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ABSTRACT. In this paper, a class of linear state-delayed neutral systems with polytope type
uncertainties is studied. Using an improved Lyapunov Krasovskii parameter-dependent functional
and linear matrix inequality (LMI) technology, new delay-dependent sufficient conditions for the
asymptotic stability of the system are first established in terms of Mondie-Kharitonov type’s LMI

conditions.
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1. INTRODUCTION

Stability analysis of linear neutral systems has received much attention in the
past decades, e.g. see [1, 2, 3, 11] and the references therein. Theoretically, the linear
neutral system with time delays is much more complicated, especially for the case
where the system matrices belong to some convex polytope [9]. By using parameter-
dependent Lyapunov functionals, some less conservative results for asymptotic sta-
bility of uncertain polytopic delay systems have been proposed in [5, 10] via LMIs.
Although these results improve the estimate of asymptotic stability domain, some
conservatism still remain since common matrix variable required to satisfy the whole
sets of LMIs. An LMI-based method is proposed in [8, 12] for asymptotic stability
of neutral systems with time delays, but the polytope uncertainties are not taken
into account therein. To the best of our knowledge, so far, no result on the stability
for linear neutral state-delayed systems with polytope uncertainties is available in
the literature, which is still open and remains unsolved. This motivates our present

investigation.

In this paper, we study asymptotic stability of linear neutral time-delay systems
with polytope uncertainties. The novel feature of the results obtained in this paper in

comparison with [5, 8, 10, 12] is twofold. First, the neutral system considered in this
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paper is convex polytopic uncertain subjected to state delay. Second, by employing an
improved parameter-dependent Lyapunov Krasovskii functional and LMI technology,
delay-dependent sufficient conditions for the asymptotic stability of the system are
first obtained in terms of Mondie-Kharitonov type’s LMIs [7], which can be effectively

solved by various convex optimization algorithms and LMI Toolbox of Matlab.

The paper is organized as follows: Section 2 presents notations, definitions and
some well-known technical propositions needed for the proof of the main result. Delay-
dependent stability conditions of the system is presented in Section 3 with numerical

example. The paper ends with conclusions and cited references.

2. PRELIMINARIES

The following notations and definitions will be employed throughout this paper.
R™ denotes the set of all real non-negative numbers; R" denotes the n-dimensional
Euclidean space with the scalar product (-,-); R"*" denotes the space of all matrices
of (n x r)-dimensions; A” denotes the transpose of A; A(A) denotes the set of all
eigenvalues of A, Apax(A) = max{Re A : A € A(A)}, Anin(4) = min{Re X : A € A\(A) };
matrix @) > 0 (Q > 0, resp.) means () is semi-positive definite matrix i.e. (Qz,z) > 0,
Vo € R" (positive definite, resp. i.e. (Qx,z) > 0,Vz € R",x # 0), A > B means
A — B > 0; C([a,b], R") denotes the set of all R"-valued continuous functions on
[a, b]; the segment of the trajectory z(t) is denoted by x; = {x(t+s) : s € t € [—h,0]}
with its norm ||z]| = supye(_s g l2)(+5)]]-

Consider the following linear polytopic neutral system with state delay:

i(t) = C()a(t — ) = Ao(§)x(t) + Ar(§)x(t —71) t>0
(2.1)
2(0) = 0(0), V0 € [—h, 0]

where x(t) € R™ is the state, 71, 7o are time delays, h = max{7, »}. The state-space

data are subject to uncertainties and belong to the polytope €2 given by

Q {[O A0> Z& CzaAOzaAlz Zfz =1 fz Z 0}

where Cj, Agi, A1, (i = 1,...,p) are constant matrices with appropriate dimensions
and &, (i =1,...,p) are time-invariant uncertainties.
Let

el = \/IISE @1 + HS’C(t+8)H2d8-

Proposition 2.1. [6] Assume ||Ci|]| < 1,i = 1,2,...,p. If there is a Lyapunov-
Krasovskii functional V(t,x) satisfying

i) Jep, 00 >0 ez <Vt x) < oz 2,
i) Jes >0 V(t,x) < —csl|z(t)|]?
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for all solution x(t) of the system, then the zero solution of system (2.1) is asymptot-

ically stable.

Proposition 2.2. [4] For any symmetric positive definite M € R™", and number
o > 0, vector function w : [0,0] — R™ such that the integrations concerned are well
defined, we have

() weras) (|

g

w(s)ds) < 0/00 w’ (s)Mw(s)ds.

3. MAIN RESULT

Let Qlia Q2i> Q3i> Q4ia QSia Pi> 7—;23 Hi> Si7 M be n x n matrices. We denote

En Al épj Ei3 —Qu+ A ij E1s
*x =S QoA —Q2j (2, C;
=:(P;,Tj, H;, Sj, Kj, Q;) =: | % * a3 ALQu — Qs B35
* * * S —Q3; + Qu;Ci
| * * * S5

where
Ei = (P + Quy)Aei + Agi(P + Q1)) + 55 — H; + K,
Eis = Hj + (P + Quj) A + A5Qs;,

Ei5 = (P + Qu)Ci + AGQL,

B33 = —H; + Q3;A1 + AL,Q3; — K;

E35 = ALQL; + Qs3;C,

Ea =Tj+1EH; — Qu; — Q1

15
Es5 = — 1 + Q5;C; + CiTnga
M 0 0 0 O
0 0000
M=]10 0O0O0O0|,

0O 00 0O
0 0000

At =M o p Amin(F),  @p =maXi—12 pAmax(F), r = max; Amax(15),

Qg = Imax; )\max(Si)a G = Max; )\maX(Ki)a Qg = Mmax; )\max(Hi)a

)\2 =ap+ar—+ 2h(1 + h)OéS + 2h(1 -+ h)OéK + h2OéH.

Theorem 3.1. Assume that ||C;|| < 1,(i = 1,...,p). The zero solution of system
(2.1) is asymptotically stable if there exist matrices Qv;, Qai, Q3i, Qui, Q5i(i =1, ..., p),
a symmetric semi-positive definite matriz M and symmetric positive definite matrices

P, T;,,H;,S;, K; (i =1,...,p), such that the following linear matriz inequalities hold:
(31) EZ‘(PZ',E,HZ',SZ',KZ', Ql) < —M, 1= 1,...,])



66 P. T. NAM, H. M. HIEN, AND V. N. PHAT

(32) Ei(f)j,ﬂ,Hj,Sj,Kj,Qj) Hj(P T;, H;, S;, K; Q2)<—1M

Proof. We denote [P, T,S,M,H, K,Qk|(§) = >0, &P, T;, Siy My, Hi, Ki, Qpi], and
consider the following Lyapunov functional:

V(t, @) = Vi() + Va() + Va(-) + Vi) + V5(),

where

Vi(-) = 2" (1) P(§)x(1),

Va(-) = Ji,, & (s)T(€)i(s)ds,

V() = Ji_,, 2" (s)S(€)a(s)ds

Vi(-) = Ji,, @ (s)K (€)a(s)ds

Vs(:) =m ftt_n(s — (t —m))aT (s)H (€)i(s)ds. It is easy to verify that
(3.3) Mlle(@)[]? < V(Eze) < Xl

_ Z gl[zg]( )(P,Ag; + ALP)a(t) + 227 (8) P Ay (t — )
(34)  +2T(RCat-))).
Va(t) = &T ()T (€)i(t) — @ (¢ — 72)T(€)i(t — 7o)

(3.5) =& D6 (T - " (¢ - )Tt - )|

(3.7) - ig [i 3 (g;T(t)K,.x(t) — Tt = ) Kt — 71))].

Using Proposition 2.2, we have

Vi) = (OH i)~ [T ()H(Ei(s)ds
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<weitwr a0 - ([ o) meo( [ o)

—T1

= 22" (t)H(€)a(t) — o () H(€)a(t) + 22" () H(§z(t — 1)

(3.8) — 2t (t — ) Hz(t — 7'1)>] :
Since —z(t) + C(&)x(t — 1) + Ao(§)z(t) + A1 (&)x(t — 1) = 0, we have

2[z7(6)Q1 (&) + 27 (t — 1) Q2(&) + 2T (t — 71)Q3(&) + 2T (1) Qa(&) + &7 (¢t — 72)Q5(€)]
X [=z(t) + C(§)(t — 12) + Ag(§)x(t) + Ar(§)z(t — 1)) = 0.

From (3.4)—(3.8) it follows that
V(t,z) <Z@[Z§< ()[PiAg; + AL P+ S — H; + K; + QuiAo; + AL QT (t)

— 2xT(t)A§j 57t —72) + 227 (1) [PiAL + QuAy, + ALQ%]a(t — 1)

+ 227 (1) [~ Qu + AL Q1) (t) + 22" (¢)[PiCy + QuCy + Af,Qni(t — 72)

— 2T (t — ) Six(t — ) + 227 (t — 72) QAL (t — 1) — 227 (t — T2) Qi (t)

+ 2T (t — 1) Qo (t — 7o) + 2T (t — 1) [~ H; — K; + Qs A1 + AT Q?ﬂ] (t—m)
+ 27 (t — 1) (AT; Q1 — @si)a(t) + 227 (t — 1) (AT;Q5 + QuiC))a(t — )

+ & ()T + 7 Hy — Qui — Q)2 (1) + 237 (1) (— Q3 + QuiCy)ir(t — 1)

+ @7 (t =) (—T; + Qs5:Cy + CTQL)i(t — mﬂ

_Zg[ )[PAy + ALP, + S — Hy + K; + Qu Ao + ATQT)a(1)

— 20T ()AL QL x(t — 1) + 22T (1) [P AL + QuiAy + ALQE)x(t — )

+ 227 (1)[~Qu + AgQua(t) + 227 (1) [PC; + QuCi + AG, Q5] (t — )

— 2T (t — 1) Six(t — 1) + 227 (t — 1) Qu Ay (t — 1) — 227 (t — 72)Qoiic(t)

+ 27 (t — 1) Qi (t — ) + 27 (t — 1) [~ H; — K; + Qi Ay + ALQT]2(t — 1)
+ 207 (t — 1)) (ATQF — Qu)i(t) + 227 (t — 70) (ALQ5; + Qs Ci)(t — )

+ 2T (T + 8 Hi — Qu — Q1) 2 (t) + 287 (1) (— Q% + QuCy)a(t — 1)

+ 37 (t — 1) (=T} + Q5:C; + CT QL) (t — 72)

+ Z Z 23 [( [P Ay + ALP: + S; — Hy + K, + Qu Ay + ATQT ) (t)

=1 j=i+1
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— 22T () AT Qg (t — 72) + 207 (8)[PAr; + QuiArj + AL;Q%]x(t — 71)
+ 227 (1)[~Qui + Ag; Q)i (t) + 22" (1) [PC; + QuCy + Af@si]i“(t —T)
— 2T (t — 1) Siz(t — 7o) + 227 (t — 7o) Qoi A1, (t — 1) — 207 (t — 7o) Qi (t)
+ 2T (t — 1) Qo (t — ) + 27 (t — 1) [~ H; — K; + QsiAy; + AL ng] (t—m)
+ 227 (¢ = 1)(B Qi — Qu)a(t) + 227 (t — m)(Bf Q3; + QuiCy)(t — 1)
+ i ()T + T Hy — Qi — Q) (t) + 227 (8)(—Q5; + QuCy)i(t — )
+i7(t = ) (=T + QuCy + CTQL)i(t - 7))
+ (2T (O1P Aos + ALP; + S, — Hj + K + QiAo + ALQT ()
— 22T (1) ALQLx(t — 72) + 227 (1) [PjAn + QujAv; + ALQ%Ja(t — 1)
+227 ()[=Quy + AuQu;la(t) + 227 (1) [P.C; + Qu;Ci + AgQ5;)a(t — )
— 2T (t — ) Sa(t — 72) + 227 (t — 72) Qo Avi(t — T () — 227 (t — 7)) Qo (1)
+ 2" (t — 1) Qyi(t — ) + 2’ (t — 1) [—H; — K; + Qs;Au + AT,Q%;]x(t — 1)
+ 257 (t — Tl))(A{iQZj — Q)i (t) + 22" (t — 7)) (AL, Q% 5; T Q3;Ci)1(t — )
+a" ()T + 17 Hj — Quj — Quy)a(t) + 227 ()(= Q55 + QuyCi)ir(t — 7)
+ i ( = ) (=T + Q5iCi + CTQL)i(t = 7)) |

Therefore,

p
i=1

p—1 p
+3° 3 66 (5P T .85, K5, Q) + 5P T, Hi, 81, K, @) (o),

i=1 j=i+1
where nT(t) = [2T(t) 2T(t — ) 2T (t—7) 2T(t) #T(t — )]
From the conditions (3.1), we can choose a small positive number ¢ such that
=(P, T, Hy, S, K, Q) < —M =61, i=1,...,p,
and hence

(3.9) Vitz) <n"0( =D ¢ —ZZ@@)Mn (Zé)\\n Olls

i=1 i=1 j=i+1
Observe that

-1y e-23 Y e6-% 36

=1 j=i+1 =1 j=i+1

1= (2:5)2 <p (2:£2> :

and
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from (3.9) we obtain

V(t,z) < —%Hn(t)W < —§||x<t>||2.

Since ||Cy|| < 1,4 =1,2,...,p, by Proposition 2.1, the zero solution of system (2.1)
is asymptotically stable. This completes the proof of the theorem. O

Remark 3.1. It is worth noting that the condition (3.1) means the asymptotic
stability of each i"—subsystem, while the condition (3.2) implies the asymptotic
stability of the ij"*—subsystems and if p = 1 this condition is automatically removed.
Thus, Theorem 3.1 includes the result of [3, 8, 12] for the neutral systems without
polytope type uncertainties (p = 1) and of [5, 10] for polytopic time-delay nominal
systems (C' = 0).

An example. Consider system (2.1), where p = 3,77 = 3.294, 75 = 2.325 and

—02 0 —2 1 ~19 0
,A = 7A = )
0 —0.09] 0 [o —1] 03 [0 —1]
—01 0 01
Ay = Ay = ,
H [—0.1 —0.1] 2 [1 0]

—09 0 0.1 0
0 0.1

Ao =

A13: ,01202203:

-1 -1.1
Using Matlab’s LMI Toolbox, the LMIs (3.1), (3.2) are feasible with

Pr = 10° x 1.7286 0.0713 Py = 10° 1.7286 0.0713 |

3 1.7286 0.0713 340.9984 —4.0051
Py =10° x , I = ;
0.0713 0.1044 —4.0051 32.0171

o _ (1311557 93.4328 L. _ (5658401 14.7002
7\ 934328 267.9493) 7 " \ 147002 14.2196)°

o _ (109018 05682) (1026670 27.7092
" loses2 03740) 7 TP \ 277002 125271 )

~ (22.0684 —0.0155 4 (126.6476 34.8805
57\ 200155 00003 /7 ' \ 348895 11.6732)°

Ky = 10° % 1.9646 0.8557 Ky = 10° % 5.5205 0.1423 ’
0.8557 1.0108 0.1423 0.0823

o 62.9216 —8.3560 "o 25767 —2.1348
P\ 83560 6.5004 ) 7 \—2.1348 61.3053 )"
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b (751692 24741 0. — ~929.3060 —251.1666
57\ 24741 50006 ) M\ 1227765 43.9443 |

—T77.2918 484.2981 3 —1.2092 —0.3569
Q12 = , Qi3 =107 x ,
—944.5658 —629.9611 0.1922 —0.0225

Qa1 = Qs = Qs — <8 8) ,

04 — 316.9512 58.0430 O — 581.9968  407.6488
7\ 052396 43.3029) 7 P \327.0204 —158.0781)

Ou 793.9240 —145.8548 01 — 967.8075 30.9110
872086832 —3290185 /7 " \250.1379 191.3986 ) °

00— 388.0444  454.6886 O — 038.8036 —177.1645
27\ 22486346 604.5765) 7 T \224.9416 452952 |

0.1 ~17.6502 —52.4232 0. —54.0249 —36.5439
T 28508 —21.0811) 7 T \—24.1424  14.0410 )

O — —76.2772 —18.1835 - (197472 —0.0147
7\ 2231784 —11.2059 ) ~\—0.0147 0.0002 )"

By Theorem 3.1 the zero solution of the system is asymptotically stable.

4. CONCLUSIONS

In this paper we have presented delay-dependent sufficient conditions for the
asymptotic stability of linear state-delayed neutral systems with polytope type un-
certainties. The conditions are established in terms of Mondie-Kharitonov type’s LMI
conditions.
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