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ABSTRACT. By employing a class of kernel functions ®(¢, s, ) and a generalized Riccati technique,
some new oscillation criteria are established for second-order nonlinear damped differential equations,

which extend, improve and unify some related results known in the literature.
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1. INTRODUCTION

Consider the second-order nonlinear damped differential equation
(1.1) (r(t)p ()@ (1) + pt)e(' (1) + q(t) f(2(t)) = 0, t > 1o,

where r(t), p(t), q(t) € C([ty, 00),R), and ¥ (), p(z), f(z) € C(R,R).
Throughout this paper we shall assume the following conditions hold.
(C1) r(t) > 0 and zf(x) > 0 for all  # 0;
(C2) 0 < ¢ <¢Y(x) <y forall z eR;
(C3) k> 0 and kp?(y) < yp(y) for all y € R;
(C4) f'(z) exists, f'(z) > pu > 0 for x # 0;
or
(C4") q(t) >0, @ > A > 0 for  # 0, where ¢y, ¢o, k, u and \ are constants.
We say that a function z : [tg,t1) — R, ¢ > t; is a solution of Eq. (1.1) if x(t)

satisfies Eq. (1.1) for all ¢ € [ty,t1). In the sequel, we always assume that solutions
of Eq.(1.1) exist on some half-line [T',00)(T" > t;). A solution z(t) of Eq.(1.1) is
called oscillatory if it has arbitrarily large zeros, otherwise it is called nonoscillatory.

Eq. (1.1) is called oscillatory if all its solutions are oscillatory.
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The oscillation problem for Eq. (1.1) and its various particular cases such as the

nonlinear damped differential equation

(1.2) (r()2'(1))" + p(t)a’(t) + () f(w(t)) = 0

has been studied extensively in recent years, e.g., see [1, 3-8, 10, 11] and the references
therein. In 2004, by using a new kernel function of the form ®(t, s,/) and a Riccati

transformation

Sun [8] studied the oscillatory behavior of Eq. (1.2) and obtained the following results
for the equation with r(t) = 1.

Theorem A ([8, Theorem 2.3]). Eq.(1.2) with r(¢) = 1 is oscillatory provided that

for each [ > ty, there exists a constant a > 1/2 such that

lim sogptziﬂ /l (t—s)*(s = 1) [4MQ(3) — p¥(s) +4° _(t(i ::)?3) S_j;)alp(S)] ds

4o
" Ba-D@at1)

Theorem B ([8, Theorem 2.4]). Eq. (1.2) with r(¢) = 1 is oscillatory provided that
for each [ > ty, there exists a constant J > 1/2 such that

Bt—(1+pB)s+1
(t—s)(s—1) p(s)] s

. 1 !
Him SUp 55T /l (t=s)%(s = )* [4uq(8) —p’(s) + 4

A6
26-1)(26+1)

However, in Theorems A and B of Sun [8], the author required that r(t) = 1,
¥(z(t)) =1 and p(x) = z in Eq. (1.1), which restrict their applications.

7T

In 2000, Ayanlar and Tiryaki [1] used the following generalized Riccati type

substitution

(1.3) w(t) = A(t) [

r(0(a(t) ol (1) 1
DD ) 500) + 50t

and obtained several oscillation theorems for Eq. (1.1) which required ¢(t) > 0 and
p(t) to be differentiable.

In 2004, by using the following generalized Riccati transformations

- A LD ]
and
wlt) = Ator(e) | DD i)
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Wang [10] obtained more general results for Eq. (1.1) without the term 5-p(t) as in
(1.3) and any restriction on the sign and differentiability of p(t).

The results of Ayanlar and Tiryaki [1] and Wang [10] involve a class of functions
H(t, s) defined by Philos [6] which is used extensively and are given in the form that
lim sup,_,,.[-] = +o0.

Recently, Fu [3] employed ®(¢,s,) functions and Riccati transformations

@)@ ) | p)
w0 =" )k

rt)y®)e@' (1) | pt)
x(t) 2k
to extend the main results of Sun [8] to Eq. (1.1) and obtained the following results

and

w(t) =

which required p(t) to be differentiable.

Theorem C ([3, Theorem 2. 4]) Assume that conditions (C1)—(C4) hold and

lim, ..o R(t) = 0o, where R(t) = [;'ds/r(s) for t > 1 > t;. If for every | > t, there
exists a constant o > 1/2 such that
1 t k «
1 R(t) — R(s)]**[R(s) — R()]**—=Q(s) d
s s [ IR() = ROPIAG) — ROPEQ() ds > s
where

IR
dukeyr(t)  2uk’

(1.4) Qt) = q(t) -
then Eq. (1.1) is oscillatory.

Theorem D ([3, Theorem 2. 5]) Assume that conditions (C1)—(C4) hold and

lim; ., R(t) = oo, where R(t fz ds/r(s) for t > 1 > ty. If for every | > ty, there
exists a constant 5 > 1/2 such that
1 ! ik 3
li - _ 2 o 28 ™V
msup s [ IR() = ROFIRG) — ROPEEQU) ds > oo

where Q(t) is defined by (1.4), then Eq. (1.1) is oscillatory.

Motivated by the ideas of Wang [10], Sun [8], Sun and Meng [9], Dubé and
Mingarelli [2], in the present paper, we shall establish several new oscillation criteria
for Eq. (1.1) by introducing functions of the form ®(t, s,l) and employing two more
generalized Riccati transformations due to Wang [10]. The criteria extend, improve
and unify the results of Sun [8] and Fu [3]. Our results are different from most known
ones in the sense that they are given in the form that limsup, ,[] is greater than
a constant, rather than in the form limsup,_ [ = 4o00. Thus, our results can
be applied to many cases, which are not covered by existing ones. Finally, several

interesting examples are also included to show the applications of our results.
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2. KAMENEV-TYPE OSCILLATION CRITERIA

Following Sun [8] and Sun and Meng [9], we shall define a class of functions Y.

We say that a function ® = ®(¢,s,1) belongs to the function class Y, denoted by

o eV, if ® € C(E,R), where E = {(t,s,]) : t > s > 1 > to}, which satisfies

®(t,t,1) = O(t,1,1) = 0 for t > > ¢, and has the partial derivative ®, = 22 on E
such that ®, € L7 (E,R).

Now, we are in a position to give our first result.

Theorem 2.1. Suppose that conditions (C1)—(C4) hold. If for each | > tq, there
exist functions ® € Y, A € C'([ty,0),RT) and B € C([ty, ), R) such that (rB) €
C([to,0),R) and

(2.1)

h?ligp/l [@2(15, 5, )Q1(s) — CQA(:;T(S) <G12($)<I>(t,s,l) — ®,(t, 5,1)> ] ds > 0,

where R* = (0, 00),

(2.2) Q1(t) = A(t)

and
PO
A(t) Ca cor(t)’

(2.3) Gi(t) = -
then Eq. (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of Eq. (1.1). Without loss of generality,

we may assume that z(t) # 0 on [Ty, 00) for some sufficiently large Ty > ¢o. Define

(2.4) u(s) = A(s)r(s) w(x(;()lfg;(s)) + B(s)|, fors>Tp.
Then differentiating (2.4) and using (1.1) and (C1)-(C4), it follows that for s > Tj
25) 1) = G - Ao S~ Alsa)
AN DI |01y
< A

A(S)v( s) — A(s)q(s) + A(s)(r(s) B(s))’

_ HkA(s)r(s) [(¢(x(8))90($’(8)))2+ p(s) P(x(s))p(@'(s))
f(x(s))
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_ A Asals Nr()BE)Y + P (s)
- T (s) — A(s)q(s) + A(s)(r(s) B(s)) T L (9)0(2(s))

pkA()r(s) [a()e@(s) | pls) 1?
<<s>> [ - s>]

IN

As)

A)

Al | )
e [AE)rE)

- Q) = Gilehuls) - (),

where Q1(s) and G;(s) are defined by (2.2) and (2.3), respectively.
Multiplying (2.5) by ®%(t, s, Tp)(t > Tp), and integrating it with respect to s from

Ty to t, we have

/T(I>2(t,s,T0)Q1(s)ds < /T<I>2(t,s,T0)[—v'(s)—Gl(s)v(s)]ds

_ /TcI)2(t,s,T0)02Aé];T(S)U2(3)ds.

Integrating by parts, we obtain for ¢t > T

t

/t ®2(t,5,Tp)Q1(s) ds < /
T() TO
k <I>2(t,s,T0)122(8)] ds

e A(s)r(s)

/t
To

— [G1(s)D(t, s, Ty) — 2Ps(t, s, Tp)|P(t, s, To)v(s)

ik O(t, s, Ty)v(s)

2 A(s)r(s)
CzA(:;T(S) <G12($)<I>(t,s,To) - <I>s(t,s,To)) ds
C2A Gl a1, 5,7) - (1, S’TO))2 “

g/T C2A() (GIQ(S O(t, s, Ty) — Bu(t, s TO))2ds
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that is,
(2.6) 2
/T [@2@, 5, To)Q1(s) — CQA(:;T(S) <G1;S)<I>(t, s, Ty) — Dy (t, s, T0)> ds < 0.

Taking the superior limit in (2.6), we have

t A 2
imsup [ 0206, 7)Qu(s) — 220 (G a1y — 00,07 ) | s <0,
t—o0 To ,u/{? 2
which contradicts the assumption (2.1). The proof is complete. O

From Theorem 2.1, we can obtain different sufficient conditions for oscillation of
Eq. (1.1) by different choices of ®(¢,s,1). For instance, let

B(t,s,1) = \/p(s)(t —s)%(s — )P,
where p(s) € C1([ty,00),RT), and «a, 3 > 1 are constants, then we have

(L, s,0) (p(s) | Bt—(a+B)s+al
Dollsl) =5 <p<s>+ =50 —1) )

Thus, by Theorem 2.1, we have the following oscillation result.

Theorem 2.2. Suppose that conditions (C1)—(C4) hold. If for eachl > ty, there exist
functions A, p € C([tg,0),RT), B € C([ty,00),R) and two constants a, 3 > 1 such
that (rB) € C([ty,0),R) and

lim sup /l o(5)(t — 8)(s — 1)

t—oo

y [Q1(8) _ aA(s)r(s) <G1(s) _p(s) Bt—(a+P)s+ ozl) ] ds >0,

Apuk p(s) (t=s)(s=1)

where Q1(s) and G1(s) are defined by (2.2) and (2.3), respectively, then Eq. (1.1) is

oscillatory.

Define

and let

B(t,s,1) = \/p(s) [R() — R(s)]° [R(s) — R,

where p(s) € C1([ty,00),RT), and «, 3 > 1 are constants, then we have

Cb(hs D) (ls) | BR() - (a+ BR(s) + aR()
Dollsl) =5 <p<s> T GRW) — Rs)R(s) - R(zm) '

By Theorem 2.1, we get the following oscillation criterion.
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Theorem 2.3. Suppose that conditions (C1)—(C4) hold. If for each | > tq, there exist
functions A, p € C'([tg,0),RT), B € C([ty,00),R) and two constants a, 3 > 1 such
that (rB) € C*([ty, ), R) and

(27) limsup / p(s)[R(t) — R(s)|"[R(s) — R())’

t—o00

Q1(s)

Apk p(s)  r(s)[R(t) — R(s)][R(s) — R(I)]

where QQ1(s) and G1(s) are defined by (2.2) and (2.3), respectively, then Eq.(1.1) is
oscillatory.

 A(s)r(s) ( Gls) — p'(s)  BR(t) — (a+ B)R(s) + aR(l) )2] ds > 0,

Taking p(t) = 1 and A(t) = 1 in Theorem 2.3, we have the following interesting
theorem.

Theorem 2.4. Suppose that conditions (C1)—(C4) hold and limy_.., R(t) = co. If for
each | > to, there exist a function B € C([tg,00),R) and two constants «, f > 1 such
that (rB) € C1([ty,0),R) and

fimsup o [ (R0~ REPIRG) = RO
uk r(5)G3s) | Ga(s)[BR() — (o + BYR(S) + aR(1)
(28) G T T T T RG) — RORG) - RO |

dpk\ci e ) r(t) e C2
and
2k p(t)
2.1 =—RB
210 Galt) =22 (o) + 2L

then Eq. (1.1) is oscillatory.

Proof. By setting u = R(s) — R(l) and w = R(t) — R(l), we have
(2.11)

[ [B® = RO RE) = ROPBRE) = (04 B)RE) + aROP = ds
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= / uP 72 (w — w)*2B(w — u) — au)? du
0
= /62/ T (w — u)*du — 2aﬁ/ P (w — u)*du
0 0

+a? / uP (w — ) 2du.
0
Using the following Euler’s Beta function,

/1 Im_l(l _ J})n_ld$ — F<m)r<n>

L(m+n)’
we obtain (upon setting = %)

wu,@—2 w— u)%du = wa—l—ﬁ—lr(ﬁ_ 1)F(Oé—|— 1)
/0 e = P(a+8)

/w P w — ) du = wa+6—1w

Re(m,n) > 0.

Ma+pB)’
wuﬁ w— 1w 2dy — wa+ﬁ—1r(ﬁ + 1)l (- 1)
/0 ( ) F(a+ 0) '

Thus,

212) [ - - )~ au da
s DB DD+ D))
=F [(a+p) 200 T(a+p)

I azwa+ﬁ—1r(ﬁ + 1IN — 1)
F(a+ B)
_ wa+ﬁ—1r(ﬁ — ' —1) 20(cr —
- (o +9) [/6 (@=1)

—2a8(8 - 1)(a —1) + (8 — 1)]

_ Oéﬁ(Oé + 8- Q)F(Oé ;(i)i(g>_ 1),wa+ﬁ—1‘

Substituting back in for w = R(t) — R(I), (2.11) and (2.12) give

/l [R(t) - R(s)"*[R(s) — ROV 2[BR() — (a + B)R(s) + aR()'—— ds

r(s)
o —DI(B-1)

_ at+f-1
e LOBS0) R

=af(a+ [ —2)

So we have that
213) " lim sup Ra%_l(t) /l (R(t) — R(s)"[R(s) — R(1)]’

21 (s) _ BR(t) — (a+ AR(s) +aRW) \*|
o (90~ R = R ~ R ]d

X [Qg(s) _ ¢
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~timsup s | R = ROIR) - RO)P

t—o0

uk r(s)G3(s) . Cals)[BR() — (o + B)R(s) + aR(1)]
X[EQQ(S)‘ T 77 2R - REIRE) - RO) }ds

- plimsip s [ (R = ROPIRE) - ROI8R0)

—(a+B)R(s) + ozR(l)]2%ds

~timsup s [ IR = RO)RG) = RO |2 Qu(s)
H9GRs) , GaIBR() — (0 + HIRG) + ok ]
i 2[R(1) — RIR() — R0
- o+ -9

From (2.8) and (2.13), we can easily obtain

lim sup/l [R(t) — R(s)]*[R(s) — R(1))’

t—o0

eor(s) _ BR(t) — (a+ B)R(s) +aRD) \*|
[@2<> il GORE Lmset e os 1) ]d -0

and hence, Eq. (1.1) is oscillatory by Theorem 2.3. The proof is complete. O

Remark 2.1. The values a« = 3 = 1 are prohibited as a simple evaluation of the
integrals in (2.11) with these values shows. Hence, the restriction on « and [ is

greater than 1.
By
t t
/ d2(t,5,1)g'(5) ds = —2/ O(t, s, 1)Ds(t, s,0)g(s) ds, g € C'([tg, 0),R)
! l
and Theorem 2.4, we have the following corollaries.

Corollary 2.1. In Theorem 2.4, suppose that p(t) € C'([ty,00),R) and condition
(2.8) is replaced by the condition

fimsup s [ (R0~ ARG = RO

t—o0

< [u_kQ (5) TG (r(£)Ga(s)']

o A 2 §

[la—DI'(F-1)

> af(a+ [ —2) Tt

then Eq. (1.1) is oscillatory.
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Corollary 2.2. Suppose that conditions (C1)—(C4) hold and lim;_.., R(t) = co. If for
each | > ty, there exist a function B € C([tg,00),R) such that (rB) € C([tg, ), R)
and a constant o > 1/2 or > 1/2 such that

(1) timswp gorres [ (RO = REPIRG) - RO

t—

[k TG | Gae)RE) ~ (a+ DR +aRO))
{@Q“> T "7 [R(t) - RGIERG) - BQO) }d

~ Ba—-1)(2a+1)

or

@) timsup e [ IRW) = RPIR() — RO

SEE G o T(8)Ga(s) | Ga(s)[BR(E) — (B + DR(s) + RA]
o = T e R =R
g
26-1)(26+1)’
where Qa(s) and Gy(s) are defined by (2.9) and (2.10), respectively, then Eq. (1.1) is
oscillatory.

>

Proof. (1) In (2.8), replaced av and [ by 2« and 2, respectively, we obtain

1 ' 2a 2
lim sup Rle()/z [R(t) — R(s)]*™*[R(s) — R(l)]

t—o0

ek r9)Es) | Ga(s)IR() ~ (o + DR(s) + aR()]]
[@Q“> T 7 Rt -RGIRE RO "
> (20)2(2a + 2 — 2) FQZ‘P_(;; +<22)_ D)

(20 — 1)T(1)
42a+1)(2a)(2a — DI'(2a — 1)

= 4o(2a)

T 2a-1)2a+1)

(2) In (2.8), replaced o and [ by 2 and 203, respectively, the rest of the proof is
similar to that of (1) and hence omitted. O

Corollary 2.3. Suppose that conditions (C1)—(C4) hold, p(t) € C'([ty,00),R) and
limy_o R(t) = co. If for each | > tg, there exist a function B € C([tg,0),R) such
that (rB) € C*([ty,00),R) and a constant o > 1/2 or 8> 1/2 such that

1 ! 20 2
hmsup i) /z [R(t) — R(s)]**[R(s) — R(l)]

kaM$_MQ?@xxmm?@yd8
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~ Ba—1)2a+1)

fimsup oz [ RO = ROIFIRG) - RO
(2.14) x [’Z—f@z(s) - T(S)%(S) = (T<S>§2(S>>/ ds

6
(26 =128 +1)
where Qo(s) and Gy(s) are defined by (2.9) and (2.10), respectively, then Eq. (1.1) is

oscillatory.

>

Remark 2.2. Applying Corollary 2.3 with r(t) = 1 and B(t) = 0 to the following

Euler equation

~
"(t) + t—2x(t) =0, t>1>0,
or as the results in [2, 8] show, we can obtain that the above Euler equation is

oscillatory when > 1/4, and nonoscillatory when v < 1/4 (If v < 1/4, evidently,
the above Euler equation has a nonoscillatory solution z(t) = ¢ 217“). Therefore,
the oscillation constants in the right hand sides of inequalities in Corollaries 2.1, 2.2,

2.3, etc. are sharp.

Remark 2.3. It is easy to see that Sun’s two main theorems in [8] (Theorems 2.3
and 2.4, see also Theorems A and B in Section 1) are the special cases of Corollary 2.2
when r(t) = 1, ¢(z) = 1, p(r) = z and B(t) = 0. In addition, Theorem 2.4 above

1
r(s)

Remark 2.4. Fu’s Theorems 2.4 and 2.5 in [3] (see Theorems C and D in Section 1)

are the special cases of Corollary 2.2 when B(t) = %.

can be applied to the case when r(t) Z 1 and lim;_, ft'; ds = oo.

If f(x) is of no monotonicity and satisfies condition (C4’), we have the following

oscillation criterion.

Theorem 2.5. Suppose that conditions (C1)—(C3) and (C4") hold. If for each | > t,
there exist functions ® € Y, A € C'([ty,),RT) and B € C([ty,0),R) such that
(rB) € C'([ty, ), R) and

lim sup /lt [@2@, 5, 1)Qs(s) — e A(s)r(s) <G3(S)<I>(t, s,1) — D, (t, 5,1))1 ds > 0,

t—00 k 2
where
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- C—tp(t)B(t) + C—k;r(t)Bz(t) — (r(t)B(t))’
and
(2.16) Ga(t) = AW _ 2k p(t)

a0 o POt
then Eq. (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of Eq. (1.1). Without loss of generality,
we may assume that z(t) # 0 on [T, 0o) for some sufficiently large Ty > to. Define

/
(2.17) w(s) = A(syr(s) | L)
(s)
Then differentiating (2.17) and using (1.1), (C1)—(C3) and (C4’), we obtain that for
s> T(]

+ B(s)|, fors>T1y.

A'(s)

w(e) = Suls) = Al 2o )

x(s)

— A(s)q(s)

Al(s) ,
< 2u(s) = M()a(s) + A () BLS)
_ EAQ)r(s) | pls) vla(s))ela'(s)) [ 1(x(s))p(e'(s)) 2
W(x(s)) | kr(s) x(s) x(s)
A'fs) — MA(s)q(s s)(r(s)B(s)) Als)p(s
T w(s) = M) + A6 B +
_ kAQs)r(s) | ¥(@(s))pa'(s) | _p(s)
(x(s)) x(s) 2kr(s)
A'(s) ,, Als)p*(s)
< Zu(s) - Msa(e) + A0 B + G
kA(s)r(s) | P(a(s)e@(s)) | p(s)
o z(s) 2kr(s)
_A(s) , Alr’(s)
=10 w(s) — AA(s)q(s) + A(s)(r(s)B(s)) Theyr(s)
CRA) [ wls) ) |
o A(s)r(s) Bls) + ri(s)]
= ~Quls) = Gals)uls) = (o)

where Q3(s) and G3(s) are defined by (2.15) and (2.16), respectively. The remainder
of the proof is similar to that of Theorem 2.1, so we omit the details. The proof is
complete. O
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Remark 2.5. Similar to Theorem 2.5, we can obtain some corresponding oscilla-
tion theorems and corollaries for Eq. (1.1) if we replace condition (C4) with (C4’) in
Theorems 2.2-2.4 and Corollaries 2.1-2.3.

3. INTERVAL OSCILLATION CRITERIA

We can see that Theorems 2.1-2.5 and other results in [1, 3-6, 8, 10, 11] involve
the integral of the coefficients r, p and ¢, and hence require the information of the
coefficients on the entire half-line [ty, 00). It is difficult to apply them to the cases
when Eq. (1.1) is “bad” on a big part of [ty, 00), e.g., when ftzo q(t)dt = —oo. This
should motivate further study of the interval property for Eq. (1.1). In the following,
we will establish several new interval oscillation criteria for Eq. (1.1), that is, criteria
given by the behavior of Eq. (1.1) (or r,p and ¢) only on a sequence of subintervals of

[tg, 00). The results may be applied to the extreme cases such as ftzo q(t)dt = —oo.

Theorem 3.1. Assume that conditions (C1)—(C4) hold. If for each l > tqy, there exist
functions ® € Y, A € C*([ty,0),RT), B € C([ty, ), R) and two constants b > a > 1

such that (rB) € C*([ty,00),R) and
B2(b, 5, a) Q) (s) — AL (Gl(s)cb(b, s,a) — By (b, s, a)) ] ds > 0,

(3.1) /ab = !

where Q1(s) and G1(s) are defined by (2.2) and (2.3), respectively, then Eq.(1.1) is

oscillatory.

Proof. With the proof of Theorem 2.1, where ¢t and [ are replaced by b and a, respec-
tively, we can easily see that every solution of Eq. (1.1) has at least one zero in (a,b),
i.e., every solution of Eq.(1.1) has arbitrarily large zero on [ty, 00). This completes
the proof of Theorem 3.1. O

Similar to the discussion in Section 2, we have the following corollaries and the-

orem.

Corollary 3.1. Assume that conditions (C1)—(C4) hold. If for each | > tq, there
exist functions A,p € C'([tg,0),RT), B € C([ty, ), R), two constants o, 3 > 1,
and two constants b > a > 1 such that (rB) € C'([ty, <), R) and

(3.2) / p(3)(b — 5)*(s — a)f [@1<s>

Apk p(s) (b—s)(s —a)
where Q1(s) and G1(s) are defined by (2.2) and (2.3), respectively, then Eq.(1.1) is

oscillatory.

. M(Glm S po- <a+ﬁ>s+aa>2] is >0
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Corollary 3.2. Assume that conditions (C1)—(C4) hold. If for each | > tq, there
exist functions A,p € C'([tg,0),RT), B € C([ty,©),R), two constants a, 3 > 1,
and two constants b > a > 1 such that (rB) € C([ty,0),R) and

Q) - % (G1<s>

A)  BRO) — (@t ARE) +oR@ ]
p(s)  r(s)[R(b) — R(s)][R(s) — R(a)] ’
where Q1(s) and G1(s) are defined by (2.2) and (2.3), respectively, then Eq. (1.1) is

oscillatory.

Theorem 3.2. Assume that conditions (C1)—(C3) and (C4’) hold. If for each l >
to, there erist functions ® € Y, A € C'([ty,00), R"), B € C([ty,0),R) and two
constants b > a > 1 such that (rB) € C'([ty, ), R) and

b CoA(S)T(S 3\ S 2
/ [(I)z(b, s, a)Q3(s) — A(k) () (G ( )<I>(b,s,a) — <I>8(b,s,a)) ] ds > 0,

2
where Q3(s) and G3(s) are defined by (2.15) and (2.16), respectively, then Eq. (1.1) is

oscillatory.

Remark 3.1. Similar to Theorem 3.2, we can obtain some corresponding oscillation
results for Eq. (1.1) if we replace condition (C4) with (C4’) in Corollaries 3.1 and 3.2.

Remark 3.2. The results in this paper are presented in the form of a high degree
of generality: they give many possibilities for oscillation criteria with appropriate
choices of the functions ® € Y, A € C'([to,00),RT) and B € C([ty, ), R).

4. EXAMPLES

In this section, we will show the applications of our oscillation criteria by three

examples. The first example illustrates Corollary 2.3.

Example 4.1. Consider the nonlinear damped differential equation

(4.1) (l L (1) (t))’ L2 2

21 4 e~ 12011 4 g2 3 — 11+ oa’(t)
’Y
where o > 0 and y > 5/4 are constants.

Clearly, the conditions (C1)—(C4) hold for ¢; = 1/2, ¢o = p = k = 1, and
R(t) fto o) $(t3 = 3), limy_o R(t) = oo. Let us apply Corollary 2.3 with
B(t) = then

t3 1

1 4 212 1 ¢ 1 2\
Qz(t)Zl——t2 — + = =
o4 (B—1)2 (B-12 (3 —1) 24— 1
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t2
t2

2
_ 2 —
(;'2(t)——2t3_1+t R

,}/

0.
For any [ > tg, a straightforward computation yields

lim sup R%%l(t)/l [R(t) — R(S)]2[R(3) - R(l)]w

[t - TGS 0LIG]

4 2
—imi1 t — R(s)]*[R(s) — LN A — s
— Jin s [ 1RO~ ROPIRG) - ROP (5 + 5 ) d

JR(s) = RO (3 + e ) ds

= R21(1)
2 f{ ROIR(s) ~ RO (3 + i) ds
- tlirg) R2B(t)
JRIRGs) = RO (5 + e ) ds
* tlggo R26+1 (t)
_ . 1RO - RO (% + wt)

o0 (28 — 1) R25-2(t)¢2
ROIRE) = ROP (# + w57

- fim BRI (1)
O R  CR)
L (26 + 1)R¥(t)t2
o+l 1

9 B(2B8-1)(28+1)
Since v > 5/4, i.e., v+ 1 > 9/4, we can choose an appropriate constant 5 > 1/2 such
that v+ 1 > 942, and hence

v+ 1 1 - B
9 BRI-DEB+1)  26—-D)EF+1)
Thus, the condition (2.14) holds. From Corollary 2.3, we have that Eq. (4.1) is oscil-
latory for v > 5/4.

The second example illustrates Theorem 3.1.

Example 4.2. Consider the nonlinear damped differential equation

1 4 e-la®)] , / ,
(4.2) <(1 + cos? t)%xl(t) (1 —e " z(t)>) + sin 2t () (1 —e " Z(t)>
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Cc

—x(t) (1 ) =0,t>1
1+cos2t$()( +2%(1)) o

where ¢ > 9/4 is a constant.

Obviously, the conditions (C1)—(C4) hold for ¢; = 1/2, ¢o = p = k = 1. For
any [ > 1, there exists n € Ny = {0,1,2,...} such that 2n7m > . Let a = 2nm, and
b= (2n + 1)m. Choose ®(b,s,a) = /sin(b — s)sin(s — a) = sin s for a < s < b, then
®,(b,s,a) = coss. Let us apply Theorem 3.1 with A(t) = 1 + cos’t, B(t) = 222
for all t > 1, then

1 sin?2t in 2t in? 2t
c St sin 2t ik + ik — 2cos Qt)

t) = (1 2¢ - -

@ult) = (1 + cos )<1+cos2t 41+ cos?t 1+cos?t 14 cos?t
1

=c—7 sin? 2t — 2 cos 2¢(1 + cos? t),

2costsint sin 2t sin 2t
Gi(t) = - + =
1+ cos?t 1+cos?t 14 cos?t

A direct computation yields
/b
T2 Lo 2 2 )2 .2
= / {sm s [c— 1 5o 25 — 2 cos 2s(1 + cos s)] — (1 4 cos” s)* cos s} ds

0

T (4c—9  16c+ 95 1 3 1
:/0 (08 — 0;2_ COSQS+§COS4S+3—2C0868—gCOS?)QS)dS

(bz(bv S, CL)Ql(S) -

c2A(s)r(s) (Gl(S)

2
) — O
ok 5 (b, s,a) S(b,s,a)) ] ds

_ 4e—9
-8
thus, by ¢ > 9/4, we have

/ [@2@, s,a)Q1(s) — CQA(:ZT(S) (Glz(s)cb(b, s,a) — (b, s,a)) ] ds > 0.

,

This means that (3.1) holds. From Theorem 3.1, we find that Eq. (4.2) is oscillatory.
The third example illustrates Corollary 3.1.

Example 4.3. Consider the nonlinear damped differential equation

(13) (P (1- e—”(”))' £ p(t) () (1- &)

2+ 22(t)
+q(t)z(t) (5+2(t)) =0, t > 1,

where

It —2n)2n+1—1), 2n <t <2n+1,
n2n+1—-t)2n+2—1), 2n+1<t<2n+2,

for 6 > 51/20 is a constant, n € Ny = {0,1,2,---}.



OSCILLATION OF SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS 391

Clearly, the conditions (C1)—(C4) hold for ¢; = 1/2, ¢ = k=1, p=>5. For any
[ > 1, there exists n € Ny such that 2n > 1. Let a =2n, b=2n+1, a =3 =2, and
p(t) = 1. Choose A(t) = 1/t, B(t) =0, then the left-hand side of (3.2) becomes

! 1 s (1+s)°
2.2 Q) _ )2 _
/0(1 s)°s” 10(1 —s) 203(1 s) 50 <1—s) ds

1 1 1 1 1
= 5/0 (1 —5)%s*ds — % /, (1 —s)*sds — A (1+ s)*s*ds

4 17>0
60 400 ’

since § > 51/20.

Therefore, (3.2) holds and we conclude by Corollary 3.1 that Eq. (4.3) is oscilla-
tory. Note that in this equation, we have [ p(t)dt = [ q(t)dt = —oc and p(t) is
not differentiable when § # n. Also, the criteria in [1-11] fail to apply to Eq. (4.3).
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