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ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability of a Cauchy-Jensen

functional equation

zZ+w

2

2f(x +y, )= [, 2) + f(z,w) + fy,2) + fy,w)
in the spirit of P. Gavruta.
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1. INTRODUCTION

In 1940, S. M. Ulam [11] raised a question concerning the stability of homomor-
phisms: Let G be a group and let G5 be a metric group with the metric d(-, ). Given
e > 0, does there exists a § > 0 such that if a mapping h : G; — G satisfies the

inequality
d(h(zy), h(z)h(y)) <6
for all z,y € G then there is a homomorphism H : G; — G5 with

d(h(z), H(z)) < ¢

for all x € (G;7 The case of approximately additive mappings was solved by D. H. Hy-
ers [2] under the assumption that G; and G are Banach spaces. In 1978, Th. M. Ras-
sias [10] provided a generalization of Hyers” Theorem by allowing the Cauchy differ-

ence to be controlled by a sum of powers of norms like

1f(z +y) = f(2) = F) < e(ll]” + lyll).

P. Gavruta [1] provided a further generalization of Th. M. Rassias’ Theorem in the

following way.
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Theorem 1.1. Let X be a vector space, let Y a Banach space and let p : X x X —

[0,00) be a function satisfying
1

for all z,y € X. If a function f: X — Y satisfies the functional inequality || f(x +
y) — f(x) = f)| < @(z,y) for all z,y € X, then there exists a unique additive
mapping T : X — Y which satisfies

1f(z) = T(@)] < ¢(z,z)
forallx € X.

Since then, a further generalization of the Hyers-Ulam theorem has been exten-
sively investigated by a number of mathematicians [4,5,7,8].

Throughout this paper, let X be a real vector space and Y a Banach space. A
mapping g : X — Y is called a Cauchy mapping (respectively, a Jensen mapping)
if g satisfies the functional equation g(z +y) = g(x) + g(y) (respectively, 2g(*3¥) =
g(x) 4+ g(y)). For a given mapping f : X x X — Y, we define

zZ+w

Cf(x,y,z,w):fo(x+y, 9 )—f(.flf,Z)—f(LU,UJ)—f(y,Z)—f(y,U})
for all z,y, z,w € X. A mapping f: X x X — Y is called a Cauchy-Jensen mapping

if f satisfies the functional equation
Cf(z,y,z,w) =0

for all z,y, z,w € X and the functional equation C'f = 0 is called a Cauchy-Jensen
functional equation. In 2006, Park and Bae [9] obtained the generalized Hyers-Ulam

stability of the Cauchy-Jensen functional equation.

The authors [3] investigated the stability in the spirit of Th. M. Rassias for a

Cauchy-Jensen functional equation in the following theorem.

Theorem 1.2. Let p # 1,2, 6§ > 0 and let X be a normed space. If a mapping
f: X x X =Y satisfies the inequality

1CF (2, y, 2 w)|| < O([]|” + [ly[[” + [1[]” + [Jw]]”)

forall x,y,z,w € X\{0} ifp<1 (x,y,z,w € X if p > 1), then there exists a unique
Cauchy-Jensen mapping F : X x X — Y such that

0
£(e) — P )l < g P + Ol
for all x,y € X\{0} if p <1,
6 5. 2P0
_ < Py p
I.1) = Ple.)l < (g + gl +

forall z,y € X if p> 1. In particular, f is a Cauchy-Jensen mapping if p < 0.
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In this paper, we investigate the generalized Hyers-Ulam stability in the spirit of

P. Gavruta [1] for a Cauchy-Jensen functional equation and obtain Theorem 1.2 as

an application. We also have better stability results than those of Park and Bae [9].
2. STABILITY OF A CAUCHY-JENSEN MAPPING

We need the following lemma [3] to prove the main theorem.

Lemma 2.1. Let f: X x X — Y be a Cauchy-Jensen mapping. Then the following
equalities hold;

fey) = PFE L) - @ - 2)f(2 ),
fy) = PERED L Do)

B f@2rz,2my) 1,1 1 n an n n

= T+§(2_n_4_n)(f(2 x, 2"y) + f(2"x, —2"y))

for all x,y € X and n € N.

Now we have the stability result in the spirit of P. Gavruta for a Cauchy-Jensen

mapping.

Theorem 2.2. Let p: X x X x X x X — [0,00) be a function satisfying

1
Z gap(wz, 2y, 272, 2w) < oo
=0

forall z,y,z,w € X. Let f: X x X — Y be a mapping such that

(2.1) 1Cf(z,y, 2, w)l| < @(x, y, 2,w),

for all x,y,z,w € X. Then there exists a unique Cauchy-Jensen mapping F : X X
X — Y such that

o0

2(p(2x, 2, 20y, 2 y)  p(272,292,0,0)
If(z,y) = Fx )l < | yIES LT

5=0
20(272,272,0,0) + 8p(272, 0,271y, 0)
+ .
45+2
0,0, 21y, 20+1 0,0,0,0
L "y y)]+ a )
4i+1 3
forall x,y € X. The mapping F : X x X — Y 1is given by
2"z, 0 2%, 2"
F(x,y) := lim f(2"z,0) + lim f2'e,2y)

(2.2)

forall xz,y € X.
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Proof. Since
f(2rx,0)  f(2" 1z, 0) o(2"z, 2", 0,0)
I on o on+1 I < on+2

and

f2x,2"y) — f(2"2,0)  f(2""lw,2"y) — f(2""2,0)

H 0 e ||

2
= lCf(2e, 2,2y, 2" y) +20£(0,0,2" 1y, 2" y)
—Cf(2"z,2"x,0,0) — 4C f(2"x,0,2" 1y, 0) + 2C £(0,0,0,0)||
2

IA

4n+2 (@(2”1‘7 2nx7 2n+1y7 2n+1y) + 2@(07 07 2n+1y7 2n+1y)

+p(2"2,2"2,0,0) + 4p(2"2,0,2" 1y, 0) + 2¢(0,0,0,0))

for all z,y € X and n € N, we get

F2l,0)  f(2m2,0), W= (2, 2 7,0,0)
j=l
and
|| (f(2lx7 Qly) _ f(2lx7 O)) . (f(zmxa me) B f(2mx7 O)) ||
4l 4m
m—1 9
< D (P2, Y, Py, 27 y) +20(0,0,27Hy, 2T y)

7=l

(2.4) +o(272,272,0,0) + 4p(272, 0,27y, 0) + 2¢(0,0,0,0))

for all z,y € X and given integers [,m (0 <[ < m). Hence the sequences {M}

and { 12",y 4)n_f (2"2.0)) } are Cauchy sequences for all z,y € X. Since Y is complete,
the sequences {f(2 2O and {UEz2W-fE"20)Y (onverge for all 2,y € X. Define

477,
the maps F1, Fb : X x X — Y by

2TL
Fi(ey) = lim 12200
2%z, 2"y) — f(2"x,0 A AL
Fy(.y) = lim f2'z,2"y) = f(2",0) _ . f(2",2%)
for all x,y € X. Since
20, 2"
CFi(z,y,z,w) = lim C x’zn ¥.0.0) =0 and
2, 2"y, 2"z, 2"
CF2(I7y7Z7w) == hm Cf( T 4?17 = w) == 0

for all z;y € X, F' is a Cauchy-Jensen mapping, where F' is defined by
F(QIZ‘, y) = Fl(x7y> + F2(x7 y)

Putting [ = 0, taking m — oo in (2.3) and (2.4) and using the inequality
1 (@, y) = Flz,y)| < | f(z,y) = f(2,0) = Fa(z,y)|| + | f(,0) = Fi(z, )]
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we obtain the inequality (2.2). Now, let I’ : X x X — Y be another Cauchy-Jensen
mapping satisfying (2.2). By Lemma 2.1, we have

IP(z,5) = F'(z,)]
(F — F")(2"x, 2"y) 1 1 N o
| (o F = P2 0)

1 1
2o ll(E = N2, 2%) [+ S I(f = F) (2", 2") |

(I = @200+ ol (f ~ F)(@, 0))

i[so@jx, 20, 20y 20 y) + 20(0, 0, 20Ty, 27H1y)
4j+1

IA

IN

IA

j=n
0(272,272,0,0) + 4p(272,0,27 1y, 0)  2p(272,272,0,0)
, + .
4i+1 2
©(272,0,0,0),  2¢(0,0,0,0) 4¢(0,0,0,0)
* 27 I+ 3-4n * 2n
forall z,y € X and n € N. Taking n — oo, we have F'(z,y) = F'(x,y) as desired. 0

Now we have another stability result of a Cauchy-Jensen mapping for the several

cases in the applications.

Theorem 2.3. Let p: X x X x X x X — [0,00) be a function satisfying

w
J
24 o 2] 2 2j)<oo
forall z,y, z,w € X. Letf:XxX—>Y be a mapping such that

ICf(2,y, 2z, w)|| < @z, y, z,w)

for all x,y,z,w € X. Then there exists a unique Cauchy-Jensen mapping F' : X X
X —Y such that

1z, y) = F(z,y)|

- - x T Yy x x
< 20[24] (S0(2j+1a2j+172_] 2J)+¢(ﬁ’ﬁ’o’0)
J:

x Y ., x
forall x,y € X. The mapping F : X x X — Y 1is given by
" w0y x
F(z,y) = = lim 2 f(— 0) + lim 4 (f(2—n>2—n) - f(Q—n,O))

forall xz,y € X.

Proof. Apply (2.1) with z =y =2 =w =0 to get f(0,0) = 0. Since

n x n n— x z
27 £ (5, 0) = 2" f (o, O] £ 2ol 5, 0,0)
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and

147 (F (5 55) = (5

— 2.4 Cf( S ﬂ)—Cf(

2n+1’ on+1 ) 2n 2n on+1 ) 2n+1 )

—4C
r Ty vy r o
2n+1’ﬁ’2_n’2_n) Sp(ﬁ,ﬁ,(),o)

T Y
+20(0,0, 2, L)+ ap(57 0, 2 0)

n x ) €
Zz

0,0)

+2C£(0,0, =

< 2.4nt (gp(

for all z,y € X and n € N, we can use the similar method in Theorem 2.2 to get
the sequences {2"f(57,0)} and {4"(f(5, 5v) — f(5%,0))} converge for all 2,y € X.
Define the maps Fi, Fy : X x X — Y by

Fi(x,y) = lim 2"f( ,0),

Fya,y) = lim 4"<f<2%2%>—f<2%,0>>

for all x,y € X. Using the similar method in Theorem 2.2, one can obtain the

inequalities

> o T T
Hf(x70) - Fl(.flf,O)H S 22] 1()0(2]-_’_17 ﬁvovo)v

J=0

1/ (2, y) —f(x 0) = Fy(x, y)ll

i1 t Yy o
= 22 4 23+1’2]+1’23 1o5) TP 57 00)

y y Y
for all z,y € X. Since
CF(z,y,z,w) = lim Q"Cf( —,0,0)=0
CF2(x7y7Z7w) = lim 4n(Cf(£ E Qin %)_Cf(g_n,éy_n,o,(])) :07

for all z,y € X, F is a Cauchy-Jensen mapping satisfying (2.5), where F' is defined
by

F(S(I,y) = Fl(x7y> + FQ(xvy)
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for all z,y € X. Now, let F/ : X x X — Y be another Cauchy-Jensen mapping
satisfying (2.5). By Lemma 2.1, we have

1F (2, y) = F'(x, y)

4°(F = F)(5-, ;{g (4" = 2)(F - F><2 0l
)

< 4"||(F—f)(2 I +47)1(f - F)(Qn

+4"(|(F = f)(2—n,0)!| +(f = F )(2770)!|)

: r T y y T x
j=n
Yy z y
+20(0,0, 57, 57) +4¢(ﬁ,0,§,0)) —|—4<p(2j+1,0 0,0))

for all z,y € X and n € N. Taking n — oo, we have F'(z,y) = F'(x,y) as desired. [

Theorem 2.4. Let ¢ : X x X x X x X — [0,00) be a function satisfying

=1 o
Z 4—]<p (22,27y, 272, 27w) < 0o

J=0

and

- pT Y 2w
Zohp(za 25957 3) <X
J:

forall z,y,z,w € X. Let f: X x X — Y be a mapping such that

1Cf(x,y, z,w)|| < p(r,y, z,w),

for all x,y,z,w € X. Then there exists a Cauchy-Jensen mapping F : X x X — Y
such that

e}

2
| f(z,y) — F(z,y)| < Z[@H (p(272,272,0,0) + 4p(272, 0,271y, 0)
7=0
+2¢(0,0,27 1y, 20 y) + (272, 272, 27Ty, 27 y))

i1 T T

forall x,y € X. The mapping F : X x X — Y 1is given by

F(z,y) := lim 2"f(_ 0) + lim f(2rx,2"y) — f(2"x,0)

n—00 n—oo 4n

forall x,y € X.

Proof. As in the proof of Theorem 2.2 and Theorem 2.3, we obtain two Cauchy-Jensen
mappings F; and F, satisfying the inequalities

00
a i

||f(l’,0) - Fl(x>0)|| < Z2j_1§0(ﬁa ﬁ70a0)7

j=0
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1 (2, y) = f(2,0) = Fa(z, )|

o0

2 . . . .
< D 5 (920, 272,0,0) + 4p(2x, 0,27y, 0)
j=0

+20(0,0, 27 Yy, 274 y) 4 (20, 20, 291y, 271y

and which are defined by

ones T
Fi(z,y) = lim 2°f(;2,0),
Fyz.y) = lim 2% yzln f(2",0)

forall z,y € X. Hence, F is a Cauchy-Jensen mapping satisfying (2.6) forall z,y € X,
where F' is defined by

F([L’,y):Fl(lL',y)—l—Fg([L’,y). ]

As an application of Theorems 2.2, 2.3 and 2.4, we have corollary which was
obtained by authors [3].

Corollary 2.5. Let 0 < p(# 1,2) and let 0, f be as in Theorem 1.2. Then there
exists a Cauchy-Jensen mapping F: X x X — Y such that

0, 40w, 520
T
2r —2] " J4—27] [4—27]

1f(2,y) = F(z, y)| < ( lyll”

forall xz,y € X.

Proof. Applying Theorem 2.2 (Theorem 2.3 and Theorem 2.4, respectively) for the
case 0 <p<1(2<pand]l<p< 2 respectively), we obtain the desired result. [J

3. STABILITY OF A CAUCHY-JENSEN MAPPING ON THE
PUNCTURED DOMAIN

The following lemma is easily verified by the same method in the proof of Lemma 3.3
in [6].

Lemma 3.1. Let a set A(C X) satisfy the following condition: for every x # 0,
there exists a positive integer n, such that nx & A for all |n| > n, and nx € A for all
In| <mng. If F: X x X =Y satisfies the equality

CF(x,y,z,w) =0

for all z,y, z,w € X\ A, then the map F : X x X — Y is a Cauchy-Jensen mapping.
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Proof. Let A, ={n € N|nz ¢ A} for each x # 0. Choose k € A,NA,NA,,NA. N
Ay N A, L, for the case x,y, z,w # 0 with  +y # 0 and z + w # 0. Then

CF('Z'7 y? Z? w)

= CF((k+1)(z+7y),—k(z+y), (k+ 2)2(2 +w)’ —k(z2+ w))

—E[CF((k: + D, —kz, (k+2)z, —kz) + CF((k + 1)z, —kx, (k 4+ 2)w, —kw)
+CF((k+ 1)y, —ky, (k+2)z, —kz) + CF((k+ 1)y, —ky, (k + 2)w, —kw)
—CF((k+ Dz, (k+ 1)y, (k+2)z, (k+ 2)w)
—CF((k + Va, (k + 1)y, —kz, —kw) — CF(—kx, —ky, (k + 2)z, (k + 2)w)
—CF(—kx,—ky, —kz, —kw)] =

Choose k € A,NA,NA,NA,,, for the case x, z, w # 0 with z + w # 0, then

CF(z,—x,z,w)
(k+2)(z+w) —k(z+ w))
2 ’ 2

—%[CF((k; D)2, —ka, (b + 2)2, —kz) + CF((k + 1)z, —ka, (k + 2)w, —kw)
+CF(—(k+ 1)z, kz, (k+2)z, —kz) + CF(—(k + 1)z, kz, (k + 2)w, —kw)
—CF((k+ D, kx,(k+2)z, (k+2)w) — CF((k+ 1)z, kx, —kz, —kw)
—CF(—(k+ Dz, —kz, (k+ 2)z, (k + 2)w)
—CF(—(k+ 1)z, —kx, —kz,—kw)] = 0,

CF(z,0,z,w)

= CF((2k + Dz, —(2k + 1)z,

(k+2)(z +w) —k(z+ w))
’ 2

= CF((2k + 1)z, —2kz,

—%[CF((k; + 1), —ka, (k +2)7, —k2) + CF((k + D), —kz, (k + 2)w, —kw)
+CF(kx,—kz, (k4 2)z,—kz) + CF(kz, —kz, (k + 2)w, —kw)

—CF((k+ D, kx,(k+2)z, (k+2)w) — CF((k+ 1)z, kx, —kz, —kw)
—CF(—kx,—kz, (k4 2)z, (k + 2)w) — CF(—kz, —kz, —kz, —kw)| =

Similarly we can show that C'F(x,y, z,w) = 0 for the other cases. O

Lemma 3.2. Let A, I be as in Lemma 3.1. Then there exists a unique Cauchy-
Jensen map F' : X x X — 'Y satisfying the equality

Fl(z,y) = F(z,y)

for all x,y € X\A.
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Proof. Let F' : X x X — Y be another Cauchy-Jensen map satisfying the equality
Fl(z,y) = F(z,y)

for all z,y € X\ A. Choose n € A, N A, for the case z,y # 0, then

Fla,y)~ Fe,y) = [CF((n+ e, —nz, (n-+ 2)y, ~ny)
—CF'((n+ 1)z, —nz, (n + 2)y, —ny)] = 0,
F(0,y) = F'(0,y) = %[CF(ny, —ny, (n+ 2)y, —ny)
—CF'(ny, —ny, (n + 2)y, —ny)] = 0,
F(z,0) — F(2,0) = %[CF((n +1)a, —na, ne, —na
(

for all z,y € X\{0} as we desired. O

Lemma 3.3. Let [ : X x X — Y be a mapping and let f': X x X —Y be the map
defined by

F'9) = fl.) = f(2,0) + 2 £(0,0)
for all x,y € X. Then

f(QSL’,O) - f(070>

f(x70)_f(070)_ 2 :Bl(:c,y),
Flay) - LB gy y)
10.9) — (0,0 - LOPZIOO gy
for all z,y,z,w € X\{0}, where
Bi(z,y) = i[—Cf(éxa %x Yy, —y)+ Cf(g:r, —%:r, y=y)
KO (G g, =) = CF (32, ~ 2.9, ~9)]
By(r.y) = é[—cm,az, 3y,9) + Cf (2,239, )~ Of (2 2,.9)

—Cf(llf,l’, Y, _y)] - Bl(x>y)>
By(r.y) = (1T ~r..5) ~ Cf(r,~2,y.~)
—Cf(l’, -, 3y7 y) + Cf(l’, -, 3y7 _y)]7

From Lemmas 3.1, 3.2 and 3.3, we have the stability result of a Cauchy-Jensen

mapping on the punctured domain.
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Theorem 3.4. Let A be as in Lemma 3.1. Let ¢ : X x X x X x X — [0,00) be a

function satisfying

<1 S
(3.1) > (2,2, 22, 2'w) < o0

[\V]
N

forallz,y,z,we X. If f: X x X —Y satisfies

(3.2) 1Cf(z,y, z,w)|| < @(z,y,2,w)
for all x,y,z,w € X\A, then there exists a unique Cauchy-Jensen mapping F :
X x X =Y such that

1
(3.3 I7e)

for all x,y € X\ A, where

f(0,0) = F(z,y)[ < @(x,y)

py) = ALY AT,

23 49
=0
1. 3 1 3 1
(pl(xvy) - 1[90(5%5%%—9)+¢(§xa—§xay—y)
olse, sa.,—y) + elae, —a.y, )]
902 72x7y7 Yy <P2xu 5 Yy Ys —Y) 1,
1
@2($7y) = g[go(at,x,?)y,y)+90(:L',x,3y,—y)+g0(x,x,y,y)

+S0($7x7y7 _y)] + Sol(zvy)

The mapping F : X x X —'Y is given by

1 . . 1 . 1
Pla,y) = lim o f(20,2y) + lim o f(22,0) + 5£(0,0)

j—00 J

forall x,y € X.

Proof. Let f') By, By be as in Lemma 3.3. Using Lemma 3.3 and (3.2), we get

||f(2nx70)'_(f(070>__ f(2n+1x70)'_(f(070>n _ ||£%(2nx72ny>n
omn gn+1 on
©1(2"x, 2"y)
on )
f'(2"z, 2ny) f’(2"“:6,2"“y)“ B HBz(T‘x,?"y)H
4n gn+1 An
w2 (2", 2"y)
An )
’|f(072ny)'_(f(0?0)__ f(0a2n+1y)'_ f(O?O)H _ H133(2nx72ny)n
mn gn+1 on
p3(2"x, 2"y)
on

IN

IN

IN
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for all x,y € X\ A, where

1
303(x7y> = Zi‘ﬂ(%—xayay)+<P(337—33,y,—y)

+S0(I7 -, 3'3/, y) + QO(I’, -, 3'3/, _y)i

For given integers I,m (0 <1 < m), the inequalities

2le 0) — (0.0 9ma () m— 2] 2]
(3.4) Hf( ) )21 f(0,0)  f(2™a, 2)m Z .,
I Dyt

j=l

0,2) — £(0,0 0,27y) — £(0,0), _ T2 py(2iw,20
Hf(’ y)2l f(0,0)  f( y2)m f( )ng%’,(;j y)

i=l

hold for all z,y € X \A By the above inequalities and (3.1), the sequences

(272,0)— £(0,0) 02" 0,0) '(2ng,2ny
{f rznf( }{f( f( }’ {f( T

Since Y is complete, the sequences

} are Cauchy sequences for all x y e X.
{f2":c0 f(OO} {f02” 00} {f (22"

D1 con-
verge for all z,y € X\ A. Since
J J
im 7200 _ oy 102
j—o00 4.] j—00 4.]

for all z,y € X, we can define F, F5 : X x X — Y by

=0,

f(272,0)
27

f(29z,29y)
x;

Fi(z,y) == lim;_ . oz, y) = limj_

for all z,y € X. Putting [ = 0 and taking m — oo in (3.4) and (3.5), one can obtain

the inequalities
| £(2,0) = £(0,0) = Fi(w, )| < X2, 28522,
If(z.y) = F(2,0) + 2£(0,0) — Fy(x,y)]| < Y2, 222y

)+
for all z,y € X\ A. Using (3.2) and the definitions of F, F5, we have

1 n n n n
CF(x,y,z,w) = nh_)Ir;O TS (2C f(2"x, 2"y, 2"z, —2"2)
—Cf(2"x, 2"z, 2"z, —2"2) — C'f(2"y, 2"y, 2"z, —2"2)) = 0,
Cf(2rx, 2™y, 2"z, 2"
CFy(x,y,z,w) = lim f(2, 2"y, 2"z, 2"w)

n—oo 4n

=0

for all x,y,z,w € X\A. Since

1
1 (2, y) = 3 £(0,0) = Flz. )| < [If'(z,y) — Falz, y)l|
F' is a Cauchy-Jensen mapping satisfying (3.3) by Lemma 3.1, where

F(S(I,y) = Fl(x7y> + F2(x7y)
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for all z,y € X. Now, let F/ : X x X — Y be another Cauchy-Jensen mapping
satisfying (3.3). By Lemma 2.1, we have

1F (2, y) = F'(z, y)
ey
4n

(o — ) = P2, ~2y) + (F — F) (2w, 2')]|
I(F — f)(@"a, 2'9) + 50, 0)] + |(f ~ F)(@"w,2'9) ~ 1£(0,0)]

<
< -
I(F = £)(2"2, ~2") + 47(0,0)] + |/ — F)(2"s, ~2") — L(0,0)
+ gn+1
I(F — £)(=2"2,2%) + 47 0,0)]| + |/ = F)(=2",2") — L(0,0)]
+ on+1
S 2P 2) + o [P ~2"y) + p(2', 2")]

forallm € Nand x,y € X\ A. Asn — oo, we may conclude that F(z,y) = F'(z,y) for
all z,y € X\A. By Lemma 3.2, F(z,y) = F'(z,y) for all z,y € X as we desired. O

Corollary 3.5. Let X be a normed space and B = {x € X|||z|| < 1}. If a mapping
f: X x X =Y satisfies the inequality

1CF (2, y, 2, w)|| < O([]|” + [ly[[” + [1[]” + [Jw]]”)

for all x,y,z,w € X\B with fized real numbers p < 1 and 6 > 0, then there exists a
unique Cauchy-Jensen mapping F': X x X — Y such that

34 3P 2(34+2-20 437 4
I = Fanl < (o + g el + (o

8
9 p
ol

for all z,y € X\B.

Theorem 3.6. Let A be as in Theorem 3.4 and let ¢ : X X X x X x X — [0,00) a
function such that

lim  p(z,y,z,w) =0

(x7y7z7w)_)oo

for all x,y,z,w € X. Let f: X x X — Y be a mapping satisfying (3.2) for all
x,y,z,w € X\A. Then f is a Cauchy-Jensen mapping.

Proof. Let ¢, F' be as in Theorem 3.4. Using (3.2), (3.3) and the equality

£(0,0)
3

— F(0,0) :%[Cf(k:a:,—ka:,ky,—ky)+(f—F)( ka, —ky) — {%0

+(f = F)(kx, —ky) — +(f = F)(kz, ky) — £92
+(f — F)(—kz, ky) — f<°° — CF(kx, —kz, ky, —ky)]
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for all z,y # 0 and k € N, we get

Hf(O,O)
3

= F0,0) < 3lelke, —kz, ky, —ky) + ¢(—kz, —ky)
+@(kr, —ky) + ¢(kz, ky) + o(—kx, ky)]
for all x,y # 0 with kx, ky ¢ A. As n — oo, we have
f£(0,0) =3F(0,0)=0
and
[z, y) = Fz,y)l < @(z,y)

for all z,y € X\ A. Similarly, using (3.5) and the inequalities

%[Cf((k: + 1)z, —kz, (k + 2)y, —ky)

+(f = F)(—kx, —ky) + (f = F)((k + 1)z, (k + 2)y)
+(f = E)((k + D, —ky) + (f — F)(—kz, (k+2)y)
—CF((k+ V), —kz, (k+ 2)y, —ky)],

f(a:,y)—F(x,y) =

F,0) = Fw,0) = S[OF((k+ V)a, —kr, ky, —ky) + (f ~ F)(~hz, k)
+(f = E)(k+ Va, —ky) + (f = F)((k + 1)z, ky)
(f = F)(—ka, ky) — CF((k + 1)z, —k, ky, —ky)],

FO.9) = F0.5) = IO, ~k, (6 +2)y, —ky) + (f — F)(~kz, ~ky)
(f = F)(ke, —ky) — CF(kz, —kz, (k +2)y, —ky)

+(f = F)(kz, (k4 2)y) + (f — F)(—kz, (k + 2)y)]
for all x,y # 0 and k € N, we easily get

f(r,y) = F(z,y), f(z,0)=F(z,0), f(0,y)=F(0,y)

for all z,y # 0 as we desired. O

Corollary 3.7. Letp <0 and let f: X x X — Y be as in Corollary 3.5. Then f is
a Cauchy-Jensen mapping.
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