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ABSTRACT. This paper deals with a class of boundary value problems of the second order
impulsive differential equations on a half line. Sufficient conditions are established for the existence
of at least one solution of these problems. Our method is based upon the fixed point theorem in

Banach spaces. An Example is presented to illustrate the efficiency of the obtained results.
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1. INTRODUCTION

Since the differential equations with impulses are a basic tool for studying evo-
lution processes that are subject to abrupt changes in their states, the theory of
impulsive differential equations provides a general framework for mathematical mod-

elling of many real world phenomena (refer to [1,2]).

In recent years, remarked progress has been made in the theory of impulsive
differential equations. The solvability of the boundary value problems on a finite
interval for second-order impulsive differential equations (IBVP for short) has been
studied in many papers. The methods used in these papers are upper and lower
solution methods and monotone iterative techniques, see [3-5] and the references
therein; the coincidence degree theory of Mawhin, see papers [6,7]; the fixed point

theorems in cones in Banach spaces, see [8-16] and the references therein.

The Boundary value problems on infinite interval occur in many applications and
received much attention, see [17]. The existence of positive solutions or solutions for
nth-order nonlinear impulsive integro-differential equations in Banach spaces were
investigated in [18-22] and the references therein. Due to the fact that an infinite
interval is non-compact, the discussion about BVPs on half line is more complicated.
There is only a small amount of work dedicated to the existence of solutions of

boundary value problems of impulsive differential equations on a half line.
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This paper is motivated by [23]. Lian and Ge studied the following three-point

boundary value problems for second order differential equations

{ 2+ f(t,2(t),2' (1) =0, te (0,+00),
z(0) = ax(n), lim_ . 2'(t) =0,

(1.1)

where o # 1, n € (0,+00), f : [0,400) x R? — R is an S-Carathéodory function.
It was proved in [23] that if there exist functions p,q,r € L'[0,00) with tp,tq,tr €
L0, 400) such that

(1.2) f(t,2,9)| < p®)]e] +qt) |yl +r(t), te€0,+00), (z,9)€ R?
and

nP+ P +Q<1, a <0,

—1m7 P+P+Q<1, 0<a<l,

—

maxd - pip+Q —L pr—2 plar,  asi,
a—1 a—1 a—1

+o0 +oo +oo
P:/0 p(s)ds, P1=/0 sp(s)ds, Q:/o q(s)ds,

then BVP(1.1) has at least one solution.

where

First,the growth condition (1.2) imposed on f is an at most linear growth con-
dition. The question is that under what conditions BVP(1.1) has solutions without
the assumption (1.2).

Second, it is interesting, important and necessary to establish the sufficient con-
ditions for the existence of solutions of the following boundary value problem of
impulsive differential equations on half line

(

'+ f(t,z(t),2'(t)) =0, te(0,+00), t#tx, k€N,
Ax(ty) = Ie(z(te), (L)), k€ N,

(13)  { A(t) = Ju(wty), 2(t), k€N,

2(0) = ax(n),

lim; 400 2'(t) = 0,

where
e a#1,n € (0,+00)
e /:[0,+00) x R? — R is an S-Carathéodory function;

e [;., J;. are continuous functions.

Let J =1[0,400),0<t; <---<t, <---, R be the real number set. Define the

sets

L'0,+00) = {z : [0, +00) — R is absolutely integrable on [0, +-00)}
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with the normal ||z||., = 0+°° |x(t)|dt,

( . .
x is continuous everywhere except

at the points t =t, € J
PC°(J,R)=<x:J— R: and x(t]) and x(t;) exist in R
with z(t;) = z(ty),k € N,

there exists the limit lim;_, | |z

1+t )

with the normal

|2(t)]
T|leo = su
& te? 141

and

x is differentiable everywhere except
at the points t =t, € J

and z(t;) and x(f;) exist in R
with z(t;) = x(tx), k € N,
PCYJR) =a:J—R: x' s contir'luous everywhere except >
at the points t = t, € J

and 2/(t]) and 2/(t; ) exist in R with

o' (t) = @' (t) = lima,_o- Wj
k € N, there exist the limits
~ oo L, Tt oo /(). )

For each x € PC'(J, R), the norm

t
||z|| = max{sup 0l

. 2 ||oo = su x't}
ap L o = sup )

is defined. Then PC?(J, R) and PC*(J, R) are Banach spaces.
A function f:J x R? — D is called an impulsive S-Carathéodory function if

* f(e,x,y) is measurable on [0, 4+00) for each u = (z,y) € R%

* f(t,e,e) is continuous a.e. t € [0,400) and there exist the limits

t—ty t—t]f

* for each r > 0, there exists a function ¢ € L'[0, +00) with t¢ € L'[0, +00) and
¢(t) > 0 for all t € (0,00) such that

max{|z|, |y|} < r implies that |f(¢,z,y)| < ¢(t), a.e. t € [0,+00).

In this paper, we establish existence results for solutions of the following infinite-

point boundary value problems of second order impulsive differential equations on
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the half line ( IBVP for short )
([ 2(t) = f(t,2(t), /(1))

), ae. tef0,+00), t#t, k€N,
' ()
/

AI(tk) - Ik( ( )a )7 ke N,
(1.4) Az (ty) = Jp(x(ty), 2'(tk)), k€N,
2(0) — 3205 () = 0,

lim o0 2'(t) = 0,
where
e N={1,2,...,n,...};
° O:t0<t1<"'<tm<tm+1 < vy
o0 < < < <
e a; € R with Z+_1 O # 1 and S0 |y, | < +o0;
e f is an impulsive S-Carathéodory function;
o Ax(ty) = z(tf) — x(ty), A/ (ty) = 2/ (tf) — a/(ty) for all k € N, I, J;, are
continuous functions.
IBVP(4) is a generalized form of BVP(1.3). By a solution of IBVP(1.4) we mean
a function z € PC'(J, R) that satisfies all equations in (1.4).

To derive our results, the well known fixed point theorem, Shaefer’s fixed point

theorem, is used, and we do not rely on the existence of upper and lower solutions.

The main results in this paper are established in section 2. Examples are pre-

sented to illustrate the main results in section 3.

2. MAIN RESULTS

In this section, we establish the main results. We set the following assumptions
which should be used.

(A1) Ji is continuous and the inequality
Je(u,v)v >0

holds for all u,v € R and kK € N.
(Az) Assume that > a,, # 1 and 7% |a,,| < 400, I is continuous and there
exist constants ay > 0 such that |I;(u,v)| < ag|u| for all u,v € R and k € N,

> a; is convergent and

<= :ﬁ [e™ Zo<tk<nn ax(1 +ty)
1> E an +
‘1 - Zn 1 Oén‘

holds.
(B) fisanimpulsive S-Carathéodory function, and there exist impulsive S-Carathéodory
functions ¢ : [0, +00) x B2 — R, hy : [0,4+00) X R — R, hy : [0,+0) x R — R,
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r € L0, +-00) and nonnegative functions ry, 7o with (1-+t)ry(t), r2(t) € L'[0, +00)
such that

ft,u,v) = g(t,u,v) + hy(t,u) + ha(t,v) + r(t)
g(t,u,v)v <0
and
[ha(t, w)| < r(@)|ul, [ha(t, 0)] < ra(t)]v]
hold for all (¢,u,v) € [0, +00) x R%.

Lemma 2.1. Let X be a Banach space and C be a convex subset of X. Suppose
L : X — X is completely continuous. Define the

F(L)={x € C:2= ALz, for aome X € [0,1]}.
Then either
e F(L) is unbounded or
e the operator L has fized point in X.

Proof. The proof can be found in [12]. O

Lemma 2.2. Assume that Y "> a,, # 1 and Y0, || < +00. Suppose that v, tv €
L0, +00) and ay, by € R(k € N) with 3 5 b, Y% ay, and [ beds
converging. Then

s<tp <400
((2(t) =v(t), tel0,+o00), t#ty, keN,
A[L’(tk) = ay, k e N,

(2.1) A[L’/(tk) =by, k€N,

2(0) = 325 i (n:) =0,

| Lm0 2/(t) =0

has unique solution

+Oo +oo n
19n Zo<tk<nn ar — 1%n fo ngtk<+oo beds

1_Zn 1%
X an [ (fs du) ds
1_2+ 1%

+Zkak—/0 (/:OO du)ds—/ > bds.

s<tp <400

z(t) =

Proof. Since v € L'0,+0c) and that Z:;of br converges, one gets by integrating
2"(t) = v(t) from ¢ to +oo that

xf(t):—/tmv(u)du— S b

t<tp <400
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It follows from tv € L[0, +00) and Y . a), converges and f D sty < o0 rds con-
verges that
Zak—/ (/ du)ds—/ > buds.
O<tp<t s<tp <400
Since #(0) — 7% cyz () = 0 and Y. o # 1, we get that
z(0) = +Oo 1% Zo<tk<nn Ak — +OO 1%n fo ! ngtk<+oo brds
1- Zn 1 Qp
an Jo (7 v(w)du) ds
1=, .
Hence
x(t) = +OO 1% Zo<tk<nn ak — +OO 1 % fo " ngtk<+oo brds
1— Zn 1 Qi
o [ (fs du) ds
1- Zn 1 Qn
+Zak—/(/ du)ds—/ > bids.
O<ti<t <ty <+oo
The proof is complete. 0
Let

X = {xEPCl([O +00), ZO‘Z z(n;) =0, lim 2'(¢) :0}.

t——+o0

Define the nonlinear operator L by

o O ey, o L@ (te), /(1)
1302 an
:L_ii Qn fO ! s<tk<+oo J (x(tk)7 x/(tk»ds

(Lx)(t) =

+ ) Iu(x(te), 2 (t)) / > Jelx(te), ' (t))ds

0<trp<t s<tp <400
oo f) <f+oof U, T u),x’(u))du) ds
Zn 19n

_ /0 t < :OO f(u,x(u),x'(u))du) ds, ©e X,

Lemma 2.3. Suppose that f is an impulsive S-Carathéodory function, I, J, are

continuous. It is easy to show that
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e 1 is a solution of IBVP(1.4) if and only if x is a solution of the operator equation
xr=Lx in X;
o Lx e X forallx € X;

e L is completely continuous.
Proof. The proof is similar to that of the proof of Lemmas 2.4 and 3.1 in [20]. O

Theorem 2.4. Suppose that (Ay), (A2) and (B) hold. Then IBVP(1.4) has at least

one solution if

1 _I_ Z:{i‘i |an‘77n
5% ad]

+o0 +oo
> r1(s)(1 + s)ds +/ ra(s)ds.
. < o 5525 el Socr, < ak(l—l-tk)) /0 1(s)( ) ; 2(s)

N | —

[1-3205 o
Proof. Consider the set
Qo ={zr € X :x= ALz for some A € [0, 1]}.
For x € ). Then one gets that

(2/(t) = M (L, z(t),2'(t), ae. t€[0,400), t#ty, keN,
Ax(ty) = Mi(x(te), 2'(tr)), k€ N,

(2.2) Az (ty) = Mi(z(ty), 2 (t)), k€ N,

2(0) = 305 ai(n;) =0,

limy ., 2'(t) = 0.

Then
(2.3)  2"()2'(t) = Af(t,x(t),2'(t)))2'(t), ae. t€]0,+00), tF#ty, keEN.

It follows from (2.3) that

—+00

/t h x//(S)SC/(S)dS = f(s’x(3)7 x/(s)))x/(s)d&

t
One sees that



400

we get that

1

3 [/ (1))
Since

() — x(0)] =

IA

IN

IN

IA

IN
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= Ax/(ty)[22'(tx) + A2 (t1,)]
My (z(ty), ' (t)) <2£Cl(tk) + A (2 (t), xl(tk)))

Z QAJk(l’(tk),l'/(tk))lL'/(tk)
> 0,
3 X |pwer - g

Y < /t " ot e (0), 2 () (1)t

4 /t T () (Dt + /t T (o ()2 (1)t

4 /t +Oor(t):c’(t)dt)

5\ ( /t ot (0), 2 () (1)t

_ /t () (1) — /t " (2 () (1)t

_ /t " (e

.\ ( /t " e (0) (D)t + /t T (o ()2 (1)t
+ /t +Oor(t)x/(t)dt)

[ a0l [ ool
# [l Gl

[ ool @l [ ror oo

# [l Gl

fellolllo [ ()L )i R [ telas
Hial [ (o)l

S At + /0 " o (s)ds

0<tr<nn
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IN

IA

IA

IN

IN

IA
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t
<A Y al+ty) 2 ’“)|+nn||g;/||oo

0<tip<nn +tk
< lolle D ar(l+t) 4 nall2] o,
0<tr<nn

1 |z(0) - Zn “1 an(0 )'

14+t 1—Zn 1 O

! Z A:E(t,-)+1i+t/0 ©'(s)ds

+—
O<tp<t

1+¢
Sk lan< <n>—x<o>)‘
Zn 1 %n

ZA{E /Ot '(s)ds

0<tp<t

1S o] (11loe ety @61+ 86) + 1l |2 s

1
1+t

1+1¢ ‘1—Zn lozn‘

A
b Y ). (6) \+1+t/ 12/(5)ds

0<ty <t
723 L] (1121loe Soct, <g, a1+ t) + 1al]]0 )
1= 32020 o
+L Z ak(l"‘tk)‘x(tk)‘ + ! 12| oo

1+t 0Stet 1+t 14t

525 L] (112lloe Xoct, <g, @ (L + ) + 1l 1)

‘1 1%}

+|| oo

D

O<tp<t

= :ﬁ || Doty <, @ (L + Ti)
Zan + oo HE
}1 — an}

|an|/’7n /
1 -
+< +‘1 E%OHMI

401



402 Y. LIU

It follows that
1 + Z:g |an|nn

|1_ZIZO Qn
l2lleo < N pOpat Tz R (14t) 2]l
B 0o n=1 1%l 2o<ty <nn @
: ( ner e =T )
Then
ZIZO lom |
1[x/(t>]2 < L+ ‘1— 1:22010%‘ ||LL’,||2 /+OOT (S)(l +8)d8
Z < 2 )
2 1 _ +o00 a + Ziﬁ \an|20<tk<nn ak(1+tk) t
n=1""n |1—Z:2 an|

+o0 +o00
I [ s+l [ )
t t

It follows that

Ziﬁ lon |1

1+

1 ’ |1_Z:io1 Qn 12 e
T 2N [ m(s)(1+ s)ds
2 1— +oo a. + ZIS ‘an‘20<tk<7m ag (14-ty) ¢
n=17-"m [1-3212 an]
—+o0 —+o0
ww&/’rmmeﬂu/ Ir(s)|ds
t t
+to0 14
1 ‘l‘ |1Z_n§+‘3.;f:| +o0
< mnel s [ e s
1 o +3<:Jl an + n=1 Ofrtoko<7m 0
‘1_ n=1 a"|
—+o0 —+o0
ww&/’rmmeﬂu/ Ir(s)|ds.
0 0
Since
1 1+ Z:;iol |04n‘77n
- >
2

|1_Z:3 C"n| +o0 +00
— r1(s)(1 + s)ds + ro(s)ds,
1— < +301 a, + > |0‘7L‘Zo<tk<7m ak(1+tk)) 0 0

13242 am |

we get that there exists a constant M > 0 such that ||2'||oc < M. Then

1+ ZIS |an |1

et

|zl <
— +
1 o < —|—3<:)L an —I— an ‘a"‘ Zo<tk<”ln ak(l+tk))

i o]

M =: Ml-

It follows that ||z|| < max{M, M;} for each = € Q.
Let Q@ = {z € X : ||z|| < max{M,M,} + 1}. Lemma 2.3 implies that that

L : X — X is completely continuous. It is easy to see that €2 is an open bounded
subset of X and 0 € Q C X and x # ALz for all z € X N 02 and X € [0,1], then
Lemma 2.1 implies that there is at least one x € {2 such that x = Lx. So Lemma 2.3
implies that z is a solution of IBVP(1.4). It follows from above discussion that the

proof is complete. ]
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3. EXAMPLES
In this section, we present an example to illustrate the main results.

Example 3.1. Consider the IBVP

SC/ 2m—+1
([ 2"(t) = [1}:[):2@)}2 +ri(t)x(t) + o ()2’ (t) + (1),

qquad a.e. t € (0,400), t#ty, k€N,
(3.1) Ax(ty) = arx(ty), k€ N,

Ax'(ty) = blz(tr)]’, k€N,

2(0) = ax(n),

| iy o0 2/() = 0,

403

where o € R with a # 1, n € (0,4+00), ax € R(k € N) with > |a,| converging,
by > 0(k € N), m is a nonnegative integer, 0 < t; < --- < t,, < ---, 7 € PC°[0, +00),

(14 s)r1 € L'0,+00), 79 € L0, +00).

It is easy to see that

(i) Since Ji(x,y) = bry® and b, > 0, we get that (A;) holds.

(ii) Choose my = <mp < -+- < --- and a1 = a and a; = 0 for all 1 > 2, we see
that S % a; # 1, Iy(z,y) = apr implies that [Iy(z,y)| < |ag||z]. Y5 |ax| is
convergent.

- |O‘n‘ Zo<tk<nn |ak‘ 1 + tk < | 20<tk<17 |ak‘(1 + tk)
Z |an| + Foo = Z |an| + 1 :
‘1 - n=1 O‘n‘ | - Oé|
If

+i|a n | 3 gcr, < larl (1 + 1)

[1—a ’
then (Ajy) holds.
(iii) It is easy to see that (B) holds with

2m—+1
f(t,x,y) = _1 +$2 +r1(t):lt+7“2(t)y+r(t)
y2m+1
g(t,z,y) = L hi(t,x) = ri(t)z, hao(t,y) = ra(t)y.

It follows from Theorem 2.4 that IBVP(3.1) has at least one solution if

<= lal > lax|(1 +ty)
0<trp<n k k
n < 1
Z|a |+ 11— a

and

N —

—10n + 1=l

1_'_\‘1():'24\ +oo +00
T ey My [, Il s
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Remark 3.1. When a;, = b, = 0, IBVP in Example 3.1 becomes

0

2 (t) = S ri(t)x(t) + ra(t)x' (t) + r(t), ae. te (0,400),
(3.2) 2(0) = ax(n),
lim; 400 2'(t) =0,

where o € R with a # 1, n € (0, +00), m is a nonnegative integer, r € PC°[0, +00),
(14 s)r1 € L'0,+00), 79 € L0, +00).

It is easy to see that BVP(3.2) can not be solved by theorems in [20] since
condition (1.2) does not hold.
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