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equation with strong damping and nonlinear boundary memory damping term. Moreover, we discuss

the uniform decay of the solution.
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1. INTRODUCTION

This manuscript is devoted to the existence and uniform decay rates of the energy
of solutions for the nonlinear viscoelastic problem with strong damping and nonlinear

boundary memory damping term:

(|ut|putt—ﬁAutt—Au—Aut =0 in ) x (0,00),
(1) u=20 on I'y x (0,00),
[l 4 Qu g ur g gy — fo (t — 7)|u(7)|Yug(T)dT  on T’y x (0, 00),
u(z,0) = uo(x), ur(z,0) = uy(x) for x € Q,

where € is a bounded domain of R with C? boundary I' = 0 such that I' = ', UT';,
I'oNTy =0 and Iy, I'; have positive measures and v denotes the unit outer normal

vector pointing towards 2. Here 7, p is a real number such that
1
(1.2) 0 <7, p§—2 ifn>3o0ry, p>0ifn=12
n JR—

£ > 0 and g represents the kernel of the memory term which will be assumed to decay

exponentially.

Problem related to the equation
(13) f(ut)utt — Au — Autt =0
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are interesting not only from the point of view of PDE general theory, but also due
to its applications in Mechanics. For instance, when the material density, f(u;) is
equal to 1, Equation (1.3) describes the extensional vibrations of thin rods, see Love
[13] for the physical details. When the material density f(u;) is not constant, we are
dealing with a thin rod which possesses a rigid surface and whose interior is somehow
permissive to slight deformations such that the material density varies according to

the velocity.

On the other hand, it is important to observe that similar equations to the one

given in (1.3) arise in the study of viscoelastic plate with memory, more precisely
t
(1.4) iy + A2 — Auyy — / ot — ) A2u(r)dr = 0.
0

The existence of global weak solutions to problem (1.3), in the degenerate case,

that is, when we have the equation
K(.Z’,t)utt — Au + F(U) — Aut =0

and K can vanish, was studied by Ferreira and Pereira in [6]. More recently, Ferreira
and Rojas Medar [7] studied the existence of weak solutions to problem (1.1) when
g = 0, in non-cylindrical domains. However, no uniform decay result was presented

in Reference [6] and in Reference [7] only an existence result was studied.

Concerning the study of plates, there is a substantial number of papers dealing
with Equation (1.4). In this direction, we can cite the work of Lagnese [11], who
studied the viscoelastic plate equation and showed that the energy decays to zero
as time goes to infinity by introducing a dissipative mechanism on the boundary of
the system and the work of Munoz Rivera et al. [18], who proved that the first and
second order energy, associated with the solutions of the viscoelastic plate equation,
decay exponentially provided the kernel of the memory also decays exponentially, that
is, when the unique dissipation mechanism is given by the relaxation function. The
combination of memory effects and dissipative mechanisms was already introduced
by the authors for the wave equation in the works [1, 2, 4, 5, 8-10, 14-17, 20].

To the best of our knowledge, this is the first result dealing with Equation (1.3)
subject to viscoelastic effects and presenting uniform decay rates. Therefore, our
results are interesting to be studied even considering a nonlinear memory damping

terms acting in the boundary.

In order to obtain the existence of global solutions to problem (1.1), we use the

Faedo Galerkin method and in order to get the uniform decay rates of the energy

E(t) = —

’ ﬁ , 1 1
= ol OIS+ SIVE O + IV + Fle®l,

we use the perturbed energy method, see Zuazua [20].
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Our paper is organized as follows. In Section 2 we give some notations, assump-
tions and state our main result. In Section 3 we obtain global existence for weak

solutions and in Section 4 we derive the uniform decay of the energy.

2. ASSUMPTIONS AND MAIN RESULT

We begin by introducing some notations that will be used throughout this work.
Let us consider the Hilbert space L*(f) endowed with the inner product and the

corresponding norm

(u, v) = /Q w(@)o(@)de,  (u,v)r, = /F w(ap()ar,

]l :/r u(x)[Pdz,  lulloo = l[ull Lo (@)-
0
Let V={ue H(Q);u=0o0nT}.

Throughout the article, we assume always that the function g(-) satisfies the
following conditions:

(H.1) g; R™ — R" be a positive and bounded C! function such that

1—/ g(s)ds=1>0.
0

(H.2) There exists a positive constants mg, m; such that
—mog(t) < g'(t) < —mag(t), Vt=>0.

(H.3) Condition (H.2) implies the following condition of |¢'|:

There exists a positive constant ms such that
9'(t)] < mag(t), V€D, to].

We recall that the energy related with problem (1.1) is given by

1 , B 1 1
@1 B =l + IV O + 5 IVa@ + 5,

Now we are in a position to state our main result.

Theorem 2.1. Let ug, uy € V. Under assumptions (H.1)-(H.3), suppose that -, p
satisfy hypothesis (1.2) with p >~ and 3 > 0. Then, problem (1.1) possesses at least
a strong solution u : Q x (0,00) — R in the class

(2.2) u € L®(0,00; V), ' € L®0,00;V), u’ € L*0,00;V).
Moreover, the energy determined by the solution u possesses the following decay:
E(t) < 317'E(0) exp ( — %Cgt), forallt >0 ande € (0,g),

where Cy = Cy(p, £(0), B) and g = €o(p, £(0),m1, [|g||L1(0,00)) are positive constants.



608 J. Y. PARK AND J. A. KIM

Remark. When g = 0, following the calculations of Section 4, we obtain expo-

nential decay rates given by
E(t) < 3B(0)exp ( — %Cgt), forallt >0 and e € (0,2,
where Cy = Csy(p, E(0)) and gy = go(p, E(0)).

3. PROOF OF THEOREM 2.1

In this section we are going to show the existence of solution for problem (1.1)
using Faedo-Galerkin’s approximation. For this end we represent by {w;};en a basis
in V' which is orthonormal in L*(2), by V,, the finite dimensional subspace of V/

generated by the first m vectors.

Next we define u,,(t) = X7, gjm (t)w;, where u,,(t) is the solution of the following

Cauchy problem:
(3.1) (I[Pt w) + B(Vitgy, Vo) + (V, V) + (Vi Vo) + (tm, w)r,

_ / 9t = 7 ([ () (), W)y, w0 € Vi,

with the initial conditions,

(3.2) U (0) = uom = Z(uo, wij)w; — uy in 'V,
j=1

u, (0) = Uy, = Z(ul,wj)wj —uy, in V.
j=1

Note that we can solve the system (3.1) and (3.2) by Picard’s iteration method. In
fact, the problems (3.1) and (3.2) have a unique solution on some interval [0,7},).
The extension of the solution to the whole interval [0, c0) is a consequence of the first

estimate we are going to obtain below.

3.1. A Priori Estimate I. Considering w = u/,(¢) in (3.1), assumption (H.3) yields

d 1 ! p+2 ﬁ / 2 1 2 1 2
33) (gl + IV + 51 Vun P + )7,

1 ! ! !
+ ——g(O)Jum®15 5, / g(t — T)||um(7)||3i§7r0d7> + ||V, ()]
v+ 2 0

= [ ot = D7) (O + 5 Ollan O 5,
9O 0.6 (O, + [ 00 = DDy
+g0) (01752,

S/O 9t = ) ([t () (), (87 + — g () [t (8) 153 r,

7+2
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t
+ () ([um (O]t (1), i (1)) ry + mz/ g(t = )lun, (M 215 dr
0
+9(0) [y, (D735 1,
Note that Holder’s inequality and Young’s inequality [3] yields

(3.4) (I%(T)IV%(T),%@))FOS/ |y (T) fua, (1) 1T
T
i 1
< (f tup(ryprzar)
To
= [ (P17 2,04 40 (8) 42,06
<C ! Y+2 ! t Y+2
< Crm (T 352,00 + 0llu (O 42 0p0

1
where € (1) = (25) (k) 71, p = 22, g = 7 + 2

Using (3.4), we get

(3.5) /0 9t = ) ([t (7)1, (7), 113, (£) )T

uf (1))

To

t
< / g(t = D )y (P2 r, + el (DN, b7

t t
ICl(n)/O g(t = )l (D5 p, A7 + e, ()Hi’,iiro/o g(r)dr.

Since p > v, LPT?(Ty) — L7™*(Ty) and therefore we can obtain

(3.6)  nlll ()7 / g(r)dr < Ca(n) / g(r)dr +1 / g(r)dr |l (B)]2

p+2

where Cy(n) = 2)(kn(nzpfz))w2)ﬂ 7, k is a Sobolev embedding’s constant.

(=
Therefore, (3.5) and (3.6) yield
t

(3.7) gt = ) (s ()t (7)1, (8) )y A

0

< Ci(n) / 9(t — 7)o (D)2 dr -+ Col) / g(r)dr

t
+n / g(r)dr |l (B2,

Similarly applying Holder’s inequality, Young’s inequality and the result L/72(Ty) —
L72(Ty), we have
(38) 9O (un(®) um (), ur(t))ro < g(8) | [um ()] sy, (t)]dT

o
v+l

<g@)( [ fum(®P=2ar) (|

1
= g(0) [um (01132, 15 (D) 1420

< C3(mg (&) [um O3 2r, + 19O lun O3 2r,

1
[ (£) 72dT) T

1)
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< Cy(m)g()|[um(®)7 35 5, + Ca(mg(t) +ng(t)llug, ()52,
here Cy(n) = (21) (=g ) 741, Cu(n) = (23) (kn(22:) 2 ) o
where Cy(n) = (Z2) (=) 71, () = (£53) (hm(222) 545522,
Therefore, (3.3), (3.7) and (3.8) give

d 1 pr2 B , 5 1 5 1 9
39) 5 (g3 + IV O + SV )+ 5 (012,

1 t
OO, + [ 000 = DI dr) + 9 0

t
< (Cy() +my) / g(t = P72 o + GO [T,

+<Cg(7]) + )g(t>’|um(t)“;y/i§,1"o +Ca(m)g(t)

v+ 2

t t
L Cyn) / g(r)dr + ng (Dl ()72, + / g(r)dr | ()] 2

Integrating (3.9) over [0, ], choosing n > 0 sufficiently small , the result LF*%(Ty) —

L72(Ty) and employing Gronwall’s lemma we obtain the first estimate:
(310) [ Ol7E2 + IV, O + I V@I + lun(®1F, + 9O lun @),

t t
+ [ = DO B dr + [ 19,0 < 1,
0 0

where L; > 0 is independent of m, ug, u;.

3.2. A Priori Estimate II. Substituting w = u/ (¢) in (3.1), using Young’s inequal-
ity and the continuity of the trace operator vy : H'(Q) — L*(T') for 1 < ¢ < 222 it
holds that

310 [ WPl 0P + ST O + 55
(Tt (£), Vs (£)) — (tt (), (8
T / 9t — ) ([t (7)1 (), 6 () ol

L vu, 1)

< 2[|Vur, (O] + Cs(n) Ly + /0 gt =) (| (7)1, (7), 0, (£) )1y AT

Now, taking into account that 2“’112 + = =1, using the generalized Holder inequality,

Young’s inequality and the continuity of the trace operator vy : H'(Q2) — L*(T) for
1<¢g< 27:‘__22, we obtain

a+1 1
(312) (I, (D) un(r), i ()i, < ([ (P27 )77 (] Jun, (1) Pdr )
Fo 1—\0
< Com) [Vt () [272 + ]| Vet ()]
< Co(m) 1™ + | Vg, (1)1
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Thus from (3.12), we get
(3.13) /0 9(t = 7) ([t (7)1, (7)1, () )

t
< / gt — ){Co() LY + ]| Vel ()2} dr
0
< o LY 192000 + 7|V Ol 21 0.0

Combining estimate (3.11)—(3.13), we get

1d
52 IV, ()

B.14) | WO )P + (5 = 20 = gl IV 0 + 5.

< Os(n) Ly + Cs(m) LT 19| 21 (0.00)

Integrating (3.14) over [0, ¢], we infer

t t
/ " " 1 /
| [ WPty s + (5= 20 = lallom) [ 190N+ 51000
< Cr(n) + Co(n) LT 9l L1 0.00) T

where C7(n) is a positive constant which depends on 7 and 7.

From the last inequality choosing 7 > 0 small enough we obtain the second

estimate:
t

(3.5 IV, O + [ IV (s) Pds < La
0

where Lo > 0 is independent of m, ug, uy.

The estimates (3.10) and (3.15) are sufficient to pass to the limit in the linear

terms of problem (3.1). Next we are going to consider the nonlinear ones.

3.3. Analysis of the nonlinear terms. From the above estimate (3.10) and (3.15),

we have that

(3.16) u, — u weak star in L>(0,T;V),
(3.17) u, — v’ weak star in L*(0,T;V),
(3.18) uy, — v weakly in L*(0,T;V).

From the first estimate, we deduce
T
B9 P e = [ IO
" T
<C / IV, ()| Vdt < CTLY™,
0

where C' > 0 comes from embedding H'() — L2(+D(Q).
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On the other hand, from Aubin-Lions theorem, see Lions [12] we deduce that

there exists a subsequence of (u,), still represented by the same notation, such that
w, — u' strongly in L*(0,T; L*(Q2)).
Therefore,
(3.20) |w, [P, — [Py’ ae. in Qx (0,T).
Combining (3.19), (3.20) and owing to Lions lemma, we deduce
N / / . 2 .72
(3.21) |, [P, — [u/|Pu’ weak in L*(0, T; L*(Q2)).
Also, from the first estimate, we have that

(3.22) (u,) is bounded in L*(0,T; H?(T)),
(3.23) (u,) is bounded in L*(0, T} Hz(Ly)).

From (3.22) and (3.23), taking into consideration that the injection Hz(I') < L*(T")
is continuous and compact and using Aubin compactness theorem, we deduce that

there exists a subsequence of (u,), still represented by the same notation, such that
(3.24) u, — uae. onYy and wu, — u ae on Y.
and therefore

3.25 u |, — [W]u ae. on Y.
pl Uy

On the other hand, from the first estimate we obtain
t
(3.26) ( /0 gt — T)|u;|vu;) is bounded in L2(Zo).
Combining (3.25) and (3.26), we deduce that
(3.27) / gt —7)|u, | uy,dr —>/ )| "u'dr  weakly in L*(X).

Multiplying (3.1) by 6 € D(0,T) (here D(0,t) means the space of functions in C*
with compact support in (0,7")) and integrating the obtained result over (0,7, it

holds that
(3.29) _p—i1 O, 0 e+ /O (Vi (1), Vo) O(2)

+5 /OT(Vu;;(t), Vw)6(t)dt + /OT(Vu;n(t), Vw)é(t)dt
+ [ (0. w0
/ / (t —7)(|ul, (7)., (7), w)r,0(t)drdt, Yw € V,,.
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Convergences (3.16)—(3.18), (3.21)—(3.23) and (3.27) are sufficient to pass to the limit
n (3.28) in order to obtain

||y — BAY" — Au— Au' =0 in L} (0, 00; H ().

This completes the proof of the existence of solutions of (1.1). The uniqueness is

obtained in a usual way, so we omit the proof here. 0

4. UNIFORM DECAY

In this section we prove the exponential decay for weak solutions of problem (1.1).

We define the energy E(t) of problem (1.1) by

1 pr2 B NI 2, 1 2
B(t) = 5 WO + GIVa @I + 5ITu) + 5llu(e),

Then the derivative of the energy is given by

E'(t) = ~[IVd' (1)) +/0 g(t = 7)(Ju' ()" (7), u(t)))rodr.
Defining

(4.1) (900u)(t) 2/0 gt =)l (1) (7) — u(®)[F,dr,

a simple computation give us

(42) G000 = [ 9= DI )~ wlo)
HEIOIR,) [ olir—2 [ gl =), )
= (T —2 [ gl = DO, O
+ 0l [ otrir) - sOlatolf,

Thus we have

(4.3) /0g(t—T)(\U’(T)W’(T)aU’(t))rodT

= —5 600 ®) + 56000 + 57 (WO, [ o)) = Fo01uOlf,
Define the modified energy by
(1.4 () = 50 O3 + SV + 51 9uo)l?
+5(600(0 + 5= [ onlu,
Then
(4.5 (1) = IV 0P + 5 Tu)(0) ~ 590,
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We observe that in view of assumption (H.1) we have e(t) > 0 and according to
assumption (H.2) we deduce that €'(¢) < 0.

On the other hand, we note that from assumption (H.1)

1 1 1
(16) B 5 + DI9e @) + SITu(e)l? + gl R,

1 +2 6 2
< SO+ SV )

+3ITaOIP + 50 [ amaniulR,
<I7te(t)

and therefore it is enough to obtain the desired exponential decay for the modified

energy e(t) which will be done below.
We define the perturbed energy by

(4.7) e-(t) =e(t) +eV(t)
where
(4.8) U () . ([ (@) (8), ult) + B(VU (), Vu(t)).

:m

Proposition 4.1. There ezists C; = C1(p, E(0),3) a positive constant such that

le(t) —e(t)] < eCie(t), Vt>0 and Ve > 0.

Proof. From Young’s inequality, we deduce

1 (p+1)71 11 3
< / p+2 p+2 (= 2 ~ / 2
()] < IO + sl + 52 (VeI + IV 1),

Now, considering the embedding H'(Q) — L**2(Q) and taking (4.4) into account, it
holds that

1
U(t) <
Ol <

/ p+1 B 11 p /
o153 + [ Tuo2 + 8 Gl + 519w o))
(p+ 1) e
72 B}

227 ekelt) + Bre(t),

<e(t)+C

where C' comes from the inequality ||[v||,+2 < C||Vv]| for all v € V.
e(0)5 + gz.
This completes the proof. O

Then, |e.(t) — e(t)| < eCue(t), where €y = 1+ CLHL—2%

Proposition 4.2. There exist Cy = Ca(p, E(0), ) and €1 = e1(p,m1, ||9]|£1(0,00))

positive constants such that

el(t) < —eChe(t), Vt>0 and Vee (0,e].
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Proof. Taking the derivative of W(t) defined in (4.8) and using the problem (1.1), we
have

(4.9) V() = (IU’(t)I”U”(t),U(t)Hp+1(IU’(t)|”U’(t),U’(t))

+HB(VU(t), Vu(t)) + Bl V' (t)|*

1

=t L ([ O (0), @/ () + BV (O] = [IVu()]”

—(Vu/(t), Vu(t)) — [[u®)]r, +/0 g(t = 7)(Ju' (M) (7), u(t) )rodr

—e(t) + COO) W D (), (1)) + S BITu ()] = IV u()]?
51O}, + 56000 = 5 [ oI},

—(VU’(t%VU(t))ﬂL/O g(t =) (' (7)), u(t) )rydr,

(2p+3)

where C(p) = iy
Next, we will analyse terms on the right-hand side of (4.9).
Estimate for I; = C(p)(|u/(t)|Pu'(t),u/(t)).

We have

(4.10) 1] < C)lIu' ()15 1 ()]
< ||V (O 4 C (o, ) [V (1))
< 20157 Iple(0))e(t) + Clp, )| V' ()],
where 1 > 0 is an arbitrary positive constant.
Estimate for I = [ g(t — 7)(|/(7)["4/ (1), u(t))r,dr.
We have

t

(411) |k = / gt — )(je (7 (7) — ult), w(t))rydr + / gt — 1) u(t)||2, dr
< nllu(t)2, + %( / gt — )| () (7) — u(t)|podr)?
4 / gt — 1) Ju(t)|2,dr
9 1 t 2
< )1, + -l 0o (g 0) + / g(r)dr) u(t) |2,

Estimate for Iy = (Vu/(t), Vu(t)).

Analogously, we have

1
(4.12) |I3] < %Hvu’(t)H? + 2ne(t).
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Combining (4.9)—(4.12), we infer

(413) W) < (1= nL)elt) + M)IVE P ~ 3 IVu()]?
(5~ 1+ gl ()R, + N (eDu)(),

where L = 20130+ [e(0)}+2, M(5) = Clp, m)+36+ & and N() = 1+ &gl 200
Keeping in mind that 0 < ||g||£1(0,00) < 1 (see assumption (H.1)), then s-+3 gl 21(0,00) >

0 and consequently considering 1 > 0 sufficiently small such that

1 1
Cy=1—nL>0 and 3 + §||9||L1(0700) —n=0

from (4.13) we deduce

(4.14) W'(t) < —Cae(t) + M) V' (0)|* + N(n)(90u)(¢) - %HVU(t)lF-
On the other hand, from (H.2), (4.5), (4.7) and (4.14) we deduce

(4.15) el(t) =€'(t) + V(1)

< —eChe(t) — (1 —eM) IV (0)]* - (% —eN())(90u)(t)

— SO, — SIvu(o)”

2
Defining ¢; = min{m, 2]’\’;(1”)} and considering € € (0, &), we conclude, from (4.15)
that
eL(t) < —eChe(t).
This completes the proof. O

4.1. Continuing the Proof of Theorem 2.1. Let ¢y = min {51, ﬁ}, where

is given in Proposition 4.1.

Consider € € (0,&p]. From Proposition 4.1 we obtain
(1 —eC)e(t) <e(t) < (1+eCy)e(t).
Since € < ﬁ, then

(4.16) %e(t) <et) < ge(t) < 2e(t) forall ¢ > 0.

From (4.16) and Proposition 4.2 we get
el(t) < —26’265(15), forall t >0 and e € (0,

Consequently,

e-(t) < e-(0) exp ( . %C’ﬁ)
and taking (4.16) into account, we get

e(t) < 3e(0) exp ( — %Cgi),

for all t > 0 and € € (0, 9.
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Then
E(t) < 17'e(t) < 31" E(0) exp ( - %cﬂs),
for all t > 0 and € € (0, 9.
This conclude the Proof of Theorem 2.1. O

Finally, when 8 = 0, we will show the existence and the uniform decay of solution
for problem (4.18) using same method of Theorem 2.1.

Corollary 4.3. Let us consider ug,u; € V N H32(Q) verifying the compatibility
conditions

(4.17) Aug+ Auy =0 on €,
0u0 8u1 .
E—FE—F’MO_O on Fo

and under assumptions (H.1)—(H.3), suppose that p > 1, 7 satisfy hypothesis (1.2).
Then, problem

(418) |ut|putt — Au — Aut =0 in Qx (0, OO),
¢
% + % +u = /0 g(t — 7)|ue(7)| ug(T)dr on Ty x (0,00),

u(z,0) = up(x), us(z,0) = uy(z) for e

possesses at least a strong solution u : Q2 x (0,00) — R in the class (2.2). Moreover,

the energy determined by the solution u possesses the following decay:
(4.19) E(t) < 31 E(0) exp ( . %C’;t), forall t>0 and e € (0,2,
where C5 = C5(p, E(0)) and g9 = €o(p, E(0), m1, ||gll£1(0,00)) are positive constants.

Proof. We define u,,(t) = X7, gjm(t)w;, where u,,(t) is the solution of the following
Cauchy problem:

(4.20) (Jup, |Pum, w) + (Vtg,, Vw) + (Vul,, Vw) + (U, w)r,
t
= [t =l P, ey, w e Vi
0

with the initial conditions (3.2). Then, we can know the problems (4.20) have a
unique solution on some interval [0, T},). Applying similar to the Priori Estimate I of

Theorem 2.1, we have the the first estimate:
(4.21) 5 555 + IV + um (@)1F, + 9 um @755 5,

t t
s [ gt =Dl [ IV @R < 1
0 0

where L > 0 is independent of m, ug, u;.
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Next, we are estimating v/, (0) in the L?>-norm. Considering ¢ = 0 and w = v, (0)

in (4.20), we conclude

(2177, (0), 17, (0)) = (Ao + Ay, i, (0)) + (o, Uy, (0))r,.-
The above identity, initial conditions (3.2) and (4.17) yield
(4.22) [ O)I] < L3,

where L3 > 0 is independent of m, ug, u;.
Differentiating (4.20) and substituting w by u! (), using (H.3),we obtain

1d

(423) 331 ([ Ol 0P da + 190, 01 + 1, 01, )

IO + 5 [ 0Pl 0P da
= [ =)l )i

< my / gt — 1) (Je (7)o (7, (8) o

Thus from (3.13), we get

t
(4.24) ml/ 9(t = 7) ([t (7)1, (7), U, (8) ) AT
0
< mC(n)(2L7) " M| gll 10,000 + manllum(OIE, N9l 22 0,00)-

Combining the estimates (4.22)-(4.24), we see that

1d

425) 55 ([ OO P+ 19,01 + [, O1R,) + 1960

< m1C(n)(2L7) " Hlgll 1 0.00) + manllum (OIE, N9l 0.0)-

Integrating (4.25) over [0, ¢] and Gronwall’s lemma we infer the second estimate:

t
(4.26) /Q [ (O i, (8)dez + [V, (O] + (s, (DI, +/0 IVun (O)|*dr < L,

where L3 > 0 is independent of m, ug, u;.

By using (4.24) and (4.25), repeating the procedure similar to the proof of section
3.3, we can get the existence result (2.2) of solutions of the problem (4.18). Also,
since the proof of the uniform decay of the problem (4.18) is similar to the proof of
Theorem 2.1, we can easily obtain the uniform decay result (4.19) of solutions of the
problem (4.18). O
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