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ABSTRACT. In this paper, an existence theorem for the periodic boundary value problems of first
order quadratic functional integro-differential equations is proved via a fixed point theorem in Banach
algebras and under some mixed generalized Lipschitz and Carathéodory conditions. The existence

theorems for extremal positive solutions are also proved under certain monotonicity conditions.
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1. INTRODUCTION

First order ordinary functional differential equations (ODE) with periodic bound-
ary value conditions are considered in many works. See Bernfeld and Lakshmikantham
[1], Ladde et al. [17], Omari and Zanolin [20] and the references therein. The study
of periodic boundary value problems of nonlinear first order functional differential
equations with discontinuous nonlinearity has been exploited in the works of Heikkila
and Lakshmikantham [16]. But the study of periodic boundary value problems of
quadratic ordinary functional integro-differential equations involving Carathdodory as
well as discontinuous nonlinearity has not been made so far in the literature. The
study of initial value problems of nonlinear quadratic functional differential and in-
tegral equations is initiated in the works of Dhage [2] and Dhage and O’Regan [10]
and discussed the existence theory for first order functional differential and integral
equations. The study of such equations has been further exploited in the works of
Dhage [3, 4, 5, 7] and Dhage et al. [11] for various aspects of the solutions. In this
paper, we deal with the periodic boundary value problems of nonlinear first order qua-
dratic functional differential equations and discuss the existence as well as existence
results for extremal solutions under mixed Lipschitz, Carathéodory and monotonic
conditions. The main tools used in the study are the hybrid fixed point theorems of
Dhage [3, 4, 6, 7]. We claim that the nonlinear functional equation as well as the
existence results of this paper are new to the literature on the theory of nonlinear

ordinary functional equations.
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Let R denote the real line. Given a closed and bounded interval J = [0,77] in
R, consider the periodic boundary value problems (in short PBVP) of first order

ordinary functional integro-differential equations
d x(t) o(®)
4 — gt x(ﬁ(t)),/ k(t s, 2(n(t) ds) ae. t€J
(1.1) dt[f(t,x(t),x(u(t)))} ( 0 )
2(0) = (7)),
where f: I XRXR—=R—-{0},g: /JxRxR—R and pu,0,0,n:J — J.
By a solution of the PBVP (1.1) we mean a function « € AC(J,R) that satisfies

x(t)
St (), 2(p(t)))

(ii) x satisfies the equations in (1.1),

(i) the function ¢ — ( ) is absolutely continuous on J, and

where AC(J,R) is the space of continuous functions whose first derivative exists and

is absolutely continuous real-valued functions on J.
The periodic boundary value problem (1.1) is quite general in the sense that it

includes several known classes of periodic boundary value problems as special cases.
For example, if f(t,z,y) =1 on J x R x R, then PBVP (1.1) reduces to the PBVP

a(t)
() = g(t,x(@(t)), / k(t, s,m(n(t)))ds) ae te
(1.2) 0
2(0) = =(T),
which further, when ¢(¢,z,y) = g(t,z) onJ x R x R, and @ is identity map on J,
includes the following PBVP studied in Nieto [18, 19],

2(t)=g(t,z(t)) a. e teJ
(1.3)

There is good deal of literature on the PBVP (1.3) for different aspects of the
solutions. In this paper,we discuss the PBVP (1.1) for existence theory only under
suitable conditions on the nonlinearities f and ¢ involved in it.

Our method of study is to convert the PBVP (1.1) into an equivalent integral
equation and apply the fixed point theorems of Dhage [3, 4, 6, 7] under suitable
conditions on the nonlinearities f and ¢ involved in it. In the following section 2, we
prove the main existence theorem and the existence theorems for extremal solutions

are presented in section 3. Finally, an illustrative example is given at the end of the

paper.
2. EXISTENCE THEORY

Let B(J,R) denote the space of bounded real-valued functions on J. Let C'(J,R),

denote the space of all continuous real-valued functions on J. Define a norm || - || and
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a multiplication “ - 7 in C'(J,R) by

|z|| = 2161? lz(t)] and (z.y)(t) = x(t)y(t) for t € J

Clearly C(J,R) becomes a Banach algebra with respect to above norm and multipli-
cation. By L!'(J,R) we denote the set of Lebesgue integrable functions on J and the
norm | - ||z in L*(J,R) is defined by

T
el = / 2(t)] ds.

We employ a hybrid fixed point theorem of Dhage [7] for proving the existence result

for the IVP (1.1). Before stating this fixed point theorem, we give some preliminaries.

Let X be a Banach algebra with norm || - ||. A mapping A : X — X is called D-

Lipschitz if there exists a continuous nondecreasing function ¢ : R™ — R* satisfying
(2.1) Az — Ay[| < ¥([[z — yl])

for all z,y € X with ¢(0) = 0. In the special case when ¥(r) = ar (o > 0), A is
called a Lipschitz with a Lipschitz constant «. In particular, if a < 1, A is called
a contraction with a contraction constant a. Further, if ¢(r) < r for all > 0, then
A is called a nonlinear D-contraction on X. Sometimes we call the function ¢ a

D-function for convenience.

An operator T : X — X is called compact if 7'(S) is a compact subset of X for
any S C X. Similarly 7': X — X is called totally bounded if 7" maps a bounded
subset of X into the relatively compact subset of X. Finally T : X — X is called
completely continuous operator if it is continuous and totally bounded operator
on X. It is clear that every compact operator is totally bounded, but the converse
may not be true. The nonlinear alternative of Schaefer type recently proved by Dhage
[7] is embodied in the following theorem. Also see Dhage and Ntouyas [8], Dhage et
al. [9] and the references therein.

Theorem 2.1 (Dhage [7]). Let B,(0) and B,(0) be respectively open and closed balls

in a Banach algebra X centered at origin 0 and of radius r. Let A, B : B.(0) — X be

two operators satisfying

(a) A is Lipschitz with the Lipschitz constant «,

(b) B is compact and continuous, and

(c) aM <1, where M = ||B(B,.(0))|| := sup{||Bz| : z € B,(0)}.
Then either

(i) the equation \[Ax Bx] = x has a solution for A =1, or
(i) there exists an uw € X such that ||u|| = r satisfying \[Au Bu] = u for some
0< A<,
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The following useful lemma is obvious and the details may be found in Nieto [19].

Lemma 2.2. For any h € L'(J,R") and o € L'(J,R), z is a solution to the func-

tional equation
'+ h(t)z(t) =0c(t) a. e.t € J
(2.2)

if and only if it is a solution of the integral equation

(2.3) x(t):/o Gh(t,s)o(s)ds

where
oH(s)—H(t)
1o HD) 0<s<t<T,
—e
(2.4) Gh(t,s) =
oH(s)—H(H)—H(T)
0<t<s<T,

where H(t) = /t h(s) ds.

Notice that the Green’s function Gy is nonnegative on J x J and the number
My, .= max {|Gy(t,s)| : t,s €[0,T]}
exists for all h € L'(J,R™). Note also that H(¢) > 0 for all ¢ > 0.
We need the following definitions in the sequel.
Definition 2.3. A function ¢ : R™ — R™* is called a D-function if it satisfies

(1) v is continuous,
%) 1 is nondecreasing , and
(12)
(i) 1) is scalarly submultiplicative, that is, ¥ (Ar) < A(r) for all A > 0 and r € R¥.

The class of all D-functions on R* is denoted by . There do exist D-functions
on R. Indeed, the function ¢ : Rt — RT defined by ¥(r) = ¢r, £ > 0 satisfies the
conditions (7) — (4i7) mentioned above and hence a D-function on R*. Note that if
¥ € U then ¥(0) = 0.

Definition 2.4. A mapping 3: J x R x R — R is said to be Carathéodory if

(i) t — B(t,x,y) is measurable for each x,y € R, and

(i) (x,y) — B(t,x,y) is continuous almost everywhere for ¢ € J.

Again a Carathéodory function 3(t,z,y) is called L!-Carathéodory if
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(iii) for each real number r > 0 there exists a function ¢, € L*(J,R) such that

6t z,y)| < (1), ae tel
for all z,y € R with |z| <r and |y| <.
Finally a Carathéodory function 3(t, x,y) is called Li-Carathéodory if

(iv) there exists a function ¢ € L'(J,R) such that

Bt z,9)| < q(t), ae te]
for all z,y € R.

For convenience, the function ¢ is referred to as a bound function of 3.

We will use the following hypotheses in the sequel.

(Ap) The functions 6, n : J — J are measurable and the functions p, o : J — J are
continuous with p(0) =0 and u(7) =T.
(A1) The function t — f(t,z,y) is periodic of period T for all z,y € R.
(A2) The function = — T
f(0,z, x)

(A3) The function f is continuous on J x R x R and there exists a bounded function
[ :J — R* with bound L such that

is injective in R.

[F(t 2, w) = [y, y2)| <L) max{|zy —yif, |22 —9of} ae. e

for all x1, 22,91, 12 € R.
(A4) The function k is continuous on J X R x R and there exists a function a €
L'(J,R™) such that

|k (t, s, 2)] < afs)|z]
for all t,s € J and x € R.
(As) The function g is Carathéodory on J x R x R.

Note that hypotheses (Ag) through (A3) are much common in the literature on the
theory of nonlinear functional equations. Actually the function f: J xR xR — R
defined by f(t,z,y) = a+ G(x + y) for some «, 3 € R, a+ ((x + y) # 0 satisfies the
hypotheses (Ag)-(A3).

Now consider the PBVP

x(t) 4 x(t) )
(Fe=m.20mm) O (Fezm. )

o(t)
(2.5) =g (t,x(@(t)),/o k(t,s,x(n(t))) ds) ae. teJ




308 B. C. DHANG

where h € L'(J,R") is bounded and the function g, : J x R x R — R is defined by

T

ft, @, x(u))>'

Remark 2.5. Note that the PBVP (1.1) is equivalent to the PBVP (2.5) and a
solution of the PBVP (1.1) is the solution for the PBVP (2.5) on J and vice versa.

(2.6) gult,.y) = g(t,v,y) + h(t)

Remark 2.6. Assume that hypotheses (A3) and (A4) hold. Then the function g
defined by (2.5) is Carathéodory on J x R x R.

Lemma 2.7. Assume that hypotheses (Ag)-(Az) hold. Then for any bounded h €
LY J,RY), x is a solution to the functional equation (2.5) if and only if it is a solution

of the integral equation
(2.7)

w(t) = [£(t, (), 2(u())] /0 Lt $)gn (5, 2(0(5)), /0 " ko) ar) ds)

for all t € J, where the Green’s function Gy(t, s) is defined by (2.4).

_ x(t) . o ,
Proof. Let y(t) = 2, D) Since f(t,x,y) is periodic in ¢ of period T' for

all x,y € R, we have

w0
VO = F0,2(0), 20)) ~ J(T.a(m)zry) VD

Now an application of Lemma 2.2 yields that the solution to functional differential

equation (2.5) is the solution to integral equation (2.7). Conversely, suppose that x

is any solution to the integral equation (2.7), then

(0) z(T) x(T)
WO = 0@ ) T F T2 @) 0. 2D)
Since the function z — ﬁis injective, one has xz(0) = z(7T) and so, z is a
7:177
solution to PBVP (1.1). The proof of the lemma is complete. O

We make use of the following hypothesis in the sequel.

(Ag) There exists a function v € L'(J,RT) and a D-function ¢» € ¥ such that

(2.8) |90 (t; 2, 9)| < v(OP(l2] + ly]) ae te ]

whenever z,y € R.

We frequently make use of the following estimate concerning the function g(¢, z, y)

in the sequel.
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If the hypotheses (A4)-(Ag) hold, then for any x € C'(J,R) with ||z| < r, one has

ot 0(0)) /0 " ks, ta() )

(
(
(1et+ [ (ool as
(

<06 (11 + llalo] i)
(2.9) <O+ [l (r)
for all t € J.

Theorem 2.8. Assume that the hypotheses (Ag)-(A1), (As)—(Ag) hold. Suppose that

there exists a real number r > 0 such that
FMy ||y (1 + |l 1) (r)
L — LMy[ly[[p (1 + [ )9 (r)
where, LMyl (14 [lall ) é(r) < 1. F = supyeioy |£(2.0,0)] and L= max,e, £(0)
Then the PBVP (1.1) has a solution on J.

(2.10)

Proof. Let X = C(J,R). Define an open ball B,(0) centered at origin 0 of radius r,
where the real number 7 satisfies the inequality (2.10). Define two mappings A and

B on B,.(0) by
(2.11) Ax(t) = f(t,2(t), 2(p(t)), te,
and

T o(s)
(2.12)  Bx(t) :/0 G (t, s)gh<s,x(9(s)),/0 k(s,T,z(n(T))) dT) ds, teJ

Obviously, A and B define the operators A, B : B,(0) — X. Then the integral equation

(2.7) is equivalent to the operator equation
(2.13) Az(t) Bz(t) = z(t), teJ
We shall show that the operators A and B satisfy all the hypotheses of Theorem 2.1.
We first show that A is a Lipschitz on X. Let z,y € X. Then by (Aj),
[Ax(t) — Ay(8)] = [f (¢, 2(t), 2(p(t)) — F({E,y(8), y(p(?)))]
< £(t) max{[z(t) —y(@)], [z(u(t)) — y(p))]}

< Lz =yl
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for all t € J. Taking the supremum over ¢ we obtain
Az — Ay| < Lfjz -y

for all z,y € X. So A is a Lipschitz on X with Lipschitz constant L. Next we show
that B is completely continuous on X. Using the standard arguments as in Granas
et al. [14], it is shown that B is a continuous operator on X. We shall show that
B(B,(0)) is a uniformly bounded and equicontinuous set in X. Let z € B,(0) be

arbitrary. Since g is Carathéodory, we have

Bato) < | "Gt s)on (5, 26(5), / " ks, ala(r)) dr) s
< /T‘Gh(t, s)gh<s,x(9(s)),/00(8)k(s . (n(r) dr )| ds

< [ autsnou(iel + [ atmistoeiar)as
<t [ 2 (il + [ a@lelar)as

< M, / () (L + |z ) (r) ds
< Myl (1 + |z (r).

Taking the supremum over ¢, we obtain ||Bz|| < M for all z € B,(0), where M =
M|yl (14 ||ev|| 1) (r) This shows that B(B,(0)) is a uniformly bounded set in X.
Next we show that B(B,(0)) is an equicontinuous set. To finish it is enough to show
that y' = (Bx)' is bounded on [0, T]. Now for any t € [0, 7], one has

<[] gahu, (206, [ Ko atatr)ar)

‘/ t)|Gr(t, s)gn (s z(6(s)), /OU(S) k(s,7‘,z(n(7‘)))d7‘> ds’
< H M|yl (1 + [lerl|zr)o(r)

= C7
where H = max;c; h(t). Hence for any ¢, 7 € [0, T] one has

|Bx(t) — Bx(r)|<c|t—7| =0 as t—r7

uniformly for all # € B,(0). This shows that B(B,(0)) is a equi-continuous set X.
Now B(B,(0)) is a uniformly bounded and equi-continuous set in X, so it is compact

by Arzela-Ascoli theorem. As a result B is a compact and continuous operator on
B,.(0). Finally, by hypothesis,

aM = LMy (1 + ||| p)v(r) < 1,
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and thus all the conditions of Theorem 2.1 are satisfied and a direct application of it
yields that either the conclusion (i) or the conclusion (ii) holds. We show that the
conclusion (ii) is not possible. Let u € X be a solution to PBVP (1.1) such that
|u|| = . Then we have, for any A € (0, 1),

u(t) = X [£(t.u(t). u(u(1))] ( [ et (s, w06, [ ks, 7o) o) ds)
for t € J. Therefore,
u(t)] < A7 (8 u(t), (1))
x (/OTGh(t, s)gh(s,u(ﬁ(s)),/OU(S)k(S,T,u(n(T)))dT) ds>
< A(I£tue), ulu() = £(2,0,0)] + [ £(2,0,0)])
x ( [ @t (suoen. [ kot ar)] ds>

< [0(t) max{lu(t)], [u(u(t))[} + F]

« ( /0 ' Mg (5, u0(5)), /0 " s, () ar)| ds>

< atuful ( | "+ oyl i)

T
w3 ([ 260+ Tl ds)
0
(2.14) < LMp||y[[ (X + el )@ ([[wl) [Juel| + F My | y[[ 2 (1 + [l [ o) b ([[ul])-
Taking the supremum in the above inequality (2.11) yields

F M7l (1 + [lefl)db(lfull)
= LM [yl[pr (T + fledll )b (flul])

<
ol < -

Substituting ||u|| = r in above inequality yields

< MYl (A + flaf)d(r)
— L= LMy[[yll (1 + flall)(r)

This is a contradiction to (2.10). Hence the conclusion (ii) of Theorem 2.1 does not
hold. Therefore the operator equation Az Bx = = and consequently the PBVP (1.1)
has a solution on J. This completes the proof. O

Remark 2.9. We note that in Theorem 2.8, we only require the hypothesis (Az) to
hold in [—r,7].
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3. EXISTENCE OF EXTREMAL SOLUTIONS

A non-empty closed set K in a Banach algebra X is called a cone if (i) K+ K C
K, (ii)) AK C K for A € R)A > 0 and (iii)) {—K} N K = 0, where 0 is the zero
element of X. A cone K is called to be positive if (iv) K o K C K, where "0” is a
multiplication composition in X. We introduce an order relation < in X as follows.
Let z,y € X. Then x < y if and only if y —x € K. A cone K is called to be normal
if the norm || - || is semi-monotone increasing on K, that is, there is a constant N > 0
such that ||z|| < N||y|| for all z,y € K with z < y. It is known that if the cone K
is normal in X, then every order-bounded set in X is norm-bounded. The details of

cones and their properties appear in Guo and Lakshmikantham [15].

Lemma 3.1 (Dhage [4]). Let K be a positive cone in a real Banach algebra X and

let uq, ug, v1,v9 € K be such that uqy < vy and us < vg. Then uius < v1vs.

For any a,b € X, a < b, the order interval [a, b] is a set in X given by
[a,b] ={r € X :a <x <b}.
Definition 3.2. A mapping 7" : [a,b] — X is said to be nondecreasing or mono-

tone increasing if x <y implies Tz < Ty for all z,y € [a, b].

We equip the space C'(J,R) with the order relation < with the help of the cone
defined by

(3.1) K ={zeCUR):z(t)>0,vte J.

It is well known that the cone K is positive and normal in C'(J,R). We need the

following definitions in the sequel.

Definition 3.3. A function a € AC(J,R) is called a lower solution of the PBVP

(1.1) on J if the function t — ( 7, (:)(12( (1))

) is absolutely continuous on J and

d a(t) o(t)
dt f(t,a(t),a(u(t)))] < (1 a(0(1)) /0 K(t,5,aln(s)) ds) ae. € J

a(0) < a(T).

Similarly, a function b € AC(J,R) is called an upper solution of the PBVP (1.1) on
b(t)
F(t,b(t), b(u(t)))

| = g(r.00)). /0 " S bn(s))) ds) ac. 1€ J

J if the function t — ( ) is absolutely continuous on J and

dt [f(t, b(t), b(u(t)))
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Definition 3.4. A solution zj; of the PBVP (1.1) is said to be maximal if for any
other solution x to PBVP (1.1) one has z(t) < xp(t), for all t € J. Again a solution
xm of the PBVP (1.1) is said to be minimal if z,,(¢) < z(t), for all ¢t € J, where x is
any solution of the PBVP (1.1) on J.

Remark 3.5. The upper and lower solutions of the PBVP (1.1) are respectively the
upper and lower solutions of the PBVP (2.5) and vice-versa. Similarly the maxi-
mal and minimal solutions of the PBVP (1.1) are respectively the upper and lower
solutions of the PBVP (2.5) and vice-versa.

3.1. Carathéodory case. We use the following fixed point theorems of Dhage [3]
for proving the existence of extremal solutions for the BVP (1.1) under certain mono-

tonicity conditions.

Theorem 3.6 (Dhage [3]). Let K be a cone in a Banach algebra X and let a,b € X.

Suppose that A, B : [a,b] — K are two nondecreasing operators such that

(a) A is Lipschitz with the Lipschitz constant «,
(b) B is completely continuous, and
(c) Az Bx € [a,b] for each x € [a,b].

Further if the cone K 1is positive and normal, then the operator equation Ax Bx = x

has the least and the greatest positive solution in [a,b], whenever aM < 1, where
M = || B(la, b])|| := sup{|| Bz|| : x € [a, b]}.

Remark 3.7. Note that hypothesis (c) of Theorem 3.6 holds if the operators A and
B are positive, monotone increasing and there exist elements a and b in X such that
a < Aa Ba and Ab Bb < b.

We need the following definition in the sequel.

Definition 3.8. A function f : R — R is called nondecreasing if f(x) <

f(y) for
all z,y € R with x < y. Similarly, f is called increasing in x if f(x) < f(y) for all

x,y € R with z < y.

We consider the following set of assumptions:

f:IXxRXxR—-RT—{0},g,:JxRxR—R".
The function z — ——— is increasing in the interval [ min a(t), maxb(t)].

)
) f(O,l’,ZL') teJ teJ
)
)

The function k(¢, s, x) is nondecreasing in z for t,s € J.

The functions f(¢,x,y) and g(t, z,y) are nondecreasing in = and y almost ev-
erywhere for t € J.

(B4) The PBVP (1.1) has a lower solution a and an upper solution b on J with a < b.
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(Bs) The function ¢ : J — R defined by

o(t)
a(t) = 9 (1,000, [ bt b00(0)) )
0
is Lebesgue integrable.

We remark that hypothesis (Bs) holds in particular g is L!-Carathéodory on J x R xR.

X

Remark 3.9. If the hypotheses (B;) -(B4) holds, then the map x +— T2 is
injective and
a(0) < a(T) and b(0) - b(T)
£(0,a(0),a(0)) = f(T',a(T),a(T)) £(0,06(0),0(0)) — f(T,6(T),b(T))

which guarantee that a < Aa Ba and Ab Ba < b.

Remark 3.10. Assume that hypotheses (Bg) through (Bs) hold. Then the function
t— gp (t, x(6(t)), foa(t) k(t, s, z(n(s))) ds) is Lebesgue integrable on J and

‘gh<t,x(9(t)), /0 " k(t,s,x(n(s)))ds)) <q(t), ae ted,
for all = € [a, b].

Theorem 3.11. Suppose that the assumptions (Ag)-(A1), (As), (As) and (By)-(Bs
) hold. Furthermore, if LT ||q||p: < 1, where L = maxyey ((t), then PBVP (1.1) has

a minimal and a maximal positive solution defined on J.

Proof. Now PBVP (1.1) is equivalent to integral equation (2.7) on J. Let X = C(J,R).
Define two operators A and B on X by (2.11) and (2.12) respectively. Then inte-
gral equation (2.7) is transformed into an operator equation Az(t)Bz(t) = z(t) in a
Banach algebra X. Notice that (By) implies A, B : [a,b] — K. Since the cone K in
X is normal, [a,b] is a norm bounded set in X. Now it is shown, as in the proof of
Theorem 2.8, that A is a Lipschitz with a Lipschitz constant L and B is completely
continuous operator on [a, b]. Again the hypothesis (By)-(B3) implies that A and B
are nondecreasing on |a, b]. To see this, let z,y € [a,b] be such that x < y. Then by

(B3)7
Ax(t) = f(t, z(t), 2(u(t)) < f(E,y(t), y(u(t))) = Ay()

for all t € J. Similarly, we have

Ba(t) = /0 ' Galt, s)gh<s, 2(6(s)), /0 " k(s, 7, 2(n(7))) dT) ds

</ Gt 5)gn (5. 9(605). / " ko) ar) s

= By(t)
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for all t € J. So A and B are nondecreasing operators on [a,b]. Again Lemma 2.1,
Remark 3.9 and hypothesis (B,) together imply that

T o(s)
MﬂﬁLﬂtMﬂﬂ@U»ﬂ<A Gt 5)gn(s.a(0(5). | M&ﬂamﬁﬁﬁh>%)
< [F(t,alt), ()]

X ( /0 ! Glt, s)gh<s,x(9(s)), /0 " k(s, 7, 2(n(7))) dT) ds)

T o(s)
SLﬂtwwﬁW@Dﬂ<A Gat,5)an (.65). [ H&ﬂb@ﬁﬁﬁh)%>
< b(1),
for all t € J and x € [a,b]. As a result a(t) < Az(t)Bz(t) < b(t), for all t € J and
x € [a,b]. Hence Ax Bz € [a,b] for all x € [a, b]. Again,
M = |[B([a, b))l
= sup{||Bz|| : = € [a,b]}
T o(s)
< sup {sup/0 G (t, s)‘gh <s,x(9(s)),/0 k(s,T,z(n(T))) dT) ‘ ds ‘ x € |a, b]}

teJ

T
SMh/ q(s)ds
0

= Mgl

Since aM < LMjy||q|lzr < 1, we apply Theorem 3.6 to the operator equation
Ax Bx = z to yield that the PBVP (1.1) has a minimal and a maximal positive
solution defined on J. This completes the proof. O

3.2. Discontinuous case. We use the following fixed point theorems of Dhage [6]
for proving the existence of extremal solutions for the BVP (1.1) when the right hand

side function ¢ is discontinuous on J x R x R.

Theorem 3.12 (Dhage [6]). Let K be a cone in a Banach algebra X and let a,b € X.

Suppose that A, B : [a,b] — K are two nondecreasing operators such that

(a) A is completely continuous,
(b) B is totally bounded, and
(c¢) Az By € [a,b] for each x,y € [a,b].

Further if the cone K is positive and normal, then the operator equation Ax Bx = x

has the least and the greatest positive solution in [a,b].
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Theorem 3.13. (Dhage [6]). Let K be a cone in a Banach algebra X and leta,b € X.

Suppose that A, B : [a,b] — K are two nondecreasing operators such that

(a) A is Lipschitz with the Lipschitz constant «,
(b) B is totally bounded, and
(¢) Az By € [a,b] for each x,y € [a,b].

Further if the cone K is positive and normal, then the operator equation Ax Bx = x

has the least and the greatest positive solution in [a,b], whenever aM < 1, where
M = || B([a, b])|| := sup{|| Bz|| : x € [a, b]}.

Remark 3.14. Note that hypothesis (c¢) of Theorems 3.12, and 3.13 holds if the
operators A and B are positive, monotone increasing and there exist elements a and
bin X such that a < Aa Ba and Ab Bb < b.

We need the following definition in the sequel.

Definition 3.15. A mapping §: J x R — R is said to be Chandrabhan if

(i) t — B(t,x,y) is measurable for each z,y € C(J,R), and

(ii) B(t,z,y) is nondecreasing in x and y almost everywhere for ¢t € J.
Again a Chandrabhan function 3(t,x,y) is called L'-Chandrabhan if

(iii) for each real number r > 0 there exists a function ¢, € L*(J,R) such that

16,2, 9)| < ¢:(t), ae te]
for all z,y € R with |z| <r and |y| <r.
Finally a Chandrabhan function §(¢,x,y) is called L%-Chandrabhan if

(iv) there exists a function ¢ € L'(J,R) such that

1B(t,2,y)| < q(t), ae tel
for all z,y € R.

For convenience, the function h is referred to as a bound function of .

We consider the following hypotheses in the sequel.

(Cy) The function f(t¢,x,y) is nondecreasing in = and y almost everywhere for ¢ € J.
(C3) The function g, defined by (2.6) is Chandrabhan.

Theorem 3.16. Suppose that the assumptions (Ag)-(A1), (Bo)-(Bs), (Bs)-(Bs)and
(C1)-(Cy) hold. Then PBVP (1.1) has a minimal and a mazimal positive solution
defined on J.
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Proof. Now PBVP (1.1) is equivalent to integral equation (2.7) on J. Let X = C'(J,R).
Define two operators A and B on X by (2.11) and (2.12) respectively. Then integral
equation (2.7) is transformed into an operator equation Axz(t) Bx(t) = z(t) in a
Banach algebra X. Notice that (Bg) implies A, B : [a,b] — K. Note that the conditions
(By) and (B;) provides a < Aa Ba and Ab Bb < b. Since the cone K in X is normal,

[a, ] is a norm bounded set in X.

Step I : First we show that A is completely continuous on [a,b]. Now the cone
K in X is normal, so the order interval [a,b] is norm-bounded in X. Hence there
exists a constant r > 0 such that ||z| < r for all x € [a,b]. As f is continuous on
compact J x [—r,r] X [—r,r], it attains its maximum, say M. Therefore for any subset
S of [a,b], we have:

IA(S)|lp = sup{[[Az] : = € S}
= sup { sup | £(t, 2(t), o(u(1)))| : 2 € S |

teJ

< sup { sup | f(t,2,9)| : 2,y € [~r, 7]}
teJ

< M.

This shows that A(S) is a uniformly bounded subset of X.

Next we note that the function f(¢,z,y) is uniformly continuous on [0,77] X

[—r, 7] x [—=r,r]. Therefore for any t,7 € [0, 7], we have:
|f(t,:13,y) —f(T,ZL',y)| —0ast—7

for all z,y € [—r,r]. Similarly for any 1, z2,y1,y2 € [—7,7]
‘f(t,$1,£€2) - f(tvylay2)‘ — 0 as (Il - yl)? (x2 - y2)
for all t € [0,T]. Hence any t,7 € [0,7] and for any x € S one has
|Ax(t) — Az(r)| = |f (&, 2(t), 2(u(t))) — f (7, 2(7), 2(p(7)
< [ 2 @), x(u(t)) = f(r, x(t), 2(u(t))
+ [y 2(t), x(u(t) — f (7, 2(7), 2(u(7)))]

—0 as t—rT

)i
|

uniformly for all z € S. This shows that A(S) is an equi-continuous set in X. Now an
application of Arzela-Ascoli theorem yields that A is a completely continuous operator
on [a,b].

Step IT : Next we show that B is totally bounded operator on [a, b]. To finish, we
shall show that B(S) is uniformly bounded ad equi-continuous set in X for any subset

S of [a,b]. Since the cone K in X is normal, the order interval [a, b] is norm-bounded.
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Let y € B(S) be arbitrary. Then,

0= [ et om(sseo, [ ko) ar)as

for some x € S. By hypothesis (Bs), one has

ly(t)| = /OT Gh(t, S)’gh<$,58(9(8)),/00(8) k(s, 7, x(n(T) dT)‘dS

T
§Mh/ q(s)ds
0

< Myllg|[re-

Taking the supremum over ¢,
lyll < Mallgl s,

which shows that B(S) is a uniformly bounded set in X. Similarly let t,7 € J. To
finish it is enough to show that y’ is bounded on [0, T]. Now for any ¢ € [0, T,

() < ‘/ 2 nlt, ) (5 :L’(H(S)),/OU(S)/{:(S,T,$(7)(T)))d7’>‘ds‘

‘/ 1))|Galt, s ‘gh< (9(5)),/00(8)k(3 7, 2(n(7) dT)‘ds‘
< H Myllq|| 12

=c.
where H = maxy¢; |h(t)|. Hence for any t,7 € [0, 7] one has
ly(t) —y(r)| <clt—71| =0 as t—r7

uniformly for all y € B(S). This shows that B(S) is a equi-continuous set of functions
in [a,b]. for all S C [a,b]. Now B(S) is a uniformly bounded and equi-continuous, so
it is totally bounded by Arzela-Ascoli theorem. Thus all the conditions of Theorem
3.12 are satisfied and hence an application of it yields that the PBVP (1.1) has a

maximal and a minimal positive solution on J. O

Theorem 3.17. Suppose that the assumptions (Ag)-(A1), (As), (Bo)-(Bz), (Bi)-(Bs)
and (Cy)-(Cy) hold. Furthermore, if

LMyl < 1,
where q is given in Remark 3.5 and L = maxcy ((t), then the PBVP (1.1) has a

minimal and a maximal positive solution on J.

Proof. Now PBVP (1.1) is equivalent to integral equation (2.7) on J. Let X = C'(J,R).
Define two operators A and B on X by (2.11) and (2.12) respectively. Then integral
equation (2.7) is transformed into an operator equation Ax(t) Bx(t) = z(t) in a Ba-
nach algebra X. Notice that (Bg) implies A, B : [a,b] — K. Note that the conditions
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(B1), (B2) and (Bs) provides a < Aa Ba and Ab Bb < b. Since the cone K in X is
normal, [a,b] is a norm bounded set in X. Now it can be shown as in the proofs of
Theorem 3.11 and Theorem 3.16 that the operator A is a Lipschitz with the Lips-
chitz constant &« = L and B is totally bounded with M = ||B([a,b])|| = My||q||z: on
la,b]. Since aM = L My||q||.r < 1, the desired conclusion follows by an application
of Theorem 3.13. O

4. AN EXAMPLE

Given the closed and bounded interval J = [0, 7] in R, consider the first order
periodic boundary value problem of FBVP,
(4.1)

d 0 }:_< () )
dt [1+ 2L (jo(t)] + |=(t2/)|) L+ 55t (le ()] + |=(#2/7)])

+§<t,1’(t/2), /Ow_k(t, s,x(s/3)) ds) ae. teJ

Vs

where, the functions k: J X J X R >R, g: JXRXR =R, 8, u,0,n:J — J are
given by

_ p(t)z
t? M == + M
g(t,z,y) 1+ ] Y|
and
e
k(t - -
(t,5,7) Ar(1+ [2))

where p € L*(J,R). Here,
p(t) =t/m, 0(t) =t/2, o(t) =7 —t, and n(t)=1/3

for t € J. Clearly the functions k£ : J x J xR — R and 6,u,o0,n : J — J are
continuous with ¢(0) = 0 and pu(r) = 7.

Here, the function f: J x R x R — R — {0} is defined by

sint
ft,z,y) =1+ 5 (|2 + |y])-

Obviously, f:J xR x R — R* — {0}. Tt is easy to verify that f is continuous and

satisfies the hypotheses (Ag)-(As) on J x R x R with £(¢) = ¢ for all t € J. To see
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this, let z,y € R, then we have

sint sint
) = F(tan )] =| [+ 55 ol +Jaah] = [1+ S5 (ol + o)
1
< |l = ol + el el
1
<13 (lzr = 1] + |2 — 12])
1

< 6max{|551 =yl |22 — vl }-

Again the function g(t,z,y) is measurable in t for all ,y € R and continuous in
x and y almost everywhere for t € J, and so g defines a Carathéodory mapping
g:J xR xR — R. Furthermore, g;(= g) is also Carathéodory on J x R x R, and

e | [t als3)
s -9 = | T ) +f 1+ o2 ds‘

Pt | | [ sy
4 J2(0)] / (Lt Ja(s/2))

IA

-+

1
< p(t)| + 1
Hence, the function g is Li-Carathéodory and satisfies all the hypotheses (As) and
(Ag) on J x R x R with v(¢) = |p(t)|+ ; on J and ¢(r) = 1 for all r € R*. Therefore,
if ||p||z: < b and r = 2, then by Theorem 3.6, then the FBVP (4.1) has a solution in

B5(0) defined on J.

Remark 4.1. While concluding this paper, we mention that our existence results of
this paper can be extended to the infinite dimensional Banach algebras with appro-
priate modifications. Also existence results of this paper, include the existence results
for the functional nonlinear quadratic differential equations with periodic boundary

conditions, viz.,
(4.2)

which is again new to the literature. A special case of the PBVP (4.2) with u(t) =
t = n(t) has been discussed in Dhage et al [12]. In a nutshell, our problem as well
as the established results are quite general in the theory of periodic boundary value

problems of ordinary nonlinear differential equations.
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