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ABSTRACT. In this article, we investigate oscillatory nature of all solutions of a class of delay
dynamic equations including positive and negative coefficients. Also we give a nonoscillation criterion
for this class of delay dynamic equations. While our results reduce to the well-known oscillation
criteria for the particular cases of the time scale, they improve recent results on arbitrary time scales.

Further, we give some illustrating examples as applications of our results.
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1. INTRODUCTION
In this paper, we consider first-order delay dynamic equations having the form
(1.1) 2 + A(t)zroa — B(t)x o =0,

on a time scale T (i.e., any nonempty closed subset of reals) with co € T, where
the coefficients A, B € Cq(T,R") and the delay functions «, 5 : T — T are strictly
increasing with a(t) < B(t) < t for all t € T with limy—,o a(t) = limy_ B(t) = oc.
Also the delta ® derivative is the usual derivative for T = R, while is the usual forward
difference operator for T = Z. We refer readers to [2, 3] for the fundamental theory

of time scales.

On a time scale T, the forward jump operator is defined by
o(t) :=inf(t, 00)r, where (¢,00)y := (t,00) N'T
and the graininess function by

wu(t) :==o(t)—t>0.
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The cylinder transformation is denoted with
Gty =4 e
h t) .= 1
ELog(l +th), h>0,

for 1 4+ th # 0 and the exponential function with

es(t,s) = exp { /tém)(f(n))ﬁn}

for t,s € T. Asis usual, the set of all positively regressive and rd-continuous functions

is denoted by
RY(T,R) := {f € Coa(T,R) : 1 + f(t)u(t) > 0 for all ¢t € T}.

It is well known that for any A € R (T, R) there exists a positive function x satisfying

the initial value problem
™ = A(t)z with z(t) = 1,
we denote this x by ea(-,%y) and call it exponential function.
(1.1) is called nonoscillatory if it possess a solution of constant sign eventually;
otherwise, (1.1) is called oscillatory.
There are some oscillation criteria for the particular case of (1.1) with B = 0

having the form
(1.2) 22+ A(t)zoa =0.
Below, we quote some of these results:

Theorem A ([4, Theorem 1], [9, Theorem 1]). Assume that (1.2) has an eventually
positive solution on [ty, 00)r, then
lim sup sup {Xe_xa(t,a(t)} >1
t—o0 A>0

—MERT ([a(t),t)1,R)
holds.

Corollary A. Assume that
lim sup sup {e_xalt,a(t))} <1,

t—o0 A>0
—MeRT ([a(t),t)1,R)

then every solution of (1.2) is oscillatory on [tg, 00)T.

Theorem B ([1, Theorem 3]). Assume that there exists a constant 6 € (0, 1) such
that
t t

lim inf / A(n)An > 6 and limsup / A(mAn>1-(1-v1-— 9)2.

t—oo t—o00o

a(t) a(t)
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Then every solution of (1.2) is oscillatory on [tg, 00)r.

2. MAIN RESULTS

In this section, we present our oscillation results on (1.1). We mention that most
of the results on (1.1) are depending on linear delays for the particular selections of

T as R and Z. Hence our results are new when the delay functions are nonlinear.

2.1. Oscillation of Delay Dynamic Equation (1.1). Now, we give the following

lemma which plays a major role on oscillation of (1.1).

Lemma 2.1. Assume that v(T) =T and

(2.1) Ci:A—VA-Bosz wherev::ﬁ‘loa,
and

t
(2.2) /B(n)An <1

y(t)

eventually. If x is an eventually positive solution of (1.1), then the companion func-
tion of x defined by

t

(2.3) 2(t) = x(t) — /B(??)af(ﬁ(ﬁ))Am fort € [a™ (t), 00)r
v(t)

satisfies

(2.4) 22 <0 and z>0

on [T, 00)r for some T € T.

Proof. Assume that z(«(t)) > 0, (2.1) and (2.2) hold for all ¢ € [t;,00)r, where
t1 € [to,00)r. Using [2, Theorem 1.98], we obtain that

2(t) = a(t) - ( j B(n)ax(3(n))An + 71)B(n)w(ﬂ(n))An)

v(t1) ¥(t)
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holds for all t € [t;,00)r. Applying [2, Theorem 1.117] to the above equation and

considering the fact that x is a solution of (1.1), we have

22(t) = 22(t) — Bt)x(B(t)) + 7> () B(y(t))z(a(t))
= —A(t)z(a(t)) + v () B(y(t)z(a(t))
(2.5) = —C(t)z(a(t) <0

for all t € [t;,00)7. Therefore z is of constant sign eventually. To prove z > 0
eventually, suppose the contrary that there is ¢ty € [t;,00)r such that z(¢) < 0 holds

for all t € [ta, 00)r. We consider the proof in the following two possible cases.

(i) z is unbounded, that is limsup,_, . z(¢) = co. Thus there exists an increasing
divergent sequence of points {s,}nen C [t2, 00)r such that lim,, . z(s,) = o0
and

x(8,) = max{xz(n) : n € [ta, SpJr}, for all n € N.
From (2.2) and (2.3), we get
sa) = =(on)+ [ B3

~(sn)

cAta) +a(sa) [ B)AY < 2(t) + a(s.).
v(sn)
Since z(t2) < 0 the above expression yields to a contradiction.
(ii) « is bounded, that is ¢ € [0, 00), where ¢ := limsup,_, . x(t). Thus there ex-
ists an increasing divergent sequence of points {s,}nen C [t2,00)r such that

lim,, .o 2(s,) = £ and define {r,}nen C [t2, 00)T as
x(ry) = max{z(n) : n € [a(s,), B(sn)|r}, for all n € N,

which implies limsup,, ., x(r,) < ¢. Then we get

Sn

£(50) < =(t) + / Bln)z(5(n) An

7(n)
2(t2) + / a0 (1))5% () An
e
= z(tz) + / %x(g)Ag
a(sn) Blsn)

(Bo B 1)(c)
(5o By

S

2(t2) + x(ry) /

a(sn)
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ﬁ(sn)

. olr (BoB)() (B7)2()
=st+ete) | GG ™

a(sn)

BOﬂ Lo B)(n)
= 2(ta) + x(ry) (s/) NG 30 3)(1 )AU

—s(ta) o) [ Bl)An < a(ta) + a(r)
v(sn)
where [2, Theorem 1.98] is used in the third step and [2, Theorem 1.97] is used
in the last step. Taking superior limits on both sides of the above inequality, we
get £ < z(ty) + ¢. This is a contradiction again since z(ty) < 0 holds.

Therefore, contradictions follow in both possible distinct cases, and thus the proof is
complete. O

Theorem 2.2. Assume that the assumptions of Lemma 2.1 are satisfied. If (1.1) has
an eventually positive solution then

(2.6) lim sup sup {Xe_xc(t, aft)} > 1.
—00 A
' —ACeRT (>[o(c)(t)7t)T,R)

Proof. By the definition of z in (2.3) and Lemma 2.1, we see that > z > 0 holds on
[t1, 00)T for some t; € [ty, 00)r. Considering (2.5), we have

A4+ Ct)zoa<0,
which implies (2.6) holds (see [4, 9, Theorem 1}). O

Corollary 2.3. Assume that the assumptions of Lemma 2.1 hold. Then every solution
of (1.1) is oscillating if

lim sup sup {Xe_xc(t,a(t)} < 1.
—00 A
' —ACeRT (T(S(t),t)T,R)

Now we introduce the following recursion to advance our above results:
1, n=~0
| BO)Bar(Bn)An, neN

¥(t)

= C(t) Y Bila(t)) and B,(t) :=

for all t € [a™™(ty),00)T and n € N.

Lemma 2.4. Assume that all conditions of Lemma 2.1 hold. Then z defined by (2.3)

eventually satisfies
(2.7) A4 Ch(t)zoa <0

for any n € Ny.
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Proof. Assume that the assumptions of Lemma 2.1 hold for all t € [ty, 00)r, where
t1 € [to,00)r. Now we claim that

(2.8) 2(t) > Y Cilt)z(t)
k=0

for all n € Ny and all t € [t,, 00)r, where t,, € [a" (1), 00)r. Clearly, claim holds for
n = 0 trivially from (2.3). Suppose that the claim holds for n € N, then we have
t
ot) = =460+ [ Ba(am)dn = = / Z Bu(B(m)=(3(m)An

¥(t) ¥(t)

~(t) h=0
Since
t n n t
1 [ Bo)Y BusmAn =1+ [ Bl BuGm) Ay
k=0 k=0
¥(t) ()
n n+1
=14 Bea(t)=>_ B(t)
k=0 k=0
holds, we see that
n+1
2(t) =) Bi(t)z(t)
k=0

for all t € [t,41,00)T, where t,,.1 € [a~!(t,), 00)r, which implies that the claim holds.
Substituting (2.8) into (2.5), we see that (2.7) holds. O

Proofs of the following results directly follow by [4, Theorem 1], [9, Theorem 1]

and [1, Theorem 3] and so are omitted.

Theorem 2.5. Assume that the assumptions of Lemma 2.1 hold. If (1.1) has an

eventually positive solution [ty, 00)r, then

lim sup sup {Xe_xe, (tat)} > 1
t—00 A>0
—ACLER ([ev(t),t)1,R)

for any n € N.

Corollary 2.6. If there exists ng € N such that

lim sup sup {)\e ACrg (t, af } <1
t—o00 A>0
—AChng €RT ([a(t),t)1,R)

holds, then every solution of (1.1) is oscillatory on [ty, 00)r provided that the assump-
tions of Lemma 2.1 hold.
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Theorem 2.7. Assume that the assumptions of Lemma 2.1 hold. Furthermore there
exists a constant 0 € (0,1) and ng € N such that

t t

li{ninf / Cho(mAn > 0 and limsup / Cro(mAn>1—(1-+v1- 6’)2.
—o0 t—o0

at) a(t)

Then every solution of (1.1) is oscillatory on [ty,c0)r.

Corollary 2.8. All criteria on (2.7) preventing positive solutions for any ng € N,

reveal oscillatory nature of (1.1) (i.e., see results in [8] and [10]).

2.2. Nonoscillation of Delay Dynamic Equation (1.1). In this section, we give
a nonoscillation criterion for (1.1). Our result reduces to [9, Theorem 2| (1.2) by
letting ¢ = 0. On the other hand, our result is not given in the literature thus far

even for the well-known time scales R or Z.

Theorem 2.9. Assume that A > B > 0 on [ty,00)r and there exists Ao > 0 such
that

—XoA+ B € R ([tg,00)1, R) and Moe_zoasp(t, a(t)) > 1 for all t > t,.
Then (1.1) has a nonincreasing positive solution on [tg, 00)T.
Proof. We employ Schauder’s fixed-point theorem (see Theorem 1.7.1 in [7]). Denote
Banach space of all real, bounded and rd-continuous functions on [tg, co)r by Q with

sup norm. Let £y be the subset of € consist of those functions x in 2 which satisfy

following properties:
(i) x is nonincreasing on [tg, 0o)r and x = 1 on [a(ty), to]T-
(i) Aox(t) > x(a(t)) for all t € [tg, co0)7.
Clearly, Qg # 0, i.e., x = 1 on [«a(tg), 00)r is such a function in 2.

We claim that all functions in €y are positive. On the contrary, assume that
there is a function x € Q and a point ¢; € [ty, 00)r such that z(¢;) < 0 and > 0 on
[to, t1)T. By (ii), we see that

0> )\O,I'(t1> > l’(OZ(tl)) > 0,
which is a contradiction. Thus, the claim holds.

Consider the mapping I' : 0y — €2 defined by

B 1, t € [a(to), to]r
(2.9) Ta(t) = e_,(t,to), tE€E [to,00)T,
where
s Aroa =Bt

x
Now, we claim that I" maps €2y into 2.
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We show that —w € RT([tg, 00)T, R) and w is positive. For all t € [ty, 00)T, we

have
z(a(t)) z(B(t))
L—w(t)u(t) =1 - |A() o0 — B(t) o0 pu(t)
(2.10) >1—[XA(t) — B(t)|u(t) >0
and
(2.11) w(t) A(t)z(alt)) — Bt)z(8(1)) > [A(t) - B(t)]év(ﬁ(t)) >0,

which implies &, (—w(t)) < 0 for all t € [ty, 00)r. So 'z is nonincreasing on [ty, 00)r.
Also by the definition of I', we see that I'z = 1 holds on [a(tg), to)r. Thus, (i) holds

for I'z.

Now, we show that (ii) is true. From (2.10) and (2.11), we have
—w € R ([tg, o), R) and 0 < w(t) < N\gA(t) — B(t) for all t € [ty, 00)r,
then we get
Mol'z(t) = Nlz(a(t))e—w(t, at)) > Noe—rgarn(t, a(t))z(alt))
= La(a(t)).

Thus, I' : Qy — Q. Clearly, € is a closed and convex subset of 2 and I' is contin-
uous. Also I'Q) is a relatively compact subset of €2 because I'()y is equicontinuous
and uniformly bounded. Hence, all hypothesis of Shauder’s fixed-point theorem are
satisfied, so I' has a fixed point x. That is, there is a function x € )y such that
'z = x. It follows from (2.9) that

(T2)2(t) = —w(t)Tz(t) or x2(t) = —w(t)z(t)
for all t € [ty, 00)r. Considering the definition of w, we see that
t® + Alt)roa— B(t)xro =0
holds on [ty, 00)r. Hence, z is a nonincreasing positive solution of (1.1) and the proof

is done. O

3. SOME APPLICATIONS ON PARTICULAR TIME SCALES

This section is dedicated to some general applications on well-known time scales.

The following example illustrates differential equations.

Example 3.1. Let T = R. Consider the following delay differential equation

(3.1) () + At)z(t — a) + B(t)z(t — §) = 0,
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where A, B € C([tg,),RT), a > > 0. Then we get

t
sup {Xe_xc(t,a(t))} = sup {Aexp { - A / C(n)dn}}
A>0 A>0
—ACERT (t—a,t)g,R) t—a

where C'(t) = A(t) — B(t —a+ () > 0(£0). If

t

1
li{ninf / C(n)dn > -,
—00 e

t—a

then every solution of (3.1) oscillates by Theorem 2.2. Let a9 > A > B > by > 0,

where ag, by are constants, then we get

up {Ae_mB(t,t — &)} = sup {Aexp { / (—AA() + B<n>>An}}

A>0 A>0
—AA+BER* ([t—a,t)r,R) e
> sup {)xe(_’\“”b‘))a}
A>0
e—1+b0a
agx
Therefore, if
by
e
> 1
eaopo

for all t € [tg, 00)g, then (3.1) has a positive solution by Theorem 2.9 with Ay =

1/(aga).

Note that the result given in [7, Theorem 2.3.1, Theorem 2.3.2 and Theorem

2.6.1] is a particular case of our result given in Section 2.

The following result advances the result of the above example.

Example 3.2. Consider (3.1) with same assumptions. If there is a positive integer

no such that
t

1
lim inf / Cho(m)dn > o

t—oo
t—a
where
no 1, n=>0
Cho(t) = C(2) Bi(t — ) and B,(t) = ¢ ’
; [ B®m)Bna(n—F)dn, ne[l,nn
t—a+p3

then every solution of (3.1) is oscillatory by Corollary 2.6.



372 B. KARPUZ AND O. OCALAN

The following example investigates difference equations.
Example 3.3. Let T = Z. Consider the following delay difference equation
(3.2) Ax(t) + A(t)z(t — a) + B(t)z(t — ) =0,

where A, B are nonnegative sequences of reals and o, € Z*T with a > (3. Set
C(t) = A(t) — B(t — a+ ) > 0(not identically zero) and we get

t—1

sup {)\e_m(t,t— a)} = sup {)\ IT - )\C(n))}
A>0 A>0 i
—ACeRT ([t—a,t)z,R) 1-AC(n)>0, N

We[t—avﬂz

< sup {A(l—é ti AC(U))“}

A>0 .
1-AC(n)>0, n=t-a
776[15—041512

1
(7 S ow

«Q a

t—1 a a+1
lim inf C(n) > ( )

t—o00 O{‘l—l

Therefore, if

n=t—«a
holds, then by Theorem 2.2 every solution is oscillating. Further suppose for all
t € [ty,00)z that ag > A > B > by > 0, where ag, by are constants. Then we get
t—1

ap  Drenstao} = s {3 T -0+ 5)
0
—)‘A+B€Ri([to,00)Z7R) 1—>\A?i-B>O n=t—a

> sup >\(1 — Aag + bo)a}

A>0
1—Xag+bo>0
g \a+1 ’
02 (by + 1)°!

(Oé + 1)a+1a0 -
holds, then (3.2) has a positive solution by Theorem 2.9 with Ay = (bo+1)/[(a+1)ao].

Therefore, if

The results obtained in the above example are given in [7, Theorem 7.7.1], which

is a particular case of our result.

Now we advance the result of the example given above.

Example 3.4. Consider (3.2) with same assumptions. If there exists a ng € N such
that
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where
o ]_, n =
Cnot:Ct B (t — dBnt: t—1 ,
0=CO Y Blt-c)md Bl =) BBl =9, € (Ll
n=t—a+

then every solution of (3.2) is oscillatory by Corollary 2.6.

The following examples investigates ¢-difference equations.

Example 3.5. Let T = ¢"° with ¢ > 1 and consider the g-difference equation

a—p
(3.3) Aga(t) + A alt/a®) = Dt/ ) =,

where A > (#)B >0, a« > >0 and
_ x(gt) —x(t)
Ax(t) = N
Then letting C(t) = [A(t) — B(t)]/[(q — 1)t], we get

A>0

sup {Ae—xc(ta t/qa)}
—ACERT ([t/q* 1) g :R)

ap AT - aacsen - B/}

A>0

~ACER* ([E/g%0) g B) T
Ao ¢
< s D2 -swem)')
~ACER* ([t>/qa7t)qN0 R) i
B 1
a+1\"" e ‘
(“5) St/ - oo/
« n=1
Thus, if
o t—1 a M
ligglf;[/l(t/q") — B(t/q")] = hg?fn:t_aqu) - B(d")] > (a n 1) )

then every solution of (3.3) is oscillatory. Let ag > A > B > by > 0 in (3.3), where
ag, by are constants, one can show that if

a®(by + 1)t

(v 4+ 1)otlay —
holds, then (3.3) a positive solution by Theorem 2.9.

These results for the g-difference equations has not been given in the literature
yet.
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