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ABSTRACT. In this paper, the Schauder fixed point theorem is used to investigate the existence
of solutions of the boundary value problems (BVP) for second-order nonlinear differential equations

on infinite intervals.
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1. INTRODUCTION

We consider the second order nonlinear differential equation

(L.1) —[p(@)y] +q(x)y = f(x,y,Ty), 0<x < o0,

where y = y(x) is a desired solution, and

(Ty)(x) = / " K(z, s)y(s)ds,

K € C[R" x R*,R"] and R" is the set of all nonnegative numbers.

For convenience, let us list some conditions.
(C1) The coefficients p(z) and g(x) are real-valued measurable functions on [0, c0)

such that

b dx

o |p(a)]

b
< 00, / lg(x)|dx < oo
0

for each finite positive number b. Moreover, the functions p(x) and ¢(x) are such

that all solutions of the second order linear differential equation
(1.2) =p(@)y) +q(z)y=0, 0<a<oo,

belong to L*(0,00), that is Weyl limit circle case holds for the differential
expression Ly = —[p(x)y/) + a(x)y (see [2,[14]).
(C2) The function f(z,y, 2) is real-valued and continuous in (z,y, z) € [0,00) x R X R,

and
(1.3) |f(z,y,2)| < aly| + blz] + g(z)
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for all (z,y,2) € [0,00) x R x R, where g(z) >0, g € L?(0,00) and, a and b are
positive constants.
(C3) [° [ |K (z,5)|* dvds < oo.
Let D be the linear manifold of all elements y € L?(0, 00) such that Ly is defined
and Ly € L*(0,00). Let yl"(z) = p(x)y/(z) denote the quasi-derivative of y(z). For
two given differentiable functions y = y(z) and z = z(z) we define the Wronskian of

y and z by
Waly, 2) = y(@)2"(2) =y (2)2(), = € [0,00).

Using the Green’s formula

b
(1.4) / [(Ly)z — y(Lz)](x)dx = Wi(y, z) — Wo(y, 2),
0
for all y, z € D, we have the limit
Woo(yv Z) = bhm Wb(yv Z)

exists and is finite.

Let u = u(x) and v = v(z) be solutions of (1.2) satisfying the initial conditions
(1.5) u(0) = 0, uM(0) =1; v(0) = -1, v1(0) =0

From these conditions and the constancy of the Wronskian it follows that W, (u,v) =
1. Hence, u and v are linearly independent and they form a fundamental system of
solutions of (1.2). Tt follows from the condition (C1) that u,v € L?(0, c0); moreover
u,v € D . Consequently for each y € D, the values W (y,u) and W, (y,v) exist and

are finite.

We deal with the equation (1.1) whose boundary conditions are
(1.6) ay(0) + By(0) = di, Woe(y, w) + W (y,v) = da

where «, 3,7, and ¢ are given real numbers satisfying the condition

(C4) w:=ad—py#0,

and dy, d, are arbitrary given real numbers.

We define the set D = {y € L?*(0,00) : ' is continuous and py’ is differentiable
on [0,00) and (py')’ is continuous on [0,00) and ay(0) + By!H(0) = dy, YW (y,u) +
Weoly,v) = da}.

A function y is called a solution of the problem (1.1), (1.6) if y € D and the
equation —[p(z)y'] + q(x)y = f(z,y, Ty) holds for all x € [0, c0).

In the recent paper [8], the existence and uniqueness of solutions of the BVP

—[p@)yT +q(x)y = f(z,y), 0<z< oo,
ay(0) + Byl(0) = di, YWeo(y,u) + Weo(y,v) = da,
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has been discussed. These boundary conditions at infinity are used in [3—8], and [10].
The problem to find solutions of a second order dynamics with assigned conditions at
infinity also arises in other contexts and recent contributions dealing with different

situations. We refer, in particular to [1,11-13] and the references there contained.

By using Green’s formula (1.4) and the initial conditions (1.5), the formulas
Walpw) = 9(0)+ [ ulo)Lyla)ds,
0

Walyov) = y(0)+ / " (@) Ly(a)de

are obtained. For the BVP (1.1), (1.6), we have
Walpow) = 9(0)+ [ ule)f(o.g(a). Ty(a))da,
0

Walyw) = o(0) + / (@) (e, y (@), Ty(a))de.

Put ¢(z) = au(z) 4+ fv(z) and ¥(x) = yu(x) + dv(x). Since W,(p, ) = w # 0,
the functions ¢ and 1 are linearly independent solutions of (1.2). So we obtain
For the boundary conditions

ay(0) + ByM(0) = 0, YW (y, u) + W (y,v) = 0,

 satisfies the boundary condition at zero, and v satisfies the boundary condition at
infinity. Let

1 { p(x)(s) 0<z<s<oo,

Glas) = Cw p(s)v(r) 0<s<z<oo.

Since ¢, 1 € L*(0,00), we get
(1.7) / / |G (z, 8)]Pdzds < oo.
o Jo

From [8, Corollary 1], the nonlinear BVP (1.1), (1.6) is equivalent to the nonlinear

integral equation
a) = wle)+ [ Glo.)fls9() Tu(s))ds, 0= <o
0

where w(z) = Z¢p(z) — Ly)(z). Then investigating the existence of solutions of the
nonlinear BVP (1.1), (1.6) is equivalent to investigating fixed points of the operator
A: L*(0,00) — L?(0,00) by the formula

(1.8) Ay(x) = w(x) + /000 G(zx,s)f(s,y(s), Ty(s))ds, 0<z < oo,

where y € L?(0, 00).
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In Section 2, we will investigate the existence of solutions of the BVP (1.1), (1.6)
by using the Schauder Fixed Point Theorem.

Finally, in Section 3, we will study BVPs on the whole axis.

2. EXISTENCE OF SOLUTIONS ON THE SEMI-AXIS

In this section to show the existence of solutions of the BVP (1.1), (1.6), we
will use the following Schauder Fixed Point Theorem: Let B be a Banach space and
S a nonempty bounded, convex, and closed subset of B. Assume A : B — B is a
completely continuous operator. If the operator A leaves the set S invariant then A

has at least one fixed point in S.

Theorem 2.1. A set S C L?(0,00) is relatively compact iff S is bounded and for
every e > 0 (i) there exists a 0 > 0 such that [ |y(z + h) — y(z)|*dz < € for all
y € S and all h > 0 with h < 0 , (i) there exists a number N > 0 such that
Ix ly(x)Pdz < e forally € S.

Theorem 2.2. Assume conditions (C1), (C2), (C3), and (C4) are satisfied. In addi-

tion, let there exist a number R > 0 such that

@1 | / )Pdx}? + M fsup /OO|f<s,y<s>,Ty<s>>|2ds}1/2SR

yeS Jo

where M = [[° [ |G(z, s)|*dads and S = {y € L*(0,00) : |ly|| < R}. Then the
BVP (1.1), (1.6) has at least one solution y € L*(0,00) with

/ \y(a:)|2d:c < R%
0

Proof. To show that the operator A defined in (1.8) is completely continuous, we must
prove the operator A is continuous, and A(Y) is a relatively compact set in L?(0, c0)
where Y C L%*(0,00) is a bounded set. First, we want to show that when € > 0 and
yo € L?(0,00), there exists § > 0 such that

(2.2) y € L*(0,00) and ||y — yol| < 0 implies ||Ay — Ayl < e.

It can be easily seen that the inequality

|Ay(z) — Ayo(x)? < / "G, 5) s / (s, 9(5). Ty(s)) — F(s,90(s), Tyols))Pds
holds. Hence we get
Ay — Ayoll> < M [771f(s,y(s), Ty(s)) — f(s,y0(s), Tyo(s))[*ds
( ol

= M [N f(s,9(5), Ty(s)) — f(s,90(5), Tyo(s))[?ds
FM [ |£(5,y(s), Ty(s)) — f(s,y0(s), Tyol(s))|*ds,
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M = / / G(z,s)|*dzds

and N is an arbitrary positive number. By the condition (1.3) and the inequalities

where

(x+y)? <2+, (@+y+z+t+u)? <5 +y?+ 22+ +u?),
we have

[ 18009 Tuls) = £ 0(5). Tun(s) P

N

IA

/NOOHf(S’y(S)aTy(S))\ +1f (s, 90(s), Tyo(s))[*ds

< /:[29(8) +aly(s)| + b|Ty(s)| + alyo(s)] + b|Tyo(s)|]*ds

< / [209%(s) + 5a*[y(s)|* + 50%[Ty(s)|* + 5a’[yo(s)[* + 5b%|Tyo(s)[*]ds
N

< 20/ 92(s)d8+10a2/ |y(s)—yo(s)|2ds—l—15a2/ lyo(s)|*ds
0 N

N
+ 10b2/ |Ty(s) — Tyo(s)|*ds + 15b2/ |Tyo(s)|*ds.
0 N
Choose N such that

[e'e) 2 ) 2 [e’] 2
2(s)ds < — / 2ds < —— / T 2ds < ——
| < o [ ks < g [ TP < g

Since T' is continuous, we can find a dy > 0 such that

2

__ €
6002M "

I*

ly — vol| < 0o implies || Ty — Ty,

Then we get

00 2 52 52 52
/N |f(8,y(5),T'y($)) - f(S,y()(S),TyQ(S))| ds < 6—M + 10a 252 6M + 6M + 6M

It is known (see [9]) that under the condition (C2) the operator F' defined by Fy(x) =
f(z,y(x), Ty(x)) is continuous in L*(0,00). So we can find a d; > 0 such that

82

N
Iy = woll < &1 implies /0 [£(5,9(5), Ty(s)) = f(5,50(5), Tyo(s))[*ds < o7

Taking

g2
60a2M
we obtain desired result (2.2). Hence, the operator A is continuous.

6% = min{ 05, 0%},

Now, we must show that A(Y) is a relatively compact set in L?*(0,00) where

lyl| < ¢ for all y € Y. For this purpose, we will use Theorem 2.1.
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For all y € Y, we have
Ayl = () + / Gz, )f (s, y(s), Ty(s))ds]

< lwll =+ OOO G(x,5)f(s,y(s), Ty(s))ds|-

Then, we obtain
(23) 1Ayl < [l + { / / Gz, ) Pdeds) 2 / $), Ty(s))Pds) V2.

At the same time, using (1.3) and the inequality (z + y + 2)? < 3(2? + y? + 2?),
the following inequality holds;

/Owlf(say(S),Ty(S))Pds < /Ooo[aly(S)l+b|Ty(8)\+g(8)]2dS

< 3 / [@ly(s)2 + 0| Ty(s)P + g2(s))ds
0
= 3(alylP + RITYl? + gl?).

By virtue of the condition (C3) and ||y|| < ¢; for all y € Y, we have [|[Ty|| < ¢
for all y € Y. Then

/0 (s, 9(s). Ty(s) Pds < 3(a%E + 02 + |g]?).

Hence ||Ay|| < |Jw| + {3M(a®c? + b%c2 + ||g||*)}1/? for all y € Y, that is, A(Y) is a
bounded set in L?(0, c0).

Besides, for all y € Y, we have

/0 |Ay(z + h) — Ay(z 2alx—/ / G(x+h,s)—G(x,9)]f(s,y(s), Ty(s))ds|*dx

< [ 166 hs) = Gl [, Tuts) s
< 3(a2 + 022+ g|) // Glo+ h.s) — Glu, s)*duds.

Thus we get by (1.7) that for a given € > 0 there exists a § > 0, depending only on
g, such that
/Oo Ay(z + 1) — Ay(x)2dz < &2
forall y € Y and all h > Oowith h < 6.
Also for all y € Y, we have

/ |Ay(z)]Pdr < 3(a®S + b2c3 + ||g|1*) / / (z,s)|*dsdx.
N

Hence we get again by (1.7) that for given € > 0 there exists a positive number N,
depending only on ¢, such that [7 |Ay(z)[?dz < * for all y € Y.
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Thus, A(Y) is a relatively compact set in L?(0,00). Then, the operator A is
completely continuous. Further, it is obvious that the set S is bounded, convex,
and closed. By (2.3) and (2.1), A maps the set S into itself, and thus the proof is
completed. O

Example 2.1. We consider the following problem

(2.4) —(e¥y') —2e¥y = [T e~ y(s)ds,
' y(0)+yM(0) =1, Wly,u) = Wa(y,v) = 0.
When taking p(z) = €, ¢(z) = —2639”, a=03=~v=1,0=—-1,d, =1, dy, =0,

f(z,y,Ty) = Ty and Ty(z) = ["e” ds the conditions (C1), (C2), (C3), and

(C4) hold. It is clear that u(z) = e —e™2® and v(z) = 2¢~+e~2*. Then, we obtain
plz) = —e®, P(z) = 3¢ — 2¢72* and w(x) = (3" — 2¢*). For the Green’s
function

1 { —e (37 —2e7%) 0<x<s < oo,

G(x,s)=—=
(z,5) 2| —e (B —2e7%®) 0<s<z<oo,

M = [ [T |Gz, s)|Pdeds = 2% and [ |w(x)[*dz = 2. If we take R = 2, then (2.1)
is satisfied. Finally, the BVP (2.4) has at least one Solutlon y € L*(0,00) with

/ ly(2)Pda < 4.
0

3. EXISTENCE OF SOLUTIONS ON THE WHOLE-AXIS
We consider the equation

(3.1) —[p(@)yT +q(x)y = f(x,y,Iy), —oo <z <00

where y = y(z) is a desired solution, and
= / K(x,s)y(s)ds

Assume that the following conditions are satisfied.
(H1) The coefficients p(x) and ¢(z) are real-valued measurable functions on

R = (—00, 00) such that

b
/ lg(z)|dx < 0o
Ip

for all finite real numbers a and b with a < b. Moreover, the functions p(z) and

K e CR xR,R"|.

q(z) are such that all solutions of the second order linear differential equation

(3.2) —[p(2)y] +q(x)y =0, —oo <z < o0,
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belong to L*(—00, 00).
(H2) The function f(z,y, z) is real-valued and continuous in (x,y,z) € R x R x R,

and

|[f(z,y,2)] < aly| + blz| + g ()

for all (x,y,2) in R x R x R, where g(z) >0, g€ L*(—00,00) and, a and b are
positive constants.
) [T K (2, 8)Pdads < oo

Denote by D the linear manifold of all elements y € L?(—oc0, c0) such that Ly =
—[p(z)y'] + q(z)y is defined and Ly € L*(—o0,00). It follows from the Green’s

formula

b
33) 1@ = @)@ = Wity ) - Way.2)
that, for all y, 2 € D the limits

W—oo(y7 Z) = lim W ( ) WOO(yvz) = blirgo Wb(y,Z)

a——00
exist as finite numbers.

Let u = u(x) and v = v(z) be solutions of (3.2) satisfying the initial conditions
(3.4) u(0) =0, vM(0) =1; v(0) = -1, v1(0) = 0.

By condition (H1) the solutions u and v belong to L?(—o0, 00). Moreover, they belong
to D. Therefore for each y € D the values Wiy (y,u) and Wis(y,v) exist and are
finite. By using (3.3) and (3.4), we get the formulas

W_os(y, ):y(o) ff]oou() y(x)dz, W_o(y,v)=y"(0) - fooov() y(z)dz,
Wao(y,u) = y(0) + [ u v)dr,  Wu(y,v) =y"0)+ [[Tv r)dw.

Now we study the equation (3.1) together with the boundary conditions
(3.5) aW_o(y,u) + BW_oo(y,v) =di,  YWoo(y,u) + W (y,v) = da,

where «, 3,7, and  are given real numbers satisfying the condition
(H4) w:=ad—py#0,
and dy, d, are given arbitrary real numbers.
We define the set D = {y € L?(—o0,00) : ¢ is continuous and py’ is differentiable
on R and (py’)’ is continuous on R and aW_ . (y, u) + 6W_(y,v) = di, YWoo (y,u) +
We(y,v) = do}. If y € D and the equation —[p(z)y']' + q(z)y = f(z,y, [y) holds for
all z € R, then y is called a solution of the problem (3.1), (3.5).

Let us set

o(x) = aule) + Bu(@), ¥(x) = yu(x) + do(x)



BVP ON INFINITE INTERVALS 661

and define the function

Gla,s) = —— { p(z)(s) —oo <z <5< oo,

w | e(s)p(xr) —oo<s<x< oo,
and p p
w(z) = Zo(a) — Ly

Thus we have

/ / (z,5)|*dwds < oo, / |w(x)|*dr < co.

The BVP (3.1), (3.5) is equivalent to the integral equation
+/ G(z,s)f(s,y(s),ly(s))ds, —oo <z < 0.

Reasoning as in the previous section we can prove the following theorem.

Theorem 3.1. Assume conditions (H1), (H2), (H3), and (H4) are satisfied. In ad-
dition, let there exist a number R > 0 such that

(3.6) {/ Mﬂ”+M”%w/mU@M$hMM%#”§&

yeS

where M = [%°_[7 |G(z, s)|*dzds and S = {y € L*(—00,00) : |ly| < R}. Then the
BVP (3.1), (3.5) has at least one solution y € L*(—o0,00) with ||y < R.

Example 3.1. We consider the following problem

—(€y) + (4a® + 2™y = [7 e y(s)ds,
W

(87) y,u) — W_oo(y,v) =0, We(y,u) + Wy (y,v) = 1.

When taking p(z) = €2, q(z) = (422 +2)e*, a =y =0=1, = —1,d; = 0,
dy = 1, f(z,y,ly) = Iy and Iy(z) = ffooo e~y (s)ds, the conditions (H1), (H2),
(H3), and (H4) are satisfied. It is clear that u(z) = ze™* and v(x) = —e™*". Then,
we have o(z) = (z + 1)e ", ¢p(z) = (z — 1)e™™ and w(z) = s(z+ 1)e=*". For the

Green’s function

G (z.5) = 1) @+ 1)(s— 1)6_(’”z+sz) —o00 <z <5< 00,
2| (s+1D)(z—1)e @) —0o<s<a< o0,
M= ["_[7 |G(z,s)] 2d:vd5—25—”——andf |2dx—5m If we get R = 3,

then (3.6) holds. Finally, the BVP (3.7) has at least one solution y € L?*(—o0,00)

with N
/ \y(a:)|2d:c <9,
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