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ABSTRACT. For linear Hamiltonian systems, even for self-adjoint second order differential sys-
tems, we obtain new oscillation results without the assumptions which have been required for related
results given before. The main tool used is a generalized Riccati transformation and the standard

integral averaging technique.
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1. PRELIMINARIES

Consider the linear Hamiltonian system

2= A(t)x + B(t)y,
(1.1) e+ By

y' = Ct)z — A*(t)y,
where A(t), B(t), C(t) are real n x n matrix-valued functions, B, C are Hermitian,
B is positive definite and x,y € R"™. By M* we mean the conjugate transpose of the

matrix M.

A Hermitian matrix M € C™™ is positive semi-definite (positive definite) if
for all w € C",u#0, u*Mu > 0(> 0). A positive semi-definite (positive definite)
Hermitian matrix M will be denoted by M > 0(M > 0), with the usual ordering
of the eigenvalues of M given by A\ (M) > Xo(M) > --- > X\, (M), and as usual
trM = >0 N(M).

We also consider the corresponding matrix system

X' = A()X + Bt)Y,

(1.2)
Y = C(t)X — A*(1)Y,
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A solution (X(t),Y(t)) of system (1.2) is said to be nontrivial, if det X(¢) # 0 is
fulfilled for at least one ¢ > ty. A nontrivial solution (X (¢),Y(¢)) of system (1.2) is
said to be conjoined (prepared) if X*(¢)Y (t) — Y*(t)X(t) =0, t > to. A conjoined

solution (X (t),Y (t)) of (1.2) is said to be a conjoined basis of (1.1) (or (1.2)) if the
X(t)

rank of the 2n x n matrix (Y(t)) is n.

Two distinct points a, b in [tg, 00) are said to be (mutually) conjugate with respect
to (1.1) if there exists a solution (x(t), y(t)) of (1.1) with z(a) = z(b) = 0 and z(t) # 0
(i.e., not equal to the zero vector in R") on the subinterval with end-points a and
b. The system (1.1) is said to be disconjugate on a subinterval J of [ty, 00) if no two
distinct points are conjugate. If (1.1) is disconjugate on J and (X(¢),Y(?)) is the
conjoined basis of (1.2) satisfying X (a) = 0,U(a) = I, a € J, where by I we men the
n x n identity matrix, then detX (t) # 0 for t € J\{a}. A conjoined basis (X (¢), Y (t))
of system (1.2) is said to be oscillatory in case the determinant of X () vanishes on
[T, 00) for each T > t,.

Let ®(t) be a fundamental matrix for the linear system o' = A(t)v. The pair
(A(t), B(t)) is called controllable if the rows of ®~!(¢)B(t) are linearly independent
over any subinterval of [ty,00) (see [5, p. 36-37] and [9, p. 107]). This definition
coincides with the following fact: if for any solution (z(t),y(t)) of (1.1), one has that
x(t) = 0 on any non-degenerate subinterval J C [y, 00) implies z = y = 0 on [ty, 00).
Observe that since B(t) > 0, we have the pair (A(t), B(t)) is controllable. Suppose
there exists an oscillatory conjoined basis of system (1.2), then by Sturm’s separation
theorem [5, Theorem 16, p. 71] and [9, Theorem 7.3.5], we know that each conjoined
basis of system (1.2) is oscillatory, so system (1.1) (or (1.2)) is called oscillatory. Now
the definition of oscillation agrees with the non-disconjugacy of system (1.1) (or (1.2))
on any neighborhood of +oo.

In the case when A(t) = 0, system (1.2) reduces to the second order self-adjoint

matrix differential system

(1.3) (PO)X") + Q)X =

with P(t) = B7L(t), Q(t) = —C(t). Oscillation and non-oscillation of system (1.3)
have been extensively studied by many authors [1-8, 10-13, 18, 19], it is studied in
[16] when the system with damping. A discrete version of (1.3) is studied in [14].
Particularly, for the case when P(t) = I, i.e., for the system

(1.4) X"+ Q)X =0,

it was conjectured by Hinton and Lewis [8] that (1.4) is oscillatory if

fom [ [ 00] ==
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This conjecture was settled with some additional assumptions on the rate of growth
of the trace of fo s)ds by Mingarelli [13], Kwong et al. [11], Butler and Erbe [1, 2],
and Butler et al. [3] This conjecture was settled by Kwong and Kaper [10] for the
two-demensional case, and by Byers et al. [4] for arbitrary n—dimensional cases.

Oscillation properties for Hamiltonian system (1.2) are widely studied , too (see
(5,9, 15, 17, 20, 21]). In paper [15], Meng studied the Hamiltonian systems (1.1), and
obtained some new oscillation criteria, here we list the main results of [15] as follows:

We say that a function H = H(t, s) belongs to a function class W, denotes by
HeWw, it He C(D,Ry), where D = {(t,s) : t > s > to} which satisfies

(i) H(t,t) =0 and H(t,s) > 0 for typ < s <t < 400;

(ii) H has a continuous non-positive partial derivative 0H/Js satisfying the

condition O[H (t,s)k(s)]/0s = —h(t,s)\/ H(t,s)k(s), for some h € Lj,.(D,R), k €
C*([to, ), (0, 00)).

Theorem 1.1 ([15, Theorem 1}). Suppose that there ezist two positive and real-valued
functions ¢, § € Cl[ty, >0), such that, for some H € W with k(t) = 1,

] [ 100 = 10009087 ()] = o

to

1
C lim su
( 1) t—>oop H(tatO)

where By(t), Cy(t) are given by (C7) and (Cg). Then system (1.2) is oscillatory.

Theorem 1.2 ([15, Theorem 3|). Let H, h, ¢ and 0 be as in theorem A, suppose that

o Sy HEs)
(Cy) 0< ;zntf() {lll{gg}f H(t,to)} < o0
and
(Cs) hgcl)?fﬂ F i) / H(t, s)tr(Cay(s))ds > —oo0,
1 b OR2(t, 8)
C lims / L —ds < 0.
() NP H(t, 10) Sy M(Bals))

If there exists a function m € C|[ty, 00) such that
: 1 !
() meﬁwuwmmmhmm Ys)lds| = m(T), T > 1o

t—o0

and
(Cs) intg A, (Ba(t))m? (t)dt = oo,

where m, (t) = max{m(t),0}, By(t), Cs(t) are the same as in Theorem A. Then

system (1.2) is oscillatory.

The purpose of this paper is to establish some new oscillation criteria for the
Hamiltonian system (1.2) using a generalized Riccati transformation and the standard
integral averaging technique, which allow us to remove conditions (C3) and (C4) in
Theorem B.
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2. MAIN RESULTS

In the sequel, we need the following lemmas:

Lemma 2.1 ([3]). If A is an n x n Hermitian matriz, then
(i) (A2 < M (A?) < 1r(A%);
(ii) (trA)? < nitrA%

Lemma 2.2 ([15]). If A is an n x n Hermitian matriz and R is an n X n positive
definite Hermitian matriz, then tr(ARA) > \,(R)trA=.

Let ¢(t) and 6(t) be positive, smooth and real-valued functions on [0, +00). Since

B(t) > 0, this allows us to make the transformation:
U=¢X, V=0Y +aB'X,

where
0@t
a—2 5 )

Then U and V satisfy the following differential system:

1) U'= AU + Bi(H)V + (% + 9)U,

' V= Ci(t)U — A1)V + L% + )V,
where .

Bi(0) = 5 Bl
Ci(t) = % {C(t) + %(B‘l(t)A(t) + A*()BH(t) + (%B‘l(t))’ - %B‘l(t)} :

Recalling that ®(t) is a fundamental matrix of the linear system v' = A(t)v, set
() Balt) = #7018, (00 (0) = S0 (OB 1),
(Cs) Co(t) = =07 (1) C1(8) 2(2).

Then we have the following results.

Theorem 2.3. Suppose that there exist three positive and real-valued functions ¢, 0,
k € Clty, 0), such that, for some 3 > 1, and for some H € W,

(2.2)  limsup m)\l { /t t [H(t, $)h(s)Cals) — %ﬂ(t, S)Bgl(s)} ds} ~ 0,

t—o0

where By(t), Cy(t) are given by (C7) and (Cg). Then system (1.2) is oscillatory.

Proof. Suppose to the contrary that there exists a conjoined basis (X (¢), Y (t)) of (1.2)
which is not oscillatory. Without loss of generality, we may suppose that det X (¢) # 0
for t > ty. Define

W(t)=V)U (), t>t.
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From (2.1) we have
W'(t) = Ci(t) — AW () = W) A(t) = W () BL(&)W (2).

Let R(t) = ®*(t)W (t)®(t), by calculation, it follows that R(t) satisfies the following

Riccati equation:
R'(t) = —Cs(t) — R(t) B2(t)R(1).

Since By(t) > 0, let E(t) = [Ba(t)]*/?. Multiplying the Riccati equation, with t
replaced by s, by H(t,s)k(s) and integrating it from T to t, for all t > T > to, we

obtain
[ ks =~ [ kR s

= [ H R Bt R

= HETIKIIA) — [ (0 () R) Bals) R
~ [ e AESRGIRG) s

= HETIKDIR) — [ Hlt s h(6) ) B R (5)ds
[ At )G ) ) RGBS 6)ds

= H(t,T)k(T)R(T) + g /T t h*(t, s) By *(s)ds

_%/T H(t,s)k(s)R(s)Ba(s)R(s)ds

_ /T E‘l(s){ HW RS g pes)Bs) + Yot s)]} B (s)ds

16 2
for some 3 > 1. Hence, we have
/t {H(t, s)k(s)Cy(s) — giﬂ(t, s)Bgl(s)] ds < H(t,T)k(T)R(T), t>T >t
T

This implies that for all ¢ > ¢,
t
/ {H(t, s)k(s)Cy(s) — ghz(t, S)Bgl(s)} ds < H(t,to)k(to)R(to).
to
It follows that

t 5 .
A ug (H(t,5)k(s)Ca(s) = 7h°(t, 5) By (s))ds} < M [H (¢, t0)k(to) R(to)]

= H(t,to)k(to) \[R(to)]-
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This gives
lim sup ———\, [ / H(t $)k(5)Cals) — D201, $)B; M (5))ds
t—oo  H(l,10) to 4
< k(to) A1 [R(to)] < oo,
which contradicts (2.2). This completes the proof of the Theorem. O

Under modifications of the hypotheses of Theorem 2.3, we obtain the following
results (Corollary 2.4; Theorem 2.5 and Corollary 2.6).

Corollary 2.4. In Theorem 2.3, if the condition (2.2) is replaced by the conditions

< 00

1 t
limsup ———— A\ /h2 t,s)B; 1 (s)ds
usup 1 [ (1, $)B3(s)

and
t

1
limsup ———A\
t—>oop H(t,to) ! [ to

where By(t), Co(t) are the same as in Theorem 2.3. Then system (1.2) is oscillatory.

H(t, s)k(s)C2(s)ds] = 00,

Theorem 2.5. Suppose that there exist three positive and real-valued functions ¢, 0, k €
Clty, ), such that, for some 3 > 1, and for some H € W,

(2.3)  limsup H(i ) /to [H(t, s)k(s)tr{Ca(s)] — ghQ(t, s)tr[Bz_l(s)]] ds = oo,

t—o0

where By(t), Co(t) are the same as in Theorem 2.3. Then system (1.2) is oscillatory.

Corollary 2.6. In Theorem 2.5 if the condition (2.3) is replaced by the conditions

/ R ) B (5)]ds < oo

to

y 1
11m su
C P H (1)

and ,
1
li H(t, s)k(s)tr|C ds = o0,
i sup (t,to)/to (t, 8)k(s)tr[Cs(s)]ds = 0o

where By(t), Co(t) are the same as in Theorem 2.3. Then system (1.2) is oscillatory.

Theorem 2.7. Let the functions H, h, ¢, 0 and k be as in Theorem 2.3, and suppose

H
(2.4) 0 < inf {limint LDV o
S U T )

If there exists a function m € Cltg, 00) such that

(2.5) lirtiigp HET) /T {H(t, s)k(s)tr{Ca(s)] — ghz(t, s)tr[By ' (s)] | ds > m(T)

for allt > T > ty, and for some 3 > 1. Moreover,
% X (Ba(t))mA (t

0 [ B
to k(t>

where my (t) = max{m(t),0}, By(t), Cs(t) are the same as in Theorem 2.3. Then

system (1.2) is oscillatory.

dt = o0,
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Proof. Assume to the contrary that (1.2) is non-oscillatory. Followed the proof of

Theorem 2.3, for some 3 > 1, we obtain

/Tt H(t,s)k(s)Ca(s)ds < H(t, T)k(T)R(T) + g /Tt h%(t,s)By(s)ds

p-1 [
- T/T H(t,s)k(s)R(s)By(s)R(s)ds.
So, for all t > T > ty, we have
i gpﬁ /T [H(t, $)k(5)Co(s) — gm(t, S)Bgl(s)} ds
< Ek(T)R(T) — 6_ hniglfH T / H(t,s) Bs(s)R(s)ds.

So we get

li:irisong(i T /T {H(t, s)k(s)tr[Ca(s)] — %hz(t, s)tr[Bz_l(s)]] ds

< k(T)tr[R(T)] — b h{gg}fH ) / H{(t, s)k(s)tr [R(s)Ba(s)R(s)] ds.

For all T > ty and for any 5 > 1, by (2.5) we have

E(T)tr[R(T)] > m(T) + 6_ lll{g(l)glfH T / H(t,s)k(s)tr [R(s)Ba(s)R(s)] ds.
So
2 m? (T)
(2.7) E(T)tr[R(T)) > m(T) or nk(T)tr[R*(T)] > BT
and
(2.8) i inf 77 / H(t, s)k(s)tr [R(s) Ba(s) R(s)] ds
< % le(to)tr(R(to)) — m(to)] < 0.
Now, we claim that
(2.9) /too k(8)\n[Ba(8)]tr[R?(s)]ds < oo.

Suppose to the contrary that
/ k(s)An[Ba(s)|tr[R?(s)]ds = oc.
to
By (2.4), there is a positive constant £ satisfying

(2.10) Slgtfo {hgg}f }]}I((t S>)} >&>0.
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Let n be any arbitrary positive number, then there exists a ¢; > t; such that, for all
t Z tla

t
/ k(5) A [Ba(s)]tr[R(s)]ds > g
to
For the convenience, let

H(t, to) to / H(t, s)k(s)Aa|Ba(s)]tr[R?(s)]ds,

then, for ¢t > t;, we have

tto / H{(t, s)d { / k‘(TMn[Bz(7)]tr[R2(7)]dT}

:H(t,to)/to_ (;Z,s) /ts’an[Bz(f)]tr[R?<7>]d7}ds

0

By (2.10), there exists a ty > ¢; such that, for all ¢ > ts,

H(t, ty)

Hitt) =

which implies p(t) > n for all ¢ > t,. Since 7 is arbitrary, we have

lim p(t) = o,

t—o0
which implies
li{n infp(t) = tlim p(t) = oo.

Then we obtain

liminf ——— HHO / H(t, s)k(s)tr[R(s) Ba(s) R(s)]ds
2
> liminf 77— to / H(t, 5)k(s) [ Bo(s)]tx[ B2 (s)]ds
—hmmfp()

which contradicts (2.8) thus (2.9) holds. Then by (2.7) we get

m+

Bo(t)]dt < n / T ROt RO [Ba(t)]d < 00,

to

which contradicts (2.6). This completes the proof. O
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Remark 2.8. Let § =1, k(t) = 1, t € [ty, 00) in Theorem 2.3, Theorem 2.3 reduces to
Theorem A; we obtain the same result in Theorem 2.7 without the two assumptions
(C3) and (Cy4) in Theorem B. Therefore, Theorem 2.3 (2.5) and Theorem 2.7 are

generalizations and improvements of [15, Theorem 1, 3|, respectively.

Remark 2.9. Different choices of H, h, k, ¢ and 6 give many new criteria for the

oscillation of system (1.2).

We observe that only the ratio /6 and ¢/6 are involved in the coefficients of the
formulaes, and a(t) = 6{ log[¢(t)/6(t)]}. Therefore, choose

lt) = 90— xp (2 A tf(S)ds) ,

where f € C'tg, 00), then

alt) . olt)

and
Bu(t) = %3@, By(t) = $@—1(t>3<t>¢*—1@,
Cu(t) = alt) {C(t) + F(1) [BTH®AR) + A (B (1)] + (0B @) — f20)B 1)}

In other words, to carry out the transformation, we need only to choose one appro-

priate smooth function f(t).
A—2

Let k(t) =1, H(t,s) = (t — ), t > s > t;, then we have h(t,s) = A\t —s)°2 ,
where A > 1 is a constant, and for any s > ty, we have
H(t,s) I (t—s)*

1 _
i Ht, t) i (£ — o))

Consequently, using Theorem 2.7, we have the following corollary:

Corollary 2.10. Let A\ > 1 be a constant and suppose that there exists a function
m € Clty,00) such that, for some > 1,

t—o0 T

and (2.10) hold, where Bs(t), Cy(t) are the same as in Theorem 2.3. Then system
(1.2) is oscillatory.

lim sup tl/\/ {(t — 8)Mr{Cy(s)] — %(t — ) 2By (s)]| ds > m(T), t>T >t,

Example 2.11. Let ¢ € (0, 00), consider the linear Hamiltonian system
(2.11)

I 1
X' = 2t(3+sint)2Y’

V' =[(1+sint)?(1+t—22)+ L (3+sint)® + 2cost(3 +sint) — ¥ — 2 - 2] X,

where
1

AW =0, B0 = g gt
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10, 1 3t 3 27
C(t) = (1+sint)2(1+t—7)+2—t(3+sint)2+2cost(3+sint)—5—5—27

are 2 x 2-matrices, and B(t), C(t) are Hermitian. In this case ®(t) = I, choose A = 2,
f(t) = —1/2t, then f'(t) = 1/2t2, a(t) = t, by direct calculation, we get
1

By(t) = —————1
2(1) 22(3 4+ sint)? "

1
Cy(t) = 3 [20(1 +sint)® + 3¢> + 3t + 27 — 2(¢t + £*) (1 + sint)?] 1.
Let 8 = 6, these yield

lim sup t%tr [ / ((t — 5)2Cs(s) — 6B5 " (s))ds

t—o0 T

1 t
= lim sup 2 / (t — 5)* [20(1 4 sin s)® + 3s* 4 35 4+ 27 — 2(s + s%)(1 + sin s)?]
T

t—o00
— (t — 5)%65%*(3 + sin s)ds
123 113

21
2 m(T) = -~ TT—TcosTsinT—TQCosTsinT—4TcosT+?cosTsinT

1
— Tcos®T — 4T? cos T + 8T sinT + 48 cosT + 4sin T — §cos2T.

It is easy to verify that (2.10) holds. Therefore, system (2.11) is oscillatory by Corol-
lary 2.10. However, we can easily find that

lims ! /t h(t, ) ds = lims 1 /t 4
1m su = lmsup = SN2 WA}
PV HE ) Sy MBa(s) T e 2 iy M(Ba(s))

so condition (C}) in Theorem B is not satisfied.

ds = 00,

Let k(t) = &, H(t,s) = (t —s)?, t > s > to, then we have h(t,s) = %, and for

any s > tg, we have
Hit t—s)?
T ) AT ) MY
t—oo H(t, to) t—oo (t — t0>2

Consequently, using Theorem 2.7, we have the following corollary:

Corollary 2.12. Suppose that there exists a function m € Clty, 00) such that, for
some 3 > 1,

lim sup t% / {(t - 3)28—12t7’[02(s)] _ BB ()] ds > m(T), t>T >t

t—00 T 84

and (2.10) hold, where Bs(t), Csy(t) are the same as in Theorem 2.3. Then system
(1.2) is oscillatory.

Example 2.13. Let ¢ € (0,00), consider the linear Hamiltonian system
(2.12)

!/ _ 1
X' = t5(3+sint)2}/’

Y = [(1 +sint)?(t® + ¢* — 10t) + 23 (3 + sint)? + t* cos t(3 + sint) — 33 — 3¢ — %t] X,
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where

S
t°(3 4 sint)?

C(t) = |(1+sint)*(#* + 1> —10t) + %t?’(?) +sint)? + t* cost(3 + sint)

3., 3, 27T
— = St Tt T
2 2 2

are 2 X 2-matrices, and B(t),C(t) are Hermitian. In this case ®(¢) = I, choose
f(t) = —1/2t, then f'(t) = 1/2t?, a(t) = t, by direct calculation, we get

1
By(t)= ——— T
2(1) t6(3 +sint)? "’

1
Cy(t) = 3 [20£2(1 + sint)? + 3t* + 3t7 + 27¢% — 2(£* + t*)(1 + sin¢)?] I.

Let 3 = 3, these yield

t—oo T

1imsupt12 / {(t—s)2étr[02(s)]—gtr[Bz_l(s)] ds

1 t
= lim sup 5 / (t —s)* [20(1 4 sin s)® + 3s* 4 35 4+ 27 — 2(s + s%)(1 + sin s)?]

t—o00 T
— 65*(t — 5)*(3 + sin 5)%ds
123 113 21
2 m(T) = v TT —TcosTsinT —T?cosTsinT — 4T cos T + 5 cosT'sinT

1
— Tcos?T — 4T? cosT + 8T sinT + 48 cosT + 4sin T — §cos2T.

It is easy to verify that (2.10) holds. Therefore, system (2.12) is oscillatory by Corol-
lary 2.12. However, we note that

lim su 1 /t h(t, ) ds = 00
t—>oop H(t, tO) to )\n(BQ(S)) ’

so condition (Cy) in Theorem B is not satisfied.

Examples 2.11 and 2.13 show that Theorem B cannot be applied to system (2.11)

or system (2.12), obviously our results are superior to the results obtained before.
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