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ABSTRACT. This paper deals with a time scale version of the Hardy-Knopp-Type and the two-
dimensional Hardy-Knopp-type inequalities. Moreover, Hardy inequality for several functions is

presented on time scales.

AMS (MOS) Subject Classification. 34B10 and 26D15

Key words and phrases. Weights, Hardy’s inequality, Delta integral, Double integral

1. INTRODUCTION

In a note published in 1920, Hardy [6] stated that if a > 0, p > 1, f(x) > 0 and

[ fP(x)dx is convergent, then

(1.1) ]O %/xf(t)dt pdxg (%)pjofp(x)dx.

In [7] Hardy stated and proved that the result above hold in fact in the following

more precise form:

(1.2) ]O %/xf(t)dt pdxg <p%1)p]ofp(x)dx,p> 1.

0

This inequality is usually called Hardy’s inequality in the literature and it has later
on been extensively studied and used as a model example for the investigation of
more general integral inequalities.

In [8] Kaijser pointed out that inequality (1.1) is just special case of the much
more general Hardy-Knopp-type inequality for positive functions f,
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where ® is a convex function on (0,00). By choosing ®(u) = u” we find that (1.3)

implies Hardy inequality in particular form
00 x p 0o
1 dx dx
1.4 — tydt ] — < Ple)—, p>1
(1.4 [ 5 [rwa) < [r@o-,
0 0 0

which can be rewritten in the usual form

(1.5) 7 %jg(t)dt pdx < <Z%)p7£]?(x)dx, p>1,

where g(z) = f(z%)x_%
Cizmesija [5] has given a strengthened Hardy-Knopp-type inequality which can
be written as the following inequality: Suppose 0 < b < oo, u : (0,b) — R is a

% is locally integrable in (0, ),

nonnegative function such that the function z —
and the function v is defined by

b

u(z)
t
If the real-valued function ® is convex on (a,c), where —oco < a < ¢ < oo, then the
inequality
b T
1 dx

(16) w@ - [ i) = < [ o) T

0 0
holds for all integrable functions f : (0,b) — R, such that f(z) € (a,c) for all
x € (0,b), and so Cizmesija obtained generalization of Hardy-Knopp-type inequality
(1.3). Moreover, Kaijser obtained a multidimensional Hardy-Knopp-type inequality
in [9]. On the other hand, Bougoffa has given Hardy integral inequality involving

many functions in [4].

Recently, Rehak [11] has given the time scale version of the Hardy inequality as
follows:

o(t

)
[ f(s)As o0

I (L P

a a
where p > 1, f is a nonnegative function.

The aim of this paper is to extend a Hardy-Knopp-type inequality to an arbitrary
time scale. A one-dimensional and a two-dimensional version are established. In par-
ticular, extensions of Fubini’s theorem and Jensen’s inequality are utilized. Moreover,

Hardy inequality for several functions is presented on time scales.
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We first briefly introduce the time scales theory. By a time scale T we mean
any closed subset of R with order and topological structure present in canonical way.
Since a time scale T may or may not be connected, we need the concept of jump

operators.

Let t € T, where T is a time scale; then two mappings o, p : T — T satisfying
o(t)=inf{seT:s>t}, p(t)=sup{seT:s<t}

are called the jump operators. If o(t) > t, t € T, we say t is right-scattered. If
p(t) <t t €T, wesay tis left-scattered. If o(t) =1t,t € T, we say t is right-dense. If
p(t) =t,t €T, we say t is left-dense.

A mapping f: T — R is called rd-continuous if
(i) f is continuous at each right-dense point or maximal point of T;

(ii) at each left-dense point t € T,

lim g(s) = g(t")

s—t~

exists.
The set of all rd-continuous functions from T — R is denoted by C,4(T, R).
Let

T" — T—{m}, if T has a left-scattered maximal point m,
B T, otherwise.

If f: T — Ris a function, then we define the function f7 : T — R by f7(t) = f(o(t))
forallt €T, ie., f7o= foo.

Assume that f: T — R and t € T*, then we define f2(t) to be the number (pro-
vided it exists) with the property that for any given any € > 0, there is a neighborhood
U of t such that

[f(o(t)) = f(s) = fA(D)o(t) = s]| < elo(t) — 5|
for all s € U. In this case f2(t) is called the delta derivative of f(t) at t. If f is
differentiable at each t € T, then f is called delta differentiable on T.

A function F': T — R is called an antiderivative of f : T — R if F2(¢) = f(¢)
for all t € T", and in this case, we define the integral of f by

b
[ roat=ro) - Fa)

for all a,b € T, and we say that f is integrable on T.
Also let us recall some essentials about partial derivatives on time scales:

Let Ty and Ty be two time scales. Fori = 1,2 let oy, p; and A; denote the forward

jump operator, the backward jump operator, and the delta differentiation operator,
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respectively, on T,;. Suppose a < b are points in Ty, ¢ < d are points in Ty, [a,b) is
the half-closed bounded interval in Ty, and [¢, d) is the half-closed bounded interval

in Ty. Let us introduce a "rectangle” in Ty x Ty by
R =a,b) x [c,d) = {(t1,t2) : t1 € [a,]),t2 € [c,d)}.

Let f be a real-valued function on Ty x Ty. At (¢1,t3) € Ty x Ty we say that f
has a ”A; partial derivative” f21(t;,t;) (with respect to t;) if for each ¢ > 0 there
exists a neighborhood Uy, , (open in the relative topology of T;), of ¢; such that

|f(o1(tr),t2) = f(s,t2) — [24 (1, t2) (01 (1) — 8)| < € o (tr) — o

for all s € Uy,. At (t1,t3) € Ty x Ty we say that f has a "A, partial derivative”
f22(t1,ty) (with respect to ty) if for each € > 0 there exists a neighborhood Uy, of t,
such that

| f(t1, 0a(t2)) — f(t1, 1) — f22(tr, 1) (02(t2) — 1)| < € loa(ta) —

for all [ € Uy,.

Let f be a real-valued function on Ty x Ty. The function f is called rd-continuous
in ¢, if for every ay € Ty, the function f(«q, t2) is rd-continuous on Ty. The function f
is called rd-continuous in t; if for every ay € Ty, the function f(t1, as) is rd-continuous

on Ty.

Let C'C,4 denote the set of functions f(¢1,t2) on Ty x Ty with the properties
e f is rd-continuous in tq,
e f is rd-continuous in tq,

o if (z1,15) € Ty x Ty with x; right-dense or maximal and x5 right-dense or maximal,

then f is continuous at (x1,xs),

e if x1 and x5 are both left-dense, then the limit of f(¢;,,) exists as (¢1, o) approaches

(x1,z2) along any path in the region

RLL(Zlfl,ZEg) = {(tl,tg) 1t € [CL, 1’1] N Tl, ty € [C, ZL’Q] N Tg} .
Let CC!, be the set of all functions in C'C,4 for which both the A; partial derivative
and the A, partial derivative exist and are in C'C,,.

In order to obtain our results, we need the following theorem in [3].

Theorem 1.1 (The standard calculus version of Fubini’s Theorem). Let f be bounded
and delta integrable over R and suppose that the single integral

d

1) = / F(t,5) s

[
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exists for each t € [a,b). Then the iterated integral

b b d
/I(t)Alt:/Alt/ftSAQS

exists and the equality

b d
(18) / f(t, S)AltAQS = /Alt/f t S AQS
R a

holds.

It is evident from the Theorem 1.1 that we can interchange the roles t and s, that

is, we may assume the existence of the double integral and existence of the single

b
= / f(t, S)Alt

for each s € [c,d). Then the theorem will state the existence of the iterated iterated

d d b
/K(S)A2s:/A2s/ftsA1

integral

integral

and the equality

(1.9) / / F(t, ) ArtDos = /d Aos /b F(t, 5)Axt.
R c a

If together with the double integral [[ f(¢,s)A1tAss there exist both single integrals
R
I and K, then the formulas (1.8) and (1.9) will hold simultaneously, i.e.,

b d d

/Alt/f(t, S)Ags:/A2s/bf(t, s)Aqt

a Cc c

We refer the reader to [2] for a comprehensive development of the calculus of the
A derivative and we refer the reader to [1,3] for an account of the calculus of the

partial derivative and double integral.

2. A STRENGTHENED HARDY-KNOPP-TYPE INEQUALITY

Throughout this section, we suppose that T is a particular time scale, 0 < a <

b < oo are points in T. Thus our result reads as follows.
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Theorem 2. 1 Suppose u € Cyq4([a,b),R) is a nonnegative function such that the

delta integral f LAz exists as a finite number, and the function v is defined

@—a)(o(z)-
by
b
u(z)

v(t) = (t — a)/ @ =) (0() = a)Ax, t € a,b).

t

If &: (c,d) — R is continuous and convex, where ¢, d € R, then the inequality

b o(x) b
Ax

e [uwe _a/f 222 [owe ) =

a a

holds for all delta integrable functions f € Cy4([a,b), R) such that f(z) € (c,d).

Proof. Let f : [a,b) — R is rd-continuous function with values in (¢, d). Applying

Jensen’s inequality [2] and Fubini’s Theorem [1,3] we obtain

b o(x) o(x)
Ax

IN

J e |y [ rwae) 25 / ule / TR = o) —a)

) / )o@ —a)

and the proof is complete. O

Now, we give some applications of Theorem 2.1.

Corollary 2.1. If the weighted function w is chosen to be u(x) = 1, in Theorem 2.1,

then we have
U([L’) — f (t—a)(o(t)—a) J(t o b:a7
1, = 00

so in the case when b < oo inequality (2.1) reads

b o(x)

e ol a/f x_a§j<1—§:2)®(f<x))xA_xa,

a

while for b = oo it becomes

[e'e) CT(ZB) [e'e)

(23) Jo o= [ roat) =5 < fou =5

[¢] a a
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Corollary 2.2. Let p > 1 be a constant, a function f be a nonnegative and such
that the delta integral f fP(x) =% exists as a finite number. If the convex function ®

is chosen to be ®(z) = 2P in mequahty (2.2), then we have

unless f = 0.

So we find that inequality (2.2) implies a time scale version of Hardy’s inequality

in the particular form inequality (2.4). Meanwhile we obtain time scale versions of
(1.3) and (1.6).

Corollary 2.3. Let a function f be a nonnegative and such that the delta integral
f f(x)2% exists as a finite number. If the convex function @ is chosen to be ®(z) = e”

and by replacing f(x) with In f(x) in inequality (2.2), then we have

b a(z) b
(2.5) /exp ﬁ/lnf(t)&g xA—xa S/f(x)xA_xaa

unless f = 0.

3. A TWO-DIMENSIONAL HARDY-KNOPP-TYPE INEQUALITY

Throughout this section, we suppose that
(a) Ty is a time scale, 0 < a < b are points in Ty,
(b) Ty is a time scale, 0 < ¢ < d are points in Ty,

(c) R is a rectangle in Ty x Ty defined by

R=a,b) x [c,d) ={(t,s) : t € [a,b),s € [c,d)}.

In order to obtain our result in this section, we need the following theorem.

Theorem 3.1 (Jensen’s inequality). Let t,s € R and —oco < m < n < oo. If
feCCY(R,(m,n)) and ® : (m,n) — R is convex, then

b d b d
J L F(ts)AtAzs | [ [@(f(E5) ArtAas
(3.1) o | e a_c

b d
ffAltAQS ffAltAQS

Proof. This theorem is a direct extension of the Theorem 6.17 in [2]. O
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Theorem 3.2. Let R be a rectangle in T; x Ty and f be a delta integrable function
over R and f € CCY(R,R) such that —co < a < f(t,s) < 8 < co. If ® is convex

and positive function on («, (3), then

. o(z) 7(y)
(3.2) a/g/@ ((U(x)—a)l(T(y)—C) a/ C/f(t, S)AltAgs) @ _AS(A;y_ o)
<a/bj®<f<t,s>> (1—213) (1—2:2) e

Proof. Let ® be convex. Then, according to Jensen’s inequality and Fubini theorem

we have

b d o(z) 7(y)
/[ (<o—<x>a>1<f<y>c> / / ! (t’s)Almzs) EEDITRE

a

b d [ o(x)T(y)
<[/ (/ AL “’S”A”AQS) A S

- / / 2t 9) (/ / PR i c>) Bulfas
] frnn(i-22) (-329) e
and the proof is complete. 0

Corollary 3.1. Let p > 1 be a constant, a function f be a nonnegative on R. If the

convex function @ is chosen to be ®(u) = w? in Theorem 3.2, then we have

b o(@) 7(y) !
(3.3) / / ((O_(x)a)l(T(y)c) / / f(t,s)AltA23) (z _A Z;?;y— c)

a

<[ (1o ) (100 e

unless f = 0.



HARDY-KNOPP-TYPE INEQUALITIES 485

Corollary 3.2. Let a function f be a nonnegative on R. If the convex function ® is
chosen to be ®(u) = ¢ and replacing f by In f in Theorem 3.2, then we have

z) 7(y)

(3.4) /b/dexp (U(x)_a = U//lnfts AqtAss (I_A;:)C(A;y_c)

‘f jf<t,s> (1-;3:3) O ===}

unless f = 0.

4. TIME SCALE HARDY INTEGRAL INEQUALITY FOR SEVERAL
FUNCTIONS

Our purpose in this section is to prove the Hardy integral inequality for several

functions on time scale.

Theorem 4.1. Let a > 0 and fi, fo,..., f, be nonnegative integrable functions.
Denote Fy(t ffk JAs, k=1,2,...,n. Then
(4.1)
Fe(t)Fg(t " P
/( COP - BO) av < (2] [ (0 + 0+ o) B
Proof. By using Jensen’s inequality [10]
L TR
(4.2) (FT@OF () FI()" < ———
and so,
p
. (Emo)
(4.3) (T OFF () FI)" = ————.

Divide both sides of (4.3) by (o(t) — a)” and integrate resulting the inequality to get

P

" 7<Ff’(t)F5’(t) FU()) are L (F{’(t)+F2"(t)+-a--+F;3(t))p AL

(o) =a" ) o(t) -

a

Applying inequality (1.7) to the right hand side of (4.4), we obtain

/(F”()Ff’() - ())ZAK( P )p]O(fl(t)+f2(t)+~-~+fn(t))”At,

(o(t) np—n
U
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