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ABSTRACT. This paper deals with initial problems for fractional differential equations with
deviating arguments. Sufficient conditions are formulated under which such problems have unique

or extremal solutions. Corresponding inequalities for such problems are also discussed.
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1. INTRODUCTION

Recently, the differential equations involving Riemann—Liouville differential op-
erators of fractional order ¢ € (0,1) are discussed, see for example [1]-[8]. Existence
of solutions for initial problems was investigated in papers [1],[3]-[8]. As far as I
know only paper [2] deals with the initial problem for delayed fractional differential

equations. In this paper we discuss an initial value problem

(1.1) { Diz(t) = f(t,z(t),z(a(t))) = Fx(t), teJ=[0,T], T >0,
[zt~ im0 = 0,

where

H: feC(xRxRR), acC(J,J), a(t) <t,te Jand 0 < ¢ < 1.

Since f is continuous, problem (1.1) is equivalent to the following Volterra fractional

integral

(1.2) z(t) = 2ottt + ﬁ/o (t —s)1 f(s,2(s), z(a(s)))ds, t€J,

where I' denotes the Gamma function. In this paper, we formulate sufficient con-
ditions under which problem (1.1) has a unique solution or extremal solutions. To
obtain extremal solutions we use the monotone iterative method. The problem of
inequalities is also discussed. It is important to add that in paper [3] this technique

was also used for initial fractional differential equations without delays.
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2. EXISTENCE SOLUTIONS OF PROBLEM (1.1)

By C,(J,R), p > 0, we denote the space of all functions z € C(J,R) such that
t’r € C(J,R) with the norm ||z|[, = max tPlz(t)]. A function x € C,(J,R) is a
solution of problem (1.1) when zy # 0 if D% exists, is continuous and satisfies (1.1).
If 2y = 0, then C,(J,R) is replaced by C(J,R).

Our first existence result for problem (1.1) is based on the Banach contraction
principle.
Theorem 2.1. Let assumption Hy hold and xo = 0. In addition, we assume that

Hy : there exist nonnegative constants K, L such that

(2.1) |f(t,ur,ug)— f(t,v1,v2)| < K|vg—usHLlva—us| if t€J, ujyv; €R, i =1,2,
(K + L)1
T(g+1)
Then problem (1.1) has a unique solution x € C(J,R).

Hy <1l if 0<g<i.

Proof. Consider the problem © = Nx, where N denotes the operator defined by the
right—hand-side of problem (1.2). Now we need to show that operator N has a fixed
point. To do it we shall show that N : C(J,R) — C(J,R) is a contraction map. Put

|z|| = max |z(t)|. We consider two cases.
S

Case 1. Let 0 < ¢ < % Then in view of assumption Hs, for z,y € C(J,R) we

have
|z —yll < LmaX/t(t—S)q‘llf(s z(s), z(a(s))) — f(s,y(s),y(a(s)))|ds
= T(q) tes J, ' ’ ’ ’
K+1L ! -1
< Srle—vlmax [0 st
(K +L)T7
= WHI —yll
because . ) r
/O(t— §)7lds = tq/O (1—0)do = 7”(](3_)1)#1.

This and assumption Hs prove that operator N is a contraction. Therefore, N has a

unique fixed point by a Banach fixed point theorem.

Case 2. Assume that % < q<1. Let

K+ L)\? I'(2g -1
||« II?%Xe_M|x(t)| with A > ( + )) T2q—1L
S

['(q) 2I°(2q)
Note that
t t B
(2.2) / M < iew’ / (t — s)20Vds = t2q_1r(2q 1)
0 2\ 0

['(29)
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We will use the Schwarz inequality for integrals

[ atoiptsyas < \/ [ a2<s>d8\/ [ s

Let z,y € C(J,R). Using assumption Hs, the Schwarz inequality and (2.2), we have

lz =yl < T(g) o e‘”/o (t = )" (s, 2(s), 2(a(s))) — f(5,y(s), y(als)))|ds

1 t

< rlle = vl maxe™ / (t - 51 [Ke™ + Le™]ds
K+ L t

< (K + )||x—y]|*maxe_M/(t—s)q_le’\sds
I'(q) teJ 0

<

K L t t
(K +1) |z — y||. maxe™™ / (t — s)2a=1ds / e2sds
['(q) teJ 0 0

B (K+L) |[T%-'T(2q —1) -
I C) \/ xrag) 1 vl = Wl —ull.

Note that p = p(A) < 1, so operator N is a contraction, so operator N has a unique

fixed point, by the Banach fixed point theorem. It ends the proof. O

Theorem 2.2 (see [6]). Let assumption Hy hold and xo # 0. In addition, we assume

that f does not depend on the third argument and

H), : there exists a nonnegative constant K such that

‘f(tvul) o f(tuvl)| < K|U1 _ul‘u te ']7 ui, v € Rv

. KTT(q)

H, - < 1.
°T T(2)

Then problem (1.1) has a unique solution z € C,(J,R) with p=1—g¢.

3. EXISTENCE OF EXTREMAL SOLUTIONS OF PROBLEM (1.1)

First we need to investigate some problems connected with inequalities.

Theorem 3.1. Let assumption Hy hold. Let v,w : J — R be continuous and satisfy

o(t) < v<o>+ﬁ / (t — )7 (s, 0(s), v(a(s)))ds,

1 ¢ q—1
@/O(t—s) f(s,w(s), w(a(s)))ds,

and one of the inequalities being strict. Let f be mondecreasing with respect to the

(3.1) tedJ,

w(0) +

last two arguments for each the first argument of f. Then v(0) < w(0) implies
v(t) <w(t), teJ.
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Proof. Suppose that the assertion is not true and let the first inequality of (3.1) be
strict. Because of the condition v(0) < w(0) and continuity of v,w, there exists a
point t; € (0,7 such that v(t;) = w(t1), v(t) < w(t), t € [0,¢1). In view of the fact
that 0 < «a(t) <t, we have v(a(t)) < w(a(t)) for t € [0,t).

Using the monotone character of f, we see that

v(ty) < 21(0)%—L 1(t1—;9)‘1_1L]”(s,21((9),U(Oz(s)))als,
L'(q) Jo

1 t
< w(0)+ —/ (t1 — 8)7 f(s,w(s), w(a(s)))ds < w(ty).
F(Q) 0
It is a contradiction. It shows that the assertion of Theorem 3.1 holds and this ends
the proof. O

Theorem 3.2. Assume that assumption Hy holds. Let v,w : J — R be continuous
and such that (3.1) hold. In addition, we assume that there exist nonnegative constants
K and L such that
(3.2) I'(g+1)> KA +T%)+L(1+ 57 with S= max a(t)

€

and

(3.3)  f(t,x,y1) — f(t, @, y2) < K(x1 —x2) + L(y1 —y2) if 21 > 22, Y1 > Yo

Then v(0) < w(0) implies v(t) < w(t) on J.

Proof. For € > 0, we put we(t) = w(t) + €(1 +t?), t € J. Then, in view of (3.3), we
have

Qt,qwe) = ﬁfo(t—S)q‘l[f(saw(S),w(a(S)))—f(sawe(S),we(a(S)))]dHth

-1 -1 —w(s we(a(s)) — w(als s+et?
> @/O(t—S) {K[we(s) —w(s)] + Llwe(a(s)) — w(a(s))|}ds+et
_ —m/()(t—s)q_ (K[L+ 5% + L[+ a%(s)]}ds + et?
> @[K(l—i—T‘])jLL(l—i—Sq)]/o(t—s)q_lds—i—etq

= et? [1 —

K(1+T9) 4+ L(1+ 57

>0,
I'(g+1)

by condition (3.2). This and the definition of w, yield

we(t) = w(t)+e(l+19)

I -1
o) /0 (t—5)7 " f(s,we(s), we(e(s)))ds + Q(t, w, w)

> w(0) + 1 (t—8)7 1 f(s,we(s), we(a(s)))ds.
I'(q) Jo

we(0) +
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Now, in view of Theorem 3.1, we get v(t) < w.(t) on J. Hence, if € — 0, then we

have the assertion. This ends the proof. O

Now we shall discuss the problem of the existence of extremal solutions for prob-

lems of type (1.1). To do it we apply the monotone iterative technique.

Theorem 3.3. Assume that assumption Hy holds and xo = 0. Let vg,wq : J — R be

continuous such that

1 t
() < —— [ (¢ = 5)T F(s,v0(s), vola(s)))ds,
(3.4) nyét te
wlt) > Fo / (= )7 (5, wo(s), wo(a(s)))ds,

and vo(t) < wo(t) on J. In addition, we assume that there exist nonnegative constants

K and L such that both condition (3.2), assumption Hs and the following condition

(3.5) ft,z, ) — f(t 2o, y2) S K(zo— 1) + L(ya —y1) if 1 <29, y1 < 4o
are satisfied.

Then there ezist the extremal solutions v,w of problem (1.1) in the sector
[vo, wo]" = {y : vo(t) < w(t) < wo(t), t € J}.

Proof. Let us define two sequences {v,,w,} by formulas

1 t
Upp1(t) = —— [ (t = 8)T F(vnpr, vn)(s)ds,
(3.6) F$>At te
wpe1(t) = @/0 (t — 8)T7 " F(wpy1, wy)(s)ds,
where

F(x,y)(s) = Fy(s) = Klz(s) —y(s)] — Llz(a(s)) — y(als))].

We need to show that v, — v, w, — w as n — oo uniformly and monotonically on

J. First we see that elements vy, w, are well defined by Theorem 2.1.

Put p = vg — v1. Then, by conditions (3.4) and (3.6), we have

1 t -1 — F(v1,v0)(5)|ds

P < p [ = P = Flon o))
I o1

=~ [ =) + Lnla(s)ds

Indeed, the problem
z(t) = _ﬁ/o (t — 5)1 [Kz(s) + Lz(af(s))]ds, t € J

has a unique solution, by Theorem 2.1. We see that z(t) = 0, t € J. This and
Theorem 3.1 yield p(t) < z(t) = 0, t € J proving that vy(t) < vy(¢), t € J. Similarly,
we can show that wy(t) < wg(t), t € J.
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To show that v; < w; we put p =v; — w;. By (3.6) and (3.5), we obtain

p(t) = ﬁ/o(t—S)q_l[f(vhvo)(S)—f(whwo)(S)]ds
1 t -1 — vo(s wo(a(s)) — vo(als
< @/O(t—S) {K[wo(s) — vo(s)] + Llwo(x(s)) — vo(a(s))]

—Klvi(s) — vo(s) — wi(s) + wo(s)]

—L{vi(a(s)) = vo(a(s)) — wi(a(s)) +wo(a(s))]}ds

t
= —f | =R + Latats)as.
As before, this and Theorem 3.1 yield vy (t) < wy(t), t € J. In this way we proved
that vg(t) < vi(t) < wy(t) < we(t), t € J.
By induction in n, we can prove that
(3.7)
vo(t) S wi(t) < --r S w(t) S vnga(t) < wnga(t) S wp(t) < -+ < wi(t) < wolt)

forn=0,1,... and t € J.

Now we will prove that the sequences {v,,w,} converge to their limit func-
tions v, w, respectively. First, we need to show that the sequences are bounded
and equicontinuous on J. Indeed, v, w are uniformly bounded by M in view of (3.7).
Let 0 <ty <ty <T. Note that

(3.8) /t12(t2 — )7 lds = /0 - 1(152 —t —8)7 s = (tg — tl)qif‘(z(j—)l)'

Then, in view of (3.8), we have

1 n q—1 _ —5)? 1 Up, V. s)as
@ /0 [(t; — ) (t2 )T F (U, vp1)(8)d

_ / (s — $)T (0, 1) (5)ds

t1

[on(t1) = on(ta)] =

([ =9 = m o s+ [
< — t; —s8)7 — (ty — 8)1™ ds+/ t—sq_ds)
i () (@ : [
M (/tl( )q ld /t2(t )q 1d Q/tz(t )q ld)
= — t1 —s) ds — —s8)¥ " ds + —8)" "ds
F(Q) 0 ! 0 ? 1 ?
M 2M
= t9 — T 4+ 2(ty — 11)?) < ————(ty — 1)1
P(q—l—l)(l 2_'_ (2 1)>_F(q+1)<2 1) <€
provided that |[to—t1] < [%} * with e > 0. The Arzela-Ascoli Theorem guarantees

the existence of subsequences {vy, ,wy, } of {v,,w,} , respectively, and continuous
functions v, w with vy, ,w,, converging uniformly on J to v and w, respectively. If

ng — 00, then we see that v, w are continuous solutions of (1.1).
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Now we need to prove that v is the minimal solution of (1.1) and w is a maximal
solution of (1.1) in the sector vy, wo]*. Assume that u is any solution of problem (1.1)
such that vo(t) < u(t) < wy(t), t € J. Put py = v —u, pos = u —wy. Then

1 t
t) = — [ (t—s)r? — Fu(s)]d
n) = f [ = F ) s) = Fule)ds
1 ¢ 1
< - t—s8) | Kpi(s) + Lpi(a(s))lds,
w1 [ (= () + In(a(o)
1 t
pt) = o | (= Fuls) = Flwn,un)6))ds
I'(q) Jo
I .
- t— )7 [Kpa(s) + Lpa(a(s))]ds,
w7 [ = () + L)
by condition (3.5). This and Theorem 3.1 yield vi(¢) < u(t) < wy(t), t € J. By
induction in n, we can show that v,(t) < u(t) < w,(t), t € J, n=1,2,.... Now if
n — 00, then we have the assertion. This ends the proof. O
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