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ABSTRACT. In this paper we investigate a nonlinear integral equation of Volterra type on an
unbounded interval. We show that under some assumptions our equation has solutions belonging
to the space of bounded and continuous functions on R;. The main tool used in our study is the

technique associated with the measures of noncompactness.
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1. INTRODUCTION

It is well known that integral equations have many useful applications in describ-

ing numerous events and problems of the real world (see, for example, [1, 6, 7, 8, 9]).

The purpose of this paper is to consider the existence of solutions for the following

nonlinear integral equation of Volterra type

(1.1) 2(t) = (Tya)(t) + (Th)(t) /0 ult, s, x(s))ds, >0,

where T3, Ty are given operators on certain space of functions defined on R, u is
a continuous function while z is an unknown function. We show that under some
assumptions Eq. (1.1) has a solution being continuous and bounded on R,. The

result obtained in the paper generalizes several ones obtained earlier [5, 10].

2. PRELIMINARIES

This section is devoted to collect some definitions and auxiliary results which will

be used in the sequel.

Assume that (E, || -||) is an infinite dimensional Banach space with zero element
0. Denote by B(z,r) the closed ball centered at x and with radius r. The symbol B,
stands for the ball B(6,r).

If X is a nonempty subset of £ we denote by X, ConvX the closure and the

closed convex closure of X, respectively. The family of all nonempty and bounded
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subsets of E is denoted by 9g and by Mg its subfamily consisting of all relatively

compact sets.

We use the following definition of the concept of measure of noncompactness [4].

Definition 2.1. A mapping p : 9Mp — R, is said to be a measure of noncompact-

ness in the space F if it satisfies the following conditions:

The family ker p = {X € Mg : u(X) = 0} is nonempty and ker up C Ng.

X CY = puX) < pY).

p(ConvX) = pu(X).

u(X) = pu(X).

pAX + (1 =A)Y) < Ap(X)+ (1= MpY) for A € [0,1].

If (X,) is a sequence of closed sets from Mg such that X, 3 C X, forn=1,2,...
and if lim,,_ 1(X,,) = 0, then the set Xo, = () —, X, is nonempty.

AR AT o

The family ker ;1 described in 1 is called the kernel of the measure of noncom-

pactness [i.

A measure p is said to be sublinear if it satisfies the following two conditions:

7. p(AX) = [A|pu(X) for A € R.
8. u(X +Y) < u(X)+ p(Y).

Further facts concerning measures of noncompactness and their properties may
be found in [4]. For our further purposes we will only need the following fixed point
theorem [4].

Theorem 2.2. Let € be a nonempty, bounded, closed and convex subset of the Banach
space E and let F': Q@ — Q be a continuous operator such that p(FX) < ku(X) for
any nonempty subset X of Q, where k € [0,1) is a constant. Then F' has a fized point
in the set €.

Remark 2.3. An operator F satisfying the assumptions of Theorem 2.2 is called a

Darbo operator with constant k& with respect to the measure of noncompactness p.

Remark 2.4. Under the assumptions of the above theorem it can be shown that the

set Fix(F) of fixed points of F' belonging to €2 is a member of the kernel ker p.

In the sequel we will work in the Banach space BC(R, ) consisting of all real
functions defined, bounded and continuous on Ry. The space BC(R,) is equipped

with the standard norm
|z]| = sup{|=()] : t > 0}.

Now we recollect the main facts about some measure of noncompactness in the

space BC(R;) which will be used in the paper. This measure was introduced in [2].
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To do this let us fix a nonempty bounded subset X of BC'(R,). Fore > 0,7 >0
and x € X, denote by w?(z,¢) the modulus of continuity of the function z on the
interval [0, 7] defined by the formula

wh (x,¢) = sup{|z(t) — 2(s)| : t,s € [0,T], |t —s| < e}
Further, let us put
w? (X, e) = sup{w” (z,¢) : x € X},
wf (X) = lingu (X, ),
wo(X) :TlijgowT(X).
For a fixed number ¢ > 0 we denote
X(t)=A{z(t): x € X}
and
diam X (t) = sup{|z(t) — y(t)| : x,y € X }.
Finally, let us define the function p on the family Mpor, ) by putting
(X)) = wo(X) + lim sup diam X ().

t—00
It can be shown [2] that the function p is a sublinear measure of noncompactness on
the space BC(R,). The kernel ker ;1 of this measure contains nonempty and bounded
sets X such that functions from X are locally equicontinuous on R, and the thickness

of the bundle formed by functions from X tends to zero at infinity.

3. MAIN RESULT

In this section, we will investigate the nonlinear integral equation (1.1). Our

considerations are placed in the Banach space BC(R,) described above.
We will consider Eq. (1.1) under following hypotheses:

(Hy) T; : BC(Ry) — BC(R4), (i = 1,2) are continuous and Darbo operators with
respect to the measure of noncompactness considered in Section 2 with constants

Q;, (1 =1,2). Moreover, there exist nonnegative constants ¢;, d;, (i = 1,2) such
that

|Thz|| < e +di]|z]] and ||Thx| < co +daflz|| for = € BO(R,),

(Hg) v : Ry x Ry x R — R is a continuous function and there exist continuous

functions a,b,v : R, — R, with ¥ nondecreasing such that
lu(t,s,z)| < a(t)b(s)y(|x]), for t,scRy and z€R
and

lim a(t) /Ot b(s)ds = 0.

t—o0
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Remark 3.1. Observe that based on the assumption (Hs) there exists the following

A = sup {a(t) /Ot b(s)ds : t > o} .

(H3) There exists rg > 0 such that

finite constant:

(c1 4+ diro) + (c2 + darg) Y(re) A < 1o
and, moreover, Q1 + Q2 ¥ (rg) A < 1.

Now we can formulate our existence result.

Theorem 3.2. Under assumptions (Hy)-(Hs) Eq. (1.1) has at least one solution x =
x(t) which belongs to the space BC(R,.).

Proof. Define the operator F' on the space BC(R,) by putting

(3.1) (Fz)(t) = (Ti2)(t) + (Tyx)(t) /0 ult, s,z(s))ds, t> 0.

Firstly, we will show that for an arbitrarily fixed z € BC(R,) the function Fz is

continuous on R.

By (H;), to do this it is sufficient to show that the function

(B:)s)(t):/o u(t, s, z(s))ds
is continuous.

Thus, fix e > 0, T'> 0 and ¢, ¢y € [0,T] such that |t; — t2| < e. Without loss of

generality we can assume that t; < t5. Then

(Bx)(t2) — (Bx)(t)| < /02u(t2,s,:c(s))ds—/01u(t1,s,x(s))ds

<

[ wttsssds = [t atsis

+ /0t1 u(ta, s, x(s))ds — /Ot1 u(ty, s, z(s))ds

< /t2 |u(t2,s,:z(s))|als+/O1 lu(ts, s, x(s)) — u(ty, s, x(s))|ds

< [ attpoulas)hds + [ ulE)ds

t1 0

T
< llajozyll - oozl - D (llzll) (t2 — 1) +w5(6)/0 ds

< a0zl - 2 (l|z]]) € +wl(e) T,

where

llajjo,r|l = sup{a(t) : t € [0, T},
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100,77l = sup{b(t) : t € [0, TT},

w, () = sup{lu(t, s,y) —u(t’,s,y)| : 1., s € [0, 7], [t —t'| <&, y € [z, | =]}-

u

Consequently
w'(Bz,e) < llajpall - ooyl - v (llzll) € + wy (e) T

Let us notice that wl(e) — 0 as ¢ — 0 which is a consequence of the uniform
continuity of the function w on the compact [0, 7] x [0,T] x [—| =], ||=]|]. This fact

gives us that

lim w’ (Bx,g) =0

and this says us that the function Bz is continuous on the interval [0,7]. As T is

arbitrary, Bx is continuous on R, and this proves that Fx is continuous on R,.

Moreover, taking into account the assumptions (H;) and (Hy) we derive the fol-

lowing estimate

|((Fz)(8)] < [(Tiz) ()] + |(T2:c)(t)|/0 |u(t, s, x(s))lds
< ||T193||+||T293||/0 u(t, s, 2(s))|ds
< (Cl+d1H$II)+(Cz+dz|le)/O a(t)b(s)y(|z(s)|)ds

< (er +du[z]]) + (e2 + da]|z]]) w(llxll)/0 a(t)b(s)ds
< (er 4+ dafl]]) + (2 + da|z]]) P([[]]) A

Thus F'z is bounded on R, .

Moreover the above estimate gives the following inequality
[Fz| < (e + dullz]l) + (c2 4 dal|z]]) &([|]]) A

In view of (H3) we have that F': B,, — B,,.

Now, let us take a nonempty subset X of the ball B,,. Fix ¢ > 0, T" > 0 and take
t1,ty € [0,T] such that |t; — 3| < e with t; < t3 and € X. Then, keeping in mind
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our assumptions, we can get

|(Fz)(t2) — (Fa) ()]

— (T12)(8) + (Toz) (1) / Ut 5, 2(s))ds

0

(M) () — (Tox)(t) /0 (s, 2(s))ds
< [(Thx)(t2) — (Thz) ()]

+ (D) () /0 Ut 5, 2(s))ds — (Taz)(t) /0 Uty 5, 2(5))ds

+ (D) (1) /0 “ults, 5, 2(s))ds — (Toz) (1) /0 Culte, 5, 2(5))ds

+ [(Tox)(t1) /Otl u(ta, s,x(s))ds — (Tox)(t1) /Otl u(ty, s, x(s))ds
<0 (T, €) +|(T0) () — (D)) [ .60
T )] [ fulte (o)
AT 0] [ ol 205D — a5, 060 s
< T (T,e) 4w (B, ) [ WD)

+ (c2 + dar) alts) /t 2 b(s)Y(|z(s)])ds + (ca + daro) /0 1 wy . (€)ds

to

< wh(Tyx,e) + wh (Thx,e) v(||z]]) a(ts) /0 b(s)ds

t1
+@+@mwwwmwmwmwmwww—mww@+@%ﬂﬁ4@/ s
0
< wT(Tlx, )+ wT(sza g) (ro) A
+ (e2 + daro) o, | - 11Bo,ll - (7o) & + 1wy, (e) T1,

where

wT (8> = sup{|u(t, Svy) - u(tlv Say)l : tutla s € [OvT]u ye [_T07T0]7 |t - tll S 8}

u,ro

and as u is uniformly continuous on the compact [0,7] x [0,T] x [—rg,ro] we have

that w,, (¢) — 0 as e — 0. The last estimate gives us that

w'(FX,e) <w'(Ti X, e) + w'(TuX, ) ¥(ro) A
+ (2 + daro) [Jlajorll - 1bjo,m|| - ¥ (7o) € + i, () T1.
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Taking limit as € — 0 we get
wy (FX) < wi (TiX) + wy (ToX) 1(ro) A
and finally passing to limit as 7" — o0,
(3.2) wo(FX) < wo(T1X) 4+ wo(T2X) ¢(rg) A.
Now, for z,y € X and for a fixed ¢ > 0, in virtue of our assumptions, we obtain

((Fz)(t) = (Fy) ()] < [(Th2)(t) — (Tay) (1))

T (ma) ) / ult, s,2(s))ds — (Toy) (1) / ult, 5,y(s))ds

< diam (77 X)(t)

—

+ (D)) /0 u(t, s, 2(5))ds — (Tay)(®) /0 u(t, 5, 2(s))ds

|0 / ult, s, 2(s))ds — (Tyy)(t) / ult, s, y(s))ds

< diam(TyX) (8) + | (Ty)(8) — (To)(0) / u(t, 5, 2(s))|ds

+ \(sz)(tﬂ/o u(t, s, x(s)) — u(t, s, y(s))[ds

t

< diam(71X)(t) 4+ diam(T5X)(t) ¥ (ro) a(t)/o b(s)ds

Fetdan) [ [ s a(o)lds+ [ fates v(s)ias]

< diam(71X)(t) 4+ diam(T5X)(t) 1 (ro) a(t)/o b(s)ds

t

+ (CQ + dg?"o) le(’f’o) CL(t) / b(S)dS

0

Hence we deduce that
t
diam(FX)(t) < diam(71X)(¢) + diam(75X)(t) ¥ (ro) a(t) / b(s)ds
0
t
+ (e + daro) 2¢0(10) a(t) / b(s)ds.
0
Now, taking into account our assumptions we get

(3.3) lim sup diam(F X)(¢) < lim sup diam(77.X)(¢).

t—o00 t—o0
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Now, linking (3.2) and (3.3) and, keeping in mind the definition of the measure of

noncompactness p in the space BC'(R,) given in Section 2, we obtain

p(FX) =wy(FX) + limsup diam(F X)(t)

t—o0

< wo(T1X) + wo(ToX) ¥(ro) A+ limsup diam(77.X)(¢)

t—o0

= (11 X) + wo(ToX) ¥(ro) A.
By (H;), as the operators 17 and T, are Darbo operators with constants @)1 and Qs,
respectively, we get
p(FX) < (i X) + wo(ToX) ¢(ro) A
< (T X) + u(T2X) ¢ (ro) A
< Q1 (X)) + Qo pu(X) Y(rg) A
= [@Q1 + Q2 ¢(ro) A] p(X).

Finally, we will show that F'is continuous on the ball B,,.

(3.4)

In order to do this let us fix ¢ > 0 and take a sequence (z,) C B,, and = € B,
with x,, — x. Then, for t € R, we get

(3.5)
[(Fay)(t) — (F) ()] < [(Thzn)(t) — (Thz)(2)]

+@ﬁ@@£u@a%@ﬂ&%ﬂ@@£u@&ﬂw%
< |[(Thzn)(t) — (Thz)(t))|

+ (Tgatn)(t)/o u(t,s,xn(s))ds—(Tgx)(t)/o u(t, s, z,(s))ds

+ (TQ:B)(IS)/O u(t, s,xn(s))—(Tgx)(t)/O u(t, s, z(s))ds

< [(Thn ) (t) — (Tr) (t)]

+ |(Town) (1) — (T2I)(t)|/0 |u(t, s, 2n(s))|ds

+ |(T2I)(t)|/0 lu(t, s, x,(s)) — u(t, s, z(s))|ds.

Next, using assumption (Hsy), we can choose a number 7' > 0 such that for t > T, the

following inequality holds

att) /ot bls)ds < min {67 Wol) +17 3-2¢(ro) ?02 + daro) } .

If we put

Wy 5 (€) = sup{Ju(t, s, x) —u(t,s,y)| : t,s € [0,T], x,y € [~ro, 70, | — y| < &}

u,To
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then the uniform continuity of u on the compact [0,7] x [0,7] x [—7¢, 7o) yields that
lim. o w,,,(¢) = 0 and this means that for € > 0 given there exists ¢ > 0 such that
if 0 < ¢’ < 6, then

o ()< —
wu’m( ) 3(02+d27’0)T

As x,, — x, for § > 0 there exists n; € N such that ||z, — z|| < /2, for n > ny.

Moreover, as T7 and 15 are continuous operators there exists ny € N such that

for n > ny

Ty, — Thz|| < %

g g
||T2In—T2I'|| < min{—, }
3" 3 lajonll - 10,1 - ¥ (ro) T

Now we take n > max{ni,ny} and we consider two cases:

1.Ift>1T.
2. Ift<T.

Case 1. In virtue of (3.5) we get
t
[(Fan)(t) = (Fa)(t)] < [[Tven — Thz|| 4 [[Toxn — Tox|| - ¢(ro) a(t)/ b(s)ds
0

+ (e + daro) 2¢0(10) a(t) /0 b(s)ds

¢(r0) (CQ + d27’0) Qw(’/’o) e

S ¢(T0) + 1 3-2 lp(’f’o) (CQ + dg?"o)

+

Wl M
Wl M

IA

€.

Case 2. In virtue of (3.5) we get
|((Fn)(t) — (Fa)(t)| < || Tven — Thal| + | Town — Tox|| - (o) - oyl - ogom | T

t
+ (02 + dg’l“())/ wim <g) ds
0

¢, g0 fagonll - ool T | € (e2+ doro) T
3 3 ||CL|[0’T]H . HbHQT} H . ¢(T0) T 3<C2 + dg?"o) T

€.

IA

IN

These facts prove that F' is continuous on the ball B,,.

Finally, taking into account (3.4), assumption (Hs) and Theorem 2.2 we infer

that the operator F' has at least one fixed point in B,,. This completes the proof. [

Remark 3.3. Theorem 3.2 can be proved using the Schauder fixed point principle
instead Darbo’s theorem. In fact, to do this we consider the set B,, appearing in the
proof of Theorem 3.2 and put B, = Conv(F(B,,)), B2 = Conv(F(B},)) and so on.

Observe that the sequence of sets (B} ) is decreasing i.e. Blt! C Bl forn=1,2,....
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Moreover the sets of this sequence are closed and convex. From this, in view of (3.4)
we get
1(B) < q" (B,

where ¢ = Q1 + Q2 (o) A.

Notice that by assumption (Hs) of Theorem 3.2, ¢ < 1. From this fact and the
last inequality we infer

25, 1 B) =0

Hence, taking into account the condition 6 of the definition of a measure of non-
compactness, we get that the set Y = ﬂ;ozl(B;t)) is nonempty, bounded, closed and
convex. Moreover, in view of the condition 2 in the Definition 2.1 and the fact that
limy, oo p£(B) = 0, the set Y is member of the ker y and, consequently, Y is relatively
compact subset of BC(Ry). We observe that the operator F' transforms the set YV
into itself. The proof that F' is continuous on Y is the same as that appearing in
Theorem 3.2.

Finally, taking into account all facts concerning the set Y and the continuity of
the operator ' : Y — Y, the Schauder fixed point principle says us that F' has at
least one fixed point in Y, being a solution of Eq. (1.1).

4. FURTHER DISCUSSIONS, REMARKS AND EXAMPLES

This section is devoted to discuss and to give some examples in connection with

our main result proved in the previous section.

Remark 4.1. Let f : R, xR — R be a continuous function and such that t — f(¢,0)

is an element of BC (R, ) and suppose that there exists a constant k such that
[f(tx) = f(ty)] < kle—y| for zyeR.

Then the operator T' : BC(Ry) — BC(R,) defined by (Tx)(t) = f(t,z(t)) is a
Darbo operator with respect to the measure of noncompactness p defined in the

Section 1.

In fact, it is easily seen that if z € BC(R,) then, by our assumptions about f,

Tz is continuous on R, . Moreover, if z € BC(R,), then

(Tz) ()] = |f(t, z@)] < |f(t, (@) = f(£,0)| + [f(£,0)| < klz()] + [ f(t,0)]
and this proves that 7" transforms BC(R, ) into itself.
In what follows we prove that 1" is a Darbo operator.

Let X be a nonempty bounded subset of BC(R,) and z,y € X, t € R, then we

obtain

((T)(t) = (Ty) ()] = £, 2(t)) = [t y(0)] < klz(t) = y(?)]
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and this gives us
diam(Tz)(t) < k diamX (t)

and, consequently

(4.1) lim sup diam(7'z)(¢) < klimsup diam X ().

t—o00 t—o0

On the other hand, for T'> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have
(Tz)(t) — (Tx)(p)| = [f(t, 2(t) — f(p, x(p))]
< [f(t,2(t) = £t x(p)| + [f(£,2(p)) — f(p, x(p))]
< kla(t) — x(p)| +wy (¢),

where wi(e) = sup{[f(ti,x) — f(ta,9)| : ti,t2 € [0, 7], [t —ta] < &, w,y €
(=X [ X} and [| X = sup{[[z[| : = € X}.

Notice that as f is uniformly continuous on [0, T x [— || X ||, [| X[}, lim.o w} (¢) =

Taking into account the above mentioned facts and the last inequality, we get
w'(TX,e) < kw’(X,e) + w?(s)

and taking limit as ¢ — 0,

Wl (TX) < kuf (X)
and, finally, taking limit as T — oo
(4.2) wo(TX) < kwo(X).
Now, linking (4.1) and (4.2) we have

w(TX) < kp(X)

and this proves that 7" is a Darbo operator with constant k.

Functions f satisfying conditions appearing in Remark 4.1 are used in the papers
[5, 10] and, consequently, our theorem generalizes the results of these papers in some

particular cases (for example, when m(¢) is a bounded function, see [5, 10]).

In the paper [3] it is used a function f : Ry x R — R continuous and such that
there exist positive constants L, M with M < L and
Mz —y|
ta)— flt,y)| < — 7
(t.2) = ) < ol

and t +— f(¢,0) is a bounded function.

for z,yeR

In this case, this function can be considered as a particular case of the functions

appearing in Remark 4.1, in virtue of

M|z — y| M

|f(t,z) = ft,y)] < [ r— < f|x—y\
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and, consequently, the result proved in [3] is a particular case of our Theorem 3.2.

Now, we present some examples of Darbo operators which can be used in our
Theorem 3.2.

Example 4.2. Let ¢ : R, — R, be a continuous nondecreasing function with

bounded derivative and lim,_., ¢(t) = co. Consider the composition operator:
T, : BC(Ry) — BC(R4),

defined by (T,z)(t) = xz(p(t)). Obviously, T,, transforms BC(R ) into itself.
In what follows we prove that 7T, is a Darbo operator.

In fact, let X be a nonempty bounded subset of BC'(R,) and z,y € X, t € R,

then we have
(Tox) (1) — (Toy) ()] = |2 () =y ()]
From this we get
diam(7,X)(t) < diamX (¢(¢))

and as lim;_, p(t) = oo, we obtain

(4.3) lim sup diam(73,X)(¢) < limsup diamX (¢(¢)) = lim sup diam X (¢).

t—o0 t—o00 t—o0
On the other hand, for "> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have
(4.4) [(Tox)(t) — (Tox)(p)| = |z(e(t) — 2(e(p))]-

As ¢ has bounded derivative, we put h = sup{|¢/(t)| : t € R} and the mean value
theorem gives us that |o(t) — ¢(p)| < h|t — p|. Notice that ¢ is a nondecreasing and
nonnegative function and ¢,p € [0, T] then p(t), p(p) € [0, p(T)] and (4.4) gives us

wl (T,a,e) < w?D(x, he).
Taking supremum in z € X

wh (T, X, ) < w? T (X, he),
and taking limit as ¢ — 0

wi (T,X) < wi™(X).
Finally, taking limit as 7" — oo and keeping in mind that lim,_.., ¢(t) = co we obtain
(4.5) wo(TpX) < wo(X).
Now, linking (4.3) and (4.5) we get
W(T,X) < ()

and, consequently, T, is a Darbo operator with constant £ = 1.

An example of function ¢ is p(t) = In(t + 1).
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Example 4.3. Consider the composition operator appearing in Example 4.2 with
©(t) = t2. Notice that the derivative of ¢ is not bounded.

In this case, we will prove that T, is also a Darbo operator. Obviously, T,
transforms BC(R) into itself.

Let X be a nonempty bounded subset of BC'(R,) and x,y € X, t € R, then

(Tp2)(t) = (Toy)(t)] = |2(t?) — y(t?)].
This gives us
diam (7, X)(t) < diamX (%)

and, consequently,

(4.6) lim sup diam(7,X)(t) < lim sup diam X (#*) = lim sup diam X (¢).

t—o0 t—o0 t—o0

On the other hand, for "> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have
(Tp2)(t) — (L) (p)| = |2(t?) — 2 (p?)].

As |t? —p*| = |t +p| |t —p| <2T |t — p| we obtain

w' (Tyz,¢) < w™ (z,2T¢)
and this gives us

w (T, X, ) < w (X, 2T¢).
Taking limit as ¢ — 0

wg (T,X) < wi (X)
and taking limit as T" — oo
(4.7) wo(TpX) < wo(X).
Finally, linking (4.6) and (4.7)
W1, X) < ju(X)

and this proves that T, is a Darbo operator with constant k = 1.

The condition about the boundedness of derivative of ¢ can be changed by the

following condition:

o(t) — ()l < e(T)[t —pl|, for t,pel0,T]

and the Example 4.2 would work for our purposes. (An example of such functions is
p(t) =€)
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Example 4.4. Let ¢ be a continuous and bounded function on R, and we consider
the multiplication operator 7% : BC'(R,) — BC(R.) defined by (T%x)(t) = x(t)p(t).
Obviously, T% transforms BC(R.) into itself.

In order to prove that T% is a Darbo operator we take a nonempty bounded
subset X of BC(R,) and z,y € X, t € Ry then

[(T72)(t) — (T%y) @) = le@)] - |[2(t) —y(@)] < [lell - |l2(t) — ()|
and this proves that

(4.8) lim sup diam (7% X)(t) < |||l lim sup diam X ().

t—o00 t—o00

On the other hand, for T'> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have
[(T¥x)(p) = (T72)(1)| = [e(p)(p) — () (t)]
< le(p)z(p) — eP)x(t)] + [e(p)x(t) — @(t)x(t)]
< le@)l - |2(p) — x(t)] + [z@)] - lo(p) — @(1)]
< el - |z(p) = 2(®)] + [|2]] - w (),
where w] (¢) = sup{|o(t1) —@(ta2)| : t1,t2 € [0,T], [t1—t2] < e}. Obviously, w) () — 0

as ¢ — 0.

The last inequality gives us
w (T%z,¢) < [lpllw’ (z,) + [lx]wg (e)
and, consequently,
wh(T9X. ) < pllw" (X, €) + | X [Jwg (e).
Following the same steps that in Example 4.3 we get
(4.9) wo(T?X) < |[epllwo(X).
Finally, linking (4.8) and (4.9)
p(T7X) < lepllo(X)
and this proves that 7% is a Darbo operator with constant k& = ||¢||.

Example 4.5. Let ¢ : R — R be a Lipschitz function. Consider the operator
L, : BC(Ry) — BC(R,) defined by

(Loz)(t) = (¢ 0 z)().
Obviously, if z is continuous on R, then ¢ o x is also continuous. Moreover, if x is

bounded on R, as ¢ is continuous on R, , ¢ o x is bounded.

In what follows we prove that Ly is a Darbo operator.
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Let X € BC(R,) be a nonempty bounded subset and x,y € X, t € R, then
|[(Lox)(t) — (Loy) ()] = (@ 0 2)(t) — (¢ 0 y)(t)]
= [(¢(z(t)) — (o(y(1))]
< Mlz(t) — y(t)],
where M is the Lipschitz constant of ¢.
Consequently,
diam(LsX)(t) < MdiamX (t)
and this implies that
(4.10) lim sup diam(Ly X ) (t) < M lim sup diam X ().

t—o0 t—o00

On the other hand, for "> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have

[(Lox)(p) — (Lez)(t)| = [(¢(x(p)) — (¢(x(t))] < Mlz(p) — x(t)]
and this gives us that
wh (LgX,e) < Mw' (X, ¢).
Consequently,
(4.11) wo(LyX) < Mwo(X).
Finally, linking (4.10) and (4.11)
1(LeX) < Mp(X)

Notice that examples of functions ¢ are: ¢(t) = sint, ¢(t) = arctant and ¢(t) =
i
14 [t]

Example 4.6. Let ¢ : Ry — R be a continuous function such that / lo(s)]ds < oo.
0
Consider the operator I, : BO(R;) — BC(R,) defined by
t
()0 = [ alo)els)as
t

/2
In view of our assumptions it is easily seen that I, transforms BC(R. ) into itself.

Now, we will show that I, is a Darbo operator.

In fact, let X € BC(R,) be a nonempty bounded subset and z,y € X, t € R,
then we have

|[(Lp2)(1) = (o) ()] = /t x(S)@(S)ds—/ y(s)p(s)ds

/2 t/2

< / 15(s) — y(s)]|0(s)|ds

t/2

t t
< e -yl / o(s)|ds < 2/|X] / o(s)|ds,
t/2 t/2
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where || X|| = sup{||z| : z € X}.
This gives

diam(I,X)(t) < 2| X| /W o(s)ds

and, as / lp(s)|ds < oo, we get
0

t

lim sup diam (7, X)(¢) < 2[|.X]| tlim lp(s)|ds = 0.

t—o0 t/2
On the other hand, for T'> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have
D t
()~ 1)O] = | [ a(s)ots)s — [ a(s)ols)is|-
p

/2 t/2
Without loss of generality we can suppose that ¢ < p. Then

P p/2
(L) (p) — (L)(1)] = / £(s)p(s)ds — / 2(s)p(s)ds

[ reas+ [ roreas

[ ateetsias - [ " e()e(s)ds

/2

P p/2
< |l [ / p(s)]ds + [/2 Iw(5)|d8]

< llll [lleomll (v = &) + leporll(p/2 = t/2)]

3
< ll=lllliomllze:

where [0l = sup{|ip(s) : s € [0, 77}.
Consequently,
3
w'(I,X, ) < elllleiomllize

and this gives

we (I,X) = 0.
This proves that I, is a compact operator and thus, a Darbo operator.
1
Examples of functions ¢ are: o(t) = e and ¢(t) = e

Example 4.7. Let ¢ € BC(R,) be a fixed function. Consider the operator M, :
BC(R,) — BC(R,) defined by

(M) () = max(z(t), (1))-
Obviously, M, transforms BC(R. ) into itself.

Now, we prove that M, is a Darbo operator.
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In fact, let X C BC(R,) be a nonempty bounded subset and x,y € X, t € R,
then
|(Mya)(t) — (Mpy)(t)| = | max(x(t), ¢(t)) — max(y(t), ¢ (t))].

We can distinguish several cases:

1. max(z(t), p(t)) = z(t) and max(y(t), p(t)) = y(t).
2. max(z(t), p(t)) = x(t) and max(y(t), ¢(t)) = p(t).
3. max(z(t), p(t)) = ¢(t) and max(y(t), ¢(t)) = y().
4. max(xz(t), ¢(t)) = ¢(t) and max(y(t), ¢(t)) = ()

Case 1. In this case |( )
Case 2. In this case |(M,x)

Notice that ¢(t) < z(t)

Consequently, |x(t) — ¢(t)] = d(x(t), o)) < d(x(t),y(t)) < |2(t) —y(t)], and
[(Myz)(t) — (Mpy)(t)] < [x(t) — y(t)] < diam X (2).
Case 3. It is analogous to case 2.

Case 4. In this case |(M,z)(t) — (M,yz)(t)| = 0.

In summary, we have that

[(Mpz)(t) — (Myy)(t)| < diam X (t)
and this gives
diam(M,X)(t) < diamX (¢)

and, consequently,

lim sup diam (M, X )(¢) < lim sup diam X (¢).

t—o00 t—o0

On the other hand, for "> 0, ¢ > 0, t,p € [0,T] with |t — p| < e and € X we have

[(Mp2)(t) — (Mpx)(p)| = | max(z(t), ¢(t)) — max(x(p), ¢(p))]

We can distinguish several cases:

L. max(z(t), p(t)) = z(t) and max(z(p), p(p)) = z(p)-
2. max(x(t), p(t)) = (1) and max(z(p), v (p)) = #(p)-
3. max(z(t), p(t)) = ¢(t) and max(z(p), ¢ (p)) = (p).
4. max(x(t), p(t)) = ¢(t) and max(x(p), v (p)) = ¢(p)

Following the same argument that we use for diameter it is easily proved that
wh (Mg, e) < max{w’ (z,¢), w” (¢, )}
the last inequality gives us that

wT<MS0x7 8) S wT('ru 6) + wT<307 8)
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and this implies that
wh(M,X,e) <w'(X,e) +w’(p,¢).
As  is continuous we obtain
wp (M, X) < wy (X)

and, thus,
’UJ(](MSDX) S wo(X)

An interesting case appears when ¢ = 0 and in this case

+

M,z = max(z,0) = 2™ (positive part of x)

Remark 4.8. In our Theorem 3.2 we use the condition ||Tz|| < ¢+ d||z|| for z €
BC(R;). Notice that this condition is satisfied when |(T'z)(t)| < ¢ + d|z(t)] for
teR,.

The following example proves that these conditions are not equivalent.

We consider the Darbo operator given in Example 4.3, i.e. (Tx)(t) = z(t?).
Obviously, ||[Tz|| < ||z||.

Now we suppose that there exist nonnegative constants ¢ and d such that |(Tx) ()] <
¢+ d|z(t)| for every € BC(R,) and t € R,.

We consider the function

1

—(max{c,d} +1)(t—2), 0<t<4
o= [t dr £ 12
max{c,d} + 1, t> 4.

Obviously, x € BC(R,) and |(Tz)(2)| = |z(4)| = max{c,d} + 1 > ¢+ d|z(2)| = c.

Remark 4.9. Following the definition in [5] the asymptotic stability of a solution
x = z(t) of Eq. (1.1) will be understood in the following sense:

For € > 0 given there exist 7' > 0 and r > 0 such that if z,y € B, and z = z(t),
y = y(t) are solutions of Eq. (1.1) then |z(t) —y(t)| < e fort > T.

Taking into account Remark 2.4 and the description of the kernel of the measure

of noncompactness p given in Section 2, we infer easily from the proof of Theorem 3.2

that any solution of Eq. (1.1) which belongs to the ball B,, is asymptotically stable.

Remark 4.10. If (T1z)(t) = h(t), (Toz)(t) = 1 and u(t, s,z) = p(s)z(s) with ¢ :

R, — R, continuous, our Eq. (1.1) reduces to
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In this case we can obtain uniqueness of the solution in the ball B,,. In fact, if
x = z(t), y = y(t) are solutions of our Eq. (1.1) then, for ¢ € [0,7], where T" > 0 is

fixed, we obtain )
z(t) — y()] < /0 p(s)|z(s) —y(s)|ds

and Gronwall inequality [11] gives us |z(t) — y(t)| = 0 and, consequently, x(t) = y(¢)

in [0, 7] and, as T is arbitrary, this gives us the uniqueness of the solution in B,,.
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