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ABSTRACT. In this paper, we consider a higher-order boundary value problem with impulse. We
study the existence of at least one positive solution of an eigenvalue problem. Later, we establish the
criteria for the existence of at least two positive solutions of a non-eigenvalue problem. Examples

are also included to illustrate our results.

AMS (MOS) Subject Classification. 34B10, 39A10

1. INTRODUCTION

We are concerned with the higher-order boundary value problem with impulse
(BVPI)

(

(=1)"yP (@) = f(z,y(x)), t € la,c)U(c,b,
Y2 (c - 0) = dipy® (c +0),
(1'1) y(2i+1)<c _ O) — pi+1y(2i+l)(c 4 0>’

Oéi+1y(2i) (CL) - ﬁi+1y(2i+l)(@) =0,
(Vi y®(0) + 0iay® () =0, 0<i<n-—1,

and the eigenvalue problem (—1)"y®"(z) = Af(x,y(x)) with the same boundary
conditions where A > 0. Here a < 22t < ¢ < 22 < b y(c —0) is the left-hand limit
of y(z) at ¢ and y(c + 0) is the right-hand limit of y(x) at c.

We assume that the following conditions are satisfied:

(H2) f(x,&) is a real-valued function continuous with respect to the collection of its
arguments = € [a,c¢) U (¢,b] and € € R, and f(x,&) > 0 for £ € RY, where R
denotes the set of nonnegative real numbers. Moreover, for each £ € R there exist
finite limits lim, ¢)—(c.e0) f(2, &) = f(c—0,&0), img )~ (ce) f(2,€) = f(c+0,&).

T <c T >c

(H1) Foreach 1 <i<n,d; >0, p; >0, ay, B, Vi, 0; > 0, a;0; + Biyi + iys(b—a) > 0.
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Positive solutions of boundary value problems for differential equations with im-
pulse were earlier studied in [6, 9]. For the basic concepts of impulse differential
equations we refer to [2, 16]. Bereketoglu and Huseynov [3] studied nonlinear second-
order differential equations subject to seperated linear boundary conditions and to
linear impulse conditions by using the Krasnoselskii fixed point theorem. Karaca [12]
was interested in proving the existence and multiplicity results for positive solutions
to a fourth-order boundary value problem with impulse. For some recent works on

the impulsive differential equations we refer the reader to [4, 11, 14, 15, 17].

Higher-order boundary value problems have been studied in recent years [5, 7, 9].
To the author’s knowledge, no one has studied of positive solutions for higher-order

boundary value problem with impulse.

In this paper, criteria for the existence of at least one positive solution of the
eigenvalue problem are first established as a result of the Krasnosel’skii fixed-point
theorem. Second, we investigate the existence of at least two positive solutions of
BVPI (1.1) by using Avery-Henderson fixed point theorem. Finally, as an application,

we also give some examples to demonstrate our results.

2. THE PRELIMINARY LEMMAS
For 1 <i < n, denote by 6; and ¢; the solutions of the homogeneous problem

@.1) y'(z) =0,z € [a,c) U (e, b),
ylc—=0) =diy(c+0), y'(c—0)=py'(c+0),

satisfying the initial conditions
0;(a) = G;, 6Oi(a) = ay,
@i(b) = 6i,  #i(b) = —.
Define the number D; by
(2.2) D, — —1/51'902(@) ,+ api(a), z € la, ),
Ty Biei(a) + aipia)], € (cb].

Lemma 2.1 ([3]). Let condition (H1) hold. For 1 < i < n, the number D; defined
by (2.2) is positive for x € [a,c) U (¢,b] U{c+ 0}.

For 1 <i <, let G;(z, s) be the Green’s function for the boundary value problem

y'(x) =0, x € [a,c) U (c,b],
y(c—0) =diy(c+0), y'(c—0)=py'(c+0)
aiy(a) — Biy'(a) =0,  vy(b) +0:y'(b) =0
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which is given by

0; J(x), ifa<s<a<y,
(2.3) Gy, 5) = 1 JOis)ei(z), ifa<s<uz
D; 0;(z)pi(s), ifa<xz<s<b.

Lemma 2.2 ([3]). Let condition (H1) hold. For 1 <i <n, then
Gi(x,s) >0, forz,s € la,c)U(c,b.
Lemma 2.3. Let condition (H1) hold. For 1 <i <mn, then
Gi(z,s) < Gy(s,s), forxz, s€la,c)U (],
and

Gi(z,s) > m;G(s,s), forzé€ [3@2— b,c) U (e, 364_ a4

], s€a,c)U(ch,

where

. a;(b—a)+46; ~i(b—a)+40;
(2.4) M = i {40@(6 —a) +46;" 47i(b — a) + 452} '

Proof. After some easy calculations one can see these equalities. O

Lemma 2.4. Assume that condition (H1) is satisfied. For G as in (2.3), take
Hi(z,s) := Gi(x,s), and recursively define

b
Hi(z,s) = / H;_1(z,7)G,;(r,s)Ar
for2 < j <mn. Then H,(z,s) is Green’s function for the homogenous problem

((—1)my)(z) =0, v €la,c)U (e,
Yy (c —0) = diy® (c +0),

Y@ (c = 0) = piy®@ ) (c +0),

Oéi+1y(2i)(a) - 6i+1y(2i+1)(a) =0,

Y41y (D) + 81y (b) = 0, 0<i<n-—1.

Lemma 2.5. Assume (H1) holds. If we define

then the Green’s function H,(x,s) in Lemma 2.4 satisfies
0< Hy(z,s) < KGn(s,s), (2,8) € ([a,¢) U (e, b]) x ([a,¢) U (e, b))

and

H0.5) 2wk o) e ([P0 00 P T ) x (@ou e,




690 I. Y. KARACA

where my, is given in (2.4),

3b—a
(2.5) L;:= ' Gj(s,s)ds >0, 1<j<n.
3atb
4
and
b
(2.6) K, ;:/ Gy(s,5)ds >0, 1<j<n.
Proof. Use induction on n and Lemma 2.3. O

3. EXISTENCE OF ONE POSITIVE SOLUTION

In this section we consider the following BVPI with parameter A,

(

(=1)"y@m(z) = A (2, y()), x € la,c) U (c, 0]
y(2l) (C — 0) = di+1y(2i) (C + 0),
(3.1) yP (e = 0) = pipay® (e +0),

aH_ly(%)(a) - ﬁi+1y(2i+l)(a) =0,
Vit yP () + 0y (b) =0,  0<i<n—1,

Define the nonnegative extended real numbers fy, f°, foo and > by

fo:= lim inf min M, f%:= lim sup max :)s,y)j
y—0t z€la,c)U(c,b) Yy y—07t z€la,c)U(c,b] Yy

foo := lim inf  min f(:v,y)’ f°°:= lim sup max f(x,y))
Yy—00 z€la,c)U(c,b) Yy y—00 z€la,c)U(c,b) Yy

respectively. These numbers can be regarded as generalized super or sublinear condi-
tions on the function f(z,y) at y = 0 and y = oo. Thus, if fy = f* = 0 (+00), then
f(z,y) is superlinear (sublinear) at y = 0 and if fo, = f* =0 (400), then f(z,y) is
sublinear (superlinear) at y = +o0. Let

(3.2) M = mnﬁ

j=1

m;L;
Kj '

We need the following fixed-point theorem (Krasnosel’skii fixed-point theorem) to

prove the existence at least one positive solution to BVPI (3.1).

Theorem 3.1 ([10, 13]). Let B be a Banach space, and let P C B be a cone. Assume
Q1 and Qy are open bounded subsets of B with 0 € Qy, Oy C Qs, and let

APQ(QQ\Ql)_)P
be a completely continuous operator such that either

) Ayl < llyll, y € POy, [[Ayll = [lyll, y € P NIy or
(i) [[Ayll = llyll, y € PN, Ayl < |lyll, y € PN OQy,

holds. Then A has a fized point in PN (Qa\ Q).
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Theorem 3.2. Assume that conditions (H1) and (H2) are satisfied. Then, for each
A satisfying

(a)

1 1
3.3 <A< ——r,
(3:3) Mm,IT7_, Lj foo I}, K fo
or
(b)
1 1
(3.4)

<AL =,
anH;'LzlefO Hj:l Kjfoo

there exists at least one positive solution of the BVPI (3.1), where m,, L;, K;, M
are as in (2.4)~(2.6) and (3.2), respectively. Moreover, in the case f is superlinear
(sublinear), then equation (3.3) (equation (3.4)) becomes 0 < A < 0.

Proof. Define B to be Banach space of all continuous functions on [a,c) U (c, b

equipped with the norm ||.|| defined by

= max xI)|.
oyl = _max | ly(a)

Define the cone P C B by
P=qy€eB:y(z) >0, min y(z) = Mllyl| ¢,
ze[34EL c)u(c, 2re]

where M is as in (3.2). Define an operator Ay by

Avyla) = A / Ho(,)f(s,y(s))ds

for x € [a,c) U (c,b]. The solutions of the BVPI (3.1) are the fixed points of the
operator Aj.
Firstly, we show that Ay : P — P. Note that y € P implies that Ayy(z) > 0 on
la,c) U (c,b] and
b
min Ayy(z) = )\/ min H,(x,s)f(s,y(s))ds
a T€E

224 )U(e, 2] (242 e)u(e, 2]

z€la,c)U(c,b]

b
> MA/ max  H,(z,s)f(s,y(s))ds
by Lemma 2.5. It follows that

min Ayy(z) > M| Ayl

2€[24EL e)u(e, 2]

Hence Ayy € P and so Ay, : P — P which is what we want to prove. Moreover
since H,(x,s) and f(z,y) are piece-wise continuous we can prove, in a standard way,

that the operator A, is completely continuous in B.
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Assume that (a) holds. Since A < To 5 there exists €; > 0 so that

Kf’

0<A< I/HKj(fo—l—el).

i=1

Using the definition of fj, there is an r; > 0, sufficiently small, so that
flz,y) < (fo+e)y forO<y<mr, x€la,c)U(cbl.

If y € P, with |ly|| = r1, then
b
Ay(a) = A / H,(x, 5) £ (5,y(s))ds
‘ b
Ao+ 1) / H(z, s)y(s)ds
b
Ao + )yl / G
Mfo+e) [T 5yl
j=1

< llyll
for x € [a,c) U (c,b]. So, if we set @y := {y € P : ||yl < r1}, then |[Ayy|| < |ly|| for
Yy e PN 091

: 1
Now, we use assumption VT <A

;'L:1 Ljfoo
First, we consider the case when f,, < co. In this case pick an €3 > 0 so that

AMmy, [[Li(fs — &) > 1.

j=1

Using the definition f,., there exists 75 > ry, sufficiently large, so that

f(!li' y) (foo_€2)y fOI"y>’l“2, LS [&,C)U(C,b].

We now show that there exists ro > 7y such that if y € OP,,, then ||A\y|| > |ly||. Let
o = max{2ry, 572} and set Qs :={y € P : ||y|| < r2}. If y € P N Oy, then
min  y(x) > M|y|| = Mry > 7,
z€la,c)U(c,b]

and so

Ayy() = A / Ho(z, ) (5, y(s))ds

foo—eg/H x,S)y

Memen) [ Mool
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3b—a

> A(foo—EQ)MHyHan/ T Gs, s)ds
3a+b
4

> Moo — )Mo [ ] Lillyl

j=1
> [lyll = 72

Consequently, |[Axy(z)|| > ||y(z)]], for x € [a,c) U (¢, b]z.

Finally, we consider the case fo, = co. In this case the hypothesis becomes A > 0.
Choose N > 0 sufficiently large so that

ANMm, []L; > 1.
j=1
Hence there exists 7o > r; so that f(z,y) > Ny for y > 7, and for all « € [a, ¢)U(c, b].

Now define 75 as before and assume y € 9P,,. Then

b
Ayy(z) > )\N/ H,(z,s)y(s)ds
3b—a

zANMHyHan/ L G(s, s)ds
3a+b
4

= ANMm, [ ] Lillyl

j=1
> |yl =7

for x € [a,c) U (¢,b]. Hence ||Axy|| < [ly|| for y € P N OQy and ||Axy| > |ly|| for
y € PN O, hold. Then Ay has a fixed point in P N (Qy\ Q).

Now we show (b). Since W

T < A, there exists €3 > 0 so that
j=1"3

)\an HLJ(‘fO — 63) Z 1.

j=1
From the definition of fy, there exists an r3 > 0 such that f(x,y) > (fo — €3)y for
0<y<rs Ify e P with ||y|| = rs, then

Avyl) = A / Ho(,)f(s,y(s))ds

3b—a
4

> A(fo —€) / H,(x, s)y(s)ds

3a+b

4
3b—a

> AM(fy — e)lyllmnL / Gols, 5)ds

3a+b
4

= Mfo— es)Mmy, [] L;llyll

j=1
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> [lyll = rs.

Hence ||[Axy|l > |ly||- So, if we set Q3 := {y € P : ||ly|| < r3}, then ||Ay| > ||y|| for
(TS PN 093

Now, we use assumption mm—=—— > \. Pick an ¢, > 0 so that
Hj:1 K] foo

)\HK](fOO —|— 64) S 1

j=1
Using definition of f., there exists an 74, > 0 such that f(z,y) < (fs + €1)y for all

y > T74. We consider the two cases.

Case 1. Suppose f(z,y) is bounded on ([a,c) U (¢,b]) x (0,00). In this case,
there is N > 0 such that f(z,y) < N for z € [a,¢) U (¢,b], y € (0,00). Let ry =
max{2r3, AN [[;_, K;}. Then for y € P with [y|| = r4,

Avyla) = A / H(,)f(s,y(s))ds

b
SANK/ Gn(s, s)ds

=N [] K;
j=1
<yl = r4,
so that || Ayl < [ly]|.
Case II. Suppose f(x,y) is unbounded on [a,c) U (¢, b] x (0,00). In this case,
g(r) == max{f(z,y) :z € [a,c) U (c,0,0 <y <r}
satisfies

lim g(r) = 0.

r—00

We can therefore choose
ry = max{2rs, 74}
such that
9(ra) = g(r)

for 0 < r <4 and hence for y € P and ||y|| = r4, we have

Ayl = A [ Hole,9)f(5,9(5)ds
gA/ H,(z,s)g(ry)ds

b
<M foo + 64)7‘4K/ Gn(s,s)ds
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n
= )‘(foo + 54) H Kjr4
Jj=1

<= [lyll,

and again we hence have ||A,\y|| < |ly|| for y € P U 9y, where Qy = {y € B : ||y|| <
H,4} in both cases. It follows from part (i) of Theorem 3.1 that A has a fixed point
in PN (Qy\ Q3), such that r3 < |ly|| < r4. The proof of part (b) of this theorem is
completed. Therefore, the BVPI (3.1) has at least one positive solution. O

4. EXISTENCE OF TWO POSITIVE SOLUTIONS

In this section, using Theorem 4.1 (Avery-Henderson fixed-point theorem) we

prove the existence of at least two positive solutions of the BVPI (1.1).

Theorem 4.1 ([1]). Let P be a cone in a real Banach space S. If ¢ and ¢ are in-
creasing, nonnegative continuous functionals on P, let 6 be a nonnegative continuous

functional on P with 6(0) = 0 such that, for some positive constants r and M,

P(u) < O(u) < pu) and |lul] < Mip(u)

for all w € P(,1). Suppose that there exist positive numbers p < q < r such that

O(Au) < N(u), forall0 < A<1 anduec dP(d,q).

If A: P, r) — P is a completely continuous operator satisfying

(i) Y(Au) > r for allu € OP (), 1),
(i1) O(Au) < q for all uw € OP(0,q),
(iii) P(p,p) # {} and ©(Au) > p for all u € OP(¢, p),

then A has at least two fized points uy and us such that

p<e(uy) withO(uy) <q andq<0(uy) with (ugy) <r.

Let the Banach space B = C([a, ¢) U (¢, b]) with the norm || - || defined by |ly|| =
MaXyefa,c)u(es |Y(2)|. Again define the cone P C B by

P = {yEB:y(m) >0, min y(x) ZMH?/H}

224 )U(e, 2]

where M is as in (3.2), and the operator A : P — B by

Ay(a) = / H, (i, 5) (s, y(s))ds.
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Let the nonnegative, increasing, continuous functionals v, 6, and ¢ be defined on the

cone P by

<

(y) :=min, €[22t yU(e, 3] y(x),

(4.1) 0(y) := max, e[sert o) (C’%Tfa]y(iﬂ),
p(y) = maxaeia,oies ¥(2)

and let P(y,7) :={y € P :(y) <r}.

In the next theorem, we will assume
(H3) f € C(la, ) U (c,b] x [0,00), [0, 00)).

Theorem 4.2. Assume (H1) and (H3) hold. Suppose there exist positive numbers
0 < p < q <r such that the function f satisfies the following conditions:

(D1) f(z,y) > p/(m, ITj_, Ly) for x € 242, ) U (¢, *7%] and y € [Mp, p],
(D2) f(z,y) < q/ [}, K; for x € [a,c) U (c,b] and y € [0,q/M],
(D3) f(z,y) > r/(Mm,[[j_, L;) forz € (3l ) U (¢, 2% and y € [r,r/M],

where my,, Lj, K;, M are as defined in (2.4)-(2.6) and (3.2), respectively. Then the
BVPI (1.1) has at least two positive solutions y; and yo such that

< max x) with max x) <q,
P z€[a,c)U(c,b] vil) ze[32tb c)(c,3br a}yl( )<a
q< max yo(x)  with min Yo(x) < 1.
ze [Pt e)u(e, 2] ) ZE [P e)U(e, ) )

Proof. From (H3), Lemma 2.2 and Lemma 2.5, AP C P. Moreover, A is completely

continuous. From (4.1), for each y € P we have

(4.2) Y(y) < 0(y) < o(y),
(43) <~  min  y@) = —p) < —0) < <o)
. y — Mxe[%’c;u(c7%%a}y - M y — M y — MSO y .
For any y € P, (4.2) and (4.3) imply
1
P(y) < 0y) < ey), |yl < M@b(y)-

For all y € P, A € [0, 1] we have

O(\y) = max ) (x) =\ max z) = M(y).

(Ay) me[#,cw(c,%%q( y)(x) we{@ﬁ)u(c’%ﬂy( ) (y)

It is clear that 6(0) =

We now show that the remaining conditions of Theorem 4.1 are satisfied.
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Firstly, we shall verify that the condition (iii) of Theorem 4.1 is satisfied. Since
0 € Pand p >0, Plp,p) # {}. Since y € IP(p,p), Mp < y(z) < [lyl| = p for

x €[22 ¢) U (¢, 24]. Therefore,

_ / H(z,s)f(s,y(s))ds

4

> 7nan/ Gn(s,s)ds
j 3

3a+b
4

using hypothesis (D1).

Now we shall show that the condition (ii) of Theorem 4.1 is satisfied. Since
y € OP(0,q), from (4.3) we have that 0 < y(z) < [|y|| < ¢/M for x € [a,c) U (¢, b].
Thus

0(Ay) = max Ay(z)

G[M ¢)U(c, %;a]

3aﬂgnaux . a]/ H,(z,8)f(s,y(s))ds

q
< n—K/ Go(s, s)ds = q
Hj:l Kj a

by hypothesis (D2).

Finally using hypothesis (D3), we shall show that the condition (i) of Theorem 4.1
is satisfied. Since y € 9P (v, r), from (4.3) we have that MU 30 o), Bbm y(z)=r
and r < |ly|| <r/M. Then

Gy = | min / Ha(,5) (5, y(s))ds

[3a+b

b
:/ s min H,(x,5)f(s,y(s))ds

348 )u(e, 2]

3b—a
4

> M [ Hu(s.9) (s y(s)ds

3b—a

r 1
S M—T L Go(s, s)ds =1
anH;L1Lm /@TH? (s,s)ds=r

This completes the proof. O
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5. EXAMPLES

Example 5.1. Consider the following boundary value problem:

/

(—1)"yCm) (z) = e, z €[2,3)U (3,5,
y (3 - 0) = dis1y® (34 0),
(5.1) Y2+ (3 = 0) = py@HY (3 4 0),

Oéi+1y(2i)(2) - ﬁi+1y(2i+l)(2) =0,
[ Yi+1y®) (5) + dipay@ TV (5) = 0,
Thena=2,b=05,c=3, and

flx,y) = fl@) =€, y € 0,00).

Since lim, o+ (f(y)/y) = +oo, limy_. 1o (f(v)/y) = 0.
We assume that the constants oy, 3;, 7, d;, (0 < i < n — 1) satisfy the condition
(H1). Thus the BVPI (5.1) has at least one positive solution by Theorem 3.2.

0<i<n—-1

Example 5.2. Let us introduce an example to illustrate the usage of Theorem 4.2.
Consider the BVPI:

(—1)"y)(z) = f(z,y(x)), z €[0,2)U(2,3],
y?)(2 —0) = di 1y (2 +0),
(5:2) yP (2 = 0) = piy® (2 +0),

ai+ly(2i)(0) - ﬁi+1y(2i+l)(0) =0,
i1y (3) + 8iy® N (B) =0,  0<i<2,

s
Heren:37f(x7y>:f(y):%vazoabzgvczzual:17a2:27
O53:47/61 :1/6a ﬁ2:3a /83:47 71:3/23 7227, 73:]-/77 51 :2/5a52:27 63:5
Then the conditions (H1) and (H2) are satisfied. For 1 < i < n, the Green’s function

Gi(z,s) in Lemma 2.1 is

1 ) 0i(s)pi(x), 0<s<z<3,
Gi(z,s) = —
i 10;(x)pi(s), 0<z<s<3,
where
111/40, z€[0,2). 59/4, €02, 328/7, x€[0,2),
1= 2 = 3 =
111/20, = € (2,3], 177, z¢€(2,3], 328/70, x € (2,3],
r+1/6, x €10,2), 2r+3, x€][0,2),
0,(z) = Os(z) =

2r —11/6, x € (2,3], 8r+5, x€ (23],
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4(z +1), z €10,2),
0s(z) =

(4x +22)/5, x € (2,3],

—3x/4+17/5, x€]0,2), —Tx/4+13/2, z€]0,2),

p1(z) = pa(z) =
“32/2+49/10, x € (2,3], —Tx + 23, v € (2,3,
and

From (2.4)—(2.6), we get,
my =11/38, K; =1771/666, L; =19039/10656
me =29/92, Ky =4049/1062, Lo = 37523/16992
ms =T7/16, Ks=1745/164, Ls = 22975/5248

Clearly f is continuous and increasing on (—oo,00). If we take p = 1074, ¢ = 1/64

and r = 10° then
O<p<qg<r.

It is clear that (D1), (D2), and (D3) of Theorem 4.2 are satisfied. Thus the BVPI

(5.2) has at least two positive solutions yi, yo satisfying

107 < max y(t) with  max g (t) < 1/64

t€[0,2)U(2,3] t€[3/4,2)U(2,9/4]

1

— < t) with i t) < 10°.
61 < sepismae 2 T B o ¥
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