2 € Hy jmm N Bx(m). Now by property (P2) there is (y,v) € A(z) such that
19(y,v) < I9(z,u),
llo(®)|| < K(fm, m) for almost every t € [a, b].

Theorem 1.4 is proved.

Proof of Theorem 1.3. By Lemma 1.2, L is an everywhere dense subset of Mp
and Lpg. is an everywhere dense subset of Mp.. Let f € Mpg. By Theorem 1.1 there
is K(f) > 0 such that the following property holds:

(P3) If g € My satisfies (f,g) € Ex(K(f),8¢), 2 € H,p N Bx(M) and if
(x,u) € A(z) satisfies mes({t € [a,b] : ||u(t)|| > K(f)}) > 0, then there exists
(y,v) € A(z) such that I9(y,v) < I9(xz,u) and ||v(t)|| < K(f) for almost every
t € la,bl.

Denote by U(f) an open neighborhood of f in Mg such that

{9e Mp: (f,9) € Es(K(f),q)} CU(S)

(6.7) C{geMsp: (f,9) €Es(K(f) 29)}.

Define
F=UU(f): f€Lp}, Fo=MpN[U{U(f): fELp}.

Clearly, F is a n open everywhere dense subset of M g and F, is an open everywhere
dense subset of Mp.. Let ¢ € Fg. By this inclusion and the definition of F there is
f € Lp such that

(6.8) geUu(f).

Assume that
(6.9) he Mg, (9,h) € Eg(K(f),q), 2 € H,p N Bx (M),
(z,u) € A(z), mes ({t € [a,b]: [|u(t)]| = K(f)}) > 0.
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It follows from (6.7)-(6.9) that (h, f) € Eg(K(f),3q). Now by property (P3) and
(6.9) there is (y,v) € A(z) such that 19(y,v) < I9(x,u) and [[v(t)|| < K(f) for

almost every ¢ € [a,b]. Theorem 1.4 is proved.
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