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ABSTRACT. This paper studies a class of nonlinear second order difference equations of the type
f(xnu :En—l)

Tn+l1 = . 3
n

where f is symmetric and monotonic with initial conditions z_1,x¢ being positive real numbers.
Some sufficient conditions under which every positive solution of such equation converges to a period
two solution or to the cycle {0, 00} are established.
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1. INTRODUCTION

Nonlinear difference equations appear as discrete analogues and as numerical
solutions of differential and delay differential equations. Such equations also have
direct applications in the modeling of diverse phenomena in various sciences such
as, biology (see [3, 4]), ecology (see [9]), economics (see [8, 11]), medical sciences
(see [13]), military sciences (see [6, 14]). Our objective in the study of difference
equations is to understand as much as possible about the asymptotic behavior (such
as stability, boundedness, convergence, etc.) of solutions without the knowledge of an

explicit formula for the solutions.

In this paper, we study the global behavior of the nonlinear second order differ-

ence equation

(1) $N+1:M7 n:0a1727"'7

Ty,
where f is symmetric and monotonic and the initial values x_q, xg are positive real
numbers. Thus f belongs to the class of coordinate-wise monotonic functions, i.e.,
functions which are monotonic in each coordinate. For more about coordinate-wise
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monotonicity, see [14]. Most of the results about Eq. (1) treat the case when f is a
rational function. For second order rational difference equations, see monograph [10].
For higher order rational difference equations, see [2, 12]. For nonlinear difference
equations see [15, 16].
A solution Z of the equation f(z,z) = z? is a fixed point (or equilibrium) of
Eq. (1). Also the sequence
a,Ba,8,a,0, ...

where a8 = f(«, ) is a period two solution of Eq. (1). In this note, we obtain
sufficient conditions under which every positive solution of Eq. (1) converges to a

period two solution and study the boundedness and convergence of this equation.

2. CONVERGENCE TO A PERIOD TWO SOLUTION AND
DIVERGENCE TO INFINITY

Lemma 1. Assume that the function f : (0,00)* — (0,00) is differentiable. Then

(1): f satisfies the following functional equation

(2) fle,y) = [y, 2) = (& — 2)g9(2,y, 2)
where g : (0,00)% — [0,00) and g is continuous if and only if
(a): f is symmetric, i.e., f(z,y) = f(y,z),
(b): f is increasing in both arguments.
(ii): f satisfies Eq. (2) where g : (0,00)> — (—00,0] and g is continuous if and
only if (a) together with the following hypothesis hold

(c): f is decreasing in both arguments

Proof. We only give the proof of (i). The argument for (ii) is similar and will be
omitted. Suppose that Eq. (2) holds and ¢ is a continuous and nonnegative-valued
function. In Eq. (2) let x = z, which yields f(z,y) = f(y,x), so f is symmetric and
(a) holds. Next Assume that (a,b) € (0,00)% By the continuity of g we have

— — — >
Ee (a,b) = lim = lim g(z,b,a) = g(a,b,a) >0

so f is increasing relative to the first argument and since f is symmetric it is increasing

relative to the second argument too.
Now assume that conditions (a) and (b) hold. Define the function

f(l','y) B f(zay)

T Fz
g(![’,y,Z): g( ZIZ')—Z .
oz Y —F

so by (a) Eq. (2) holds. Also by the differentiability of f, g is continuous and by (b),

g is a nonnegative-valued function. The proof is complete.
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Lemma 2. Assume that f € C* and condition (a) in Lemma 1 holds. Then

(i1): g is increasing (decreasing) in the first and third arguments in (0,00)3 if and
only if for every (x,y) € (0,00)%, Gh(z,y) = 0 (Fh(z,y) < 0).

(i1): g is increasing (decreasing) in the second argument in (0,00)? if and only if

2 2
for every (z,y) € (0,00)2, 224 () 2 0 (L (2,y) < 0).

Proof. Using Lemma 1 we have

f(xvy)_f(zvy) €T % z
9(557%2) = T
(ry)  w=z

Now suppose = # z. Then using mean value theorem there exist 7,,. between = and

z and &y, between 7,,. and x so that

gale,y, ) = ST (l—_ ! g Y+ I.2) _ faley)e Z();_(;? ) fuluy=, )

fe(2,y) — fx(nxym y) (z — nxyz)fxx(gxyza Y)

T —z (x —2)

and for z = z, g.(z,v,2) = fee(z,y). Therefore, g is increasing (decreasing) in the
first argument if and only if f..(z,y) > 0 (fex(z,y) < 0) for every (z,y) € (0,00)%
Since ¢ is symmetric relative to the first and third arguments similar argument holds

for the third argument too.

Again assume = # z. Then using mean value theorem there exists 7,,, between

x and z so that

fﬂc(yv SL’) B fﬂc(yv Z)

r—z

gy(x,y,z) = - fxy(y>77xyz)

and for x = 2, g,(z,y,2) = fuy(x,y). Therefore, g is increasing (decreasing) in the
second argument if and only if f,,(z,y) > 0 (fu,(z,y) < 0) for every (z,y) € (0, 00)2.

The proof is complete.

Theorem 1. Assume that f : (0,00)* — (0,00) is differentiable and hypothesis (a)
and (b) in lemma 1 hold and the sequence {x,} of positive values satisfies Eq. (1).
Let p = f(xo,x_1) — xoxr_1, | = min{x_q,x0} and define

S={@y,zuw)|ll<z<zl<w<y}, A={(z,y,2)|l<zy2 z<uz}
Then

(i): If p < 0 then the sequence {z,} converges to a period 2 solution.

(i1): If p > 0 and there exists 0 < U < 1 such that for (z,y,z,w) € S

9(z,y,2)9(y, z, w)
Y
as (x,y,z,w) — (p, 00, i, 00) for all p >0 and as (x,y, z,w) — (00, 00, 00, 00),

<U

lim sup

then the sequence {x,} converges to a period 2 solution.
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(15i): If p > 0 and there exists L > 1 such that for (z,y,z,w) € S

(z,y,2)9(y, 2, w)
xy

lim inf g

> L as(z,y,z,w) — (n,00,pu,00) Yu>0

and

Jo(pesm) f2(n, 1)

un
then the sequence {x,} diverges to infinity.

(w): If p > 0 and there exists L > 1 such that for (x,y,z) € A

>L, Yu,n>0

liminfM >0 as(r,y,2) — (co,p,00) Yu>0
x

and for all x,y >0
fiﬂ(xay)

> L

then the sequence {x,} diverges to infinity.

Proof. Subtracting x,_; from the left and right hand sides of Eq. (1), we obtain

f($n> In—l) — TpTn-1
T ’

Tp+l — Tp—1 =
From the fact that
Tnpndp—1 = f(xn—lu xn—2)7

and by (2), we have for n > 1 that

(3) Tpt1 — Lpo1 = f(xna xn—l) - f(xn—lyxn—2) _ (xn — ,’,Un_2>g([1j‘n7 Tn—1, xn—Z)
Tn T

So the signum of z,, — z,,_5 is invariant for all n > 1 since g is positive-valued (by

Lemma 1).

Now assume that p < 0. Then both of subsequences of even and odd terms
are decreasing. Hence, the sequence {z,} converges to a period 2 solution and (i) is

verified.

Next, assume that p > 0. thus, both of subsequences {xs,} and {zs,,1} are
strictly increasing by Lemma 1(note that by Lemma 1 g(x,y,z) > 0 if © # 2).
Also note that by (3) and the fact that p > 0, x, > [ for all n > —1. Therefore
(Ton, Ton_1, Top_o, Tan_3) € S for all n > 1.

Suppose that the hypothesis in (ii) hold. We claim that the sequence {x,} con-
verges to a period 2 solution. Assume for the sake of contradiction that this is not
true. So, either both of subsequences of even and odd terms diverges to infinity or, one
of them is convergent and the other one is divergent. Without loss of generality one
can assume that either zo,,; — oo and w9, — 00 or, x9,; — 00 and x9, — u > 0.
Thus, for every € > 0 there exists N € N such that for all n > N

xnvxn—7xn— xn—uxn—axn—
(4) 9(2 2n—1, L2 2)9(2 1, L2n—2, L2 3)<(U—|—e)
TonToan—1
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Therefore by (4) and (3) one can write for n > N that

Q(I2m Ton—1, I2n—2)g(l’2n—17 Ton—2, I2n—3)

TonTon—1

Top+1 — Lon—1 = (fzn—l - $2n—3)
< (wap—1 — Ton—3)(e + U),
and therefore by induction one can write for n > N that

n—N+1(

Tont1 — Top—1 < (U + e) ToN-1 — 332N—3)

Choose 0 < e <1—U. Thus foralln > N

Tont1 < (Tont1 — Ton—1) + (Tan—1 — Ton—3) + ... + (Tanv—1 — Tan—3) + Tan—3

n—N+1

< (wan_—1 — Tan—3) Z (U+ €)' + zon_3

=0

< (wan—1 — Tan—3) (U + E)i + Zon_3

=0
( R S
= (Ton_1 — ToN_3). ————— + Ton_
IN—1 IN-3 = (U +e) IN-3

which contradicts the fact that the subsequence {xs,1} is unbounded. One can prove

(iii) with an analysis similar to that of (ii). Just note that by the continuity of g

it 9@ 29y, 2 w) _ folin) fo(n, 1)
(2,y,2,w) = (11:14m) Yy un

Now assume that the hypothesis in (iv) are held. For the sake of contradiction
assume that the sequence {x,,} does not diverge to infinity. then there are two possible

cases to consider:

Case I: One of subsequences of even and odd terms is convergent and the other
one is divergent. Without loss of generality assume that x9,,1 — 00,29, — p > 0.

Now, we claim that

lim il’lf(IQn+1 - Ign_1> =0

n—oo

otherwise

Ton41, L2n, Izn—l) -0

.. .. . . g
liminf(zg,4 2 — x9,) > liminf(zg,41 — x,_1). liminf (
n—00 n—00 n—0oo Ton41

which simply is a contradiction. Thus there exists a subsequence {Zo,, +1 — Tan, -1}
of the sequence {za,4+1 — Z2,—1} such that limy_o Top, 11 — Top,—1 = 0. Now, using

mean value theorem we have

Q(Iznk+1, Lony, $2nk—1) _ f:c(fk, 932nk)

Lony+1 Lon,+1
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where o, 1 < & < Top,+1. Since limy_ oo (zon,+1 — &) = 0 then for every € > 0
there exists N € N such that for all k > N | x9,,, 11 — & < €. Thus for k > N

9(Tony+1, Tony Ton,—1) - Jo(&rotony)  fol8ky Tan,) Sk - &k

k
Ton,+1 S+ e &k §k € E + €

Similarly, one can write

9($2nk,552nk—1,932nk—2) o fx(5k>I2nk—l) _ fx((sk,ffznk—l) O S Ok

Y

where x9, 9 < 0), < gy, So for k> N

* » * * Tong+1 Lon,,

2 gk 5k
e+ € xap,

> (Ton, — Ton,—2)-L

Note that the sequence {} diverges increasingly to infinity and limy_, oo (225, — k) =
0. Therefore,
i e O
im ) =
k—oo & + € Tap,
This together with the fact that L > 1 and (5) implies that the subsequence {xs,, }

is unbounded which is a contradiction.

Case II: Both of subsequences of even and odd terms are convergent. Assume

that w9, — 1, Top11 — 1. Then by the continuity of g

lim g(xn+1>$naxn—l)g($naxn—1>$n—2) _ fx(u,ﬁ)-fx(ﬁ,ﬂ) < 2
n—oo Ln+1Tn Bn

which implies that the sequence {z,} is unbounded, a contradiction. The proof is

complete.

Corollary 1. Assume that hypothesis in Theorem 1 are held. Assume also that

f € C? and for every (z,y) € (0,00)* both of partial derivatives i a‘fgy are

Ox2
positive or negative. Then section (ii) in Theorem 1 could be replaced by the following

more simpler section: If p > 0 and there exists 0 < U < 1 such that

fo(2,y). fo(y, @)
ryY

lim sup <U as(z,y) — (u,00) Yu>0

then the sequence {x,} converges to a period 2 solution.

Proof. Let (z,y,z,w) € S. If both of partial derivatives % and % are positive

then by Lemma 2 ¢ is increasing in all of it’s arguments and we have

9.9, 2)9(, zw) _ f@y,2)9@2y) _ fol@y)fa(,2)

Yy ry Yy
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2f
0xdy
is decreasing in all of it’s arguments and we have

ooy, 29y 2 w) _ gz glw,zw) _ folzw)falw, )

Ty 2W 2W

Next, if both of partial derivatives % and

are negative then by Lemma 2 ¢

which completes our proof.

Example 1. Let f(z,y) = ;%’J which defines the following difference equation
ATp—1

6 ] = ——
() Tnt Ty + Tpo1

Eq. (6) was investigated in [10] where it was shown that every solution of Eq. (6)

converges to a period two solution.
Clearly conditions (a) and (b) in lemma 1 are held and
ay?
PESIESSY

M%%QZ(
Therefore

(1). If p = 22— —x0x—1 <0, ie,, 79 + 21 < a then by Theorem 1(i) both of
subsequences of even and odd terms are convergent decreasingly. So Eq. (6)
converges to a period two solution.

(7). If p > 0, i.e., xg+2x_; > a then since g(x,y, 2)g(y, z,w)/zy — 0 as (x,y, z,w) —
(1, 00, 1, 00) or (00, 00, 00, 00) for every p > 0, by Theorem 1(ii) both of subse-
quences of even and odd terms are convergent increasingly. Therefore, Eq. (6)

converges to a period two solution again.

Example 2. Consider the difference equation

2 2

+ 7 _ 1

(7) $n+1=aM, a >0, a%a
Tn

which is obtained from Eq. (1) by setting f(z,y) = a(2® + y?). Conditions (a) and

(b) in lemma 1 are simply held and
9(z,y,2) = a(x + 2).
Thus

(i). If p = a(z*, +23) — z_170 < 0 then using Theorem 1(z) both of subsequences of
even and odd terms are convergent decreasingly and therefore Eq. (7) converges
to a period two solution.

(i7). If p >0 and a < % then for points (z,y,2) € S

g($7 Y, Z)g(yv Z,'LU) — CL2I +z Yy +w
xy r oy
thus by Theorem 1(ii) both of subsequences of even and odd terms are convergent

<4a® <1

increasingly. Hence, Eq. (7) again converges to a period two solution. This result
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could be obtained by Corollary 1 since fy,(z,y) = 2a > 0, fy,(x,y) = 0. Note

that

f$($7y)fI(y7x) — (2@1')(2&'3/) — 4@2 <1
Y Y
So if a < % then by Corollary 1 similar result obtains.

(ii7). p> 0 and a > L. Note that liminf g(z,y, z)/z = a(z+2)/z = a+aliminf z/z >

0 as (z,y,2) — (oo, u, ) for every p > 0 and for points (z,y,z) € A

2 (T, 2
folz,y) oo
X X

thus by Theorem 1(iv) Eq. (7) diverges to infinity.

Example 3. Consider the difference equation

(8) - a(x, + Tp_1) + b(sinzx, +sinx, 1) + c’ abe>0. a>b
Ty,

which is obtained from Eq. (2) by setting f(z,y) = a(z + y) + b(sinz + siny + ¢).
Conditions (a) and (b) in lemma 1 are simply held and

a_|_ bSll’le—Sll’lZ T # z

9(z,y,2) = v
a+bcosz T =2z

Thus

(7). If p = a(z_1+m)+b(sin z_1+sin xy)+c—x_129 < 0 then by part (7) in Theorem 1
both of subsequences of even and odd terms are convergent decreasingly. Hence,
Eq. (8) converges to a period two solution.

(7). If p > 0 since g(x,y,2)g(y,z,w)/zy — 0 as (z,y,z,w) — (u, 00, u,00) or
(00, 00,00, 00) for every u > 0 then by part (i4) in Theorem 1 both of sub-
sequences of even and odd terms are convergent increasingly. Hence, Eq. (8)

again converges to a period two solution.

Example 4. Set f(z,y) = \/ar? + bry + ay? which satisfies conditions (a) and (b)

in Lemma 1. So we have the following difference equation

ar? + brpr,_1 + ar?_
) ry = VO O s
T,

with
ar + by + az

B Vaz? + by + ay? + \/ay? + byz + az?

9(z,y, 2)

Therefore

(4). If p = y/ax?, + br_1xo + aad — x_129 < 0 then by Theorem 1(i) Eq. (9) con-
verges to a period two solution with decreasing subsequences of even and odd
terms.
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(ZZ) If p > 0 then g(x,y,z)g(y,z,w)/xy — 0 as (x7y7sz) - (M?OOMquO) or
(00, 00,00,00) for every u > 0. So, by Theorem 1(ii) Eq. (9) converges to a

period two solution with increasing subsequences of even and odd terms.

Example 5. Let f(z,y) = expx + expy and note that conditions (a) and (b) in
Lemma 1 are simply satisfied. Thus the following difference equation is obtained by
Eq. (1)

exXp Ty + €XP Tp—1

10 €T =
( ) n+1 T,
with
expr—expz . P
g(Iv Y, Z) = e ?é
exp x. rT=z

Note that p = expr_1 + expxy — z_1x9 > 0 for every x_q,x9 > 0. Also for points
(z,y,2) € A

g(z,y,2) expxr—expz pyal (xii_!zi) (2 —2°)  a?4az+2

x  x(r—2) oz —2) lo(x —2) 3lx

thus W — 00 as (z,y,2) — (oo, p,00). Also for all z,y > 0

folry) _ expr expl > 1
x x

Therefore, by Theorem 1(iv) every positive solution of Eq. (10) diverges to infinity.

Lemma 3. Assume that the function f : (0,00)*> — (0,00) is differentiable and
conditions (a) and (c) in Lemma 1 hold. Assume also that the sequence {x,} of

positive numbers satisfies Eq. (1). Let p = f(xo,x_1) — xox_1. Then

(i): If p > 0, then the subsequence of odd terms is increasing and another one is
decreasing.

(i1): If p < 0, then the subsequence of even terms is increasing and another one is
decreasing.

(111): The solution {x,} either converges to a period two solution or converges to
{0,00}.

Proof. By Lemma 1, g is a negative-valued function. Using this and Eq. (3)
parts (i) and (ii) are easily proved. It remains to verify (i7i). If p = 0 then using
Eq. (3), Eq. (1)converges to the period two solution (x_;,x0). Now, assume that
p # 0. Thus one of cases (i) and (i7) occurs and in both of them one of subsequences
of even and odd terms is increasing and another one is decreasing. Without loss
of generality assume that p > 0. Thus, four cases are possible, i.e., (T2,11,%o,) —
(p,q); p < 00,q > 0 or, (Tant1,%2) — (00,0) or, (T2pt1,22,) — (p,0), p < o0 or,
(Tons1, Ton) — (00,q), ¢ > 0. We show that only the first two cases occurs and this

completes our proof.
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Now if (Z2p+1,Z2,) — (,0), p < o0 then

lim f(l’gn,l’gn_l) = lim Ton+1Lon = O,
n—00

n—oo

using the fact that zq,_1 < p and x9, > 0 for all n € N and by the fact that f is
decreasing we have for all x > p,y > 0 that

.f(x>y) < nh_)rgo f(x2na x2n—1) =0
which simply is a contradiction. Next suppose (Z2,11, Z2,) — (00, ¢q), ¢ > 0. Thus

lim f(l’zm $2n—1) = JLIEIO Ton41TL2n = OO

n—~o0

again using the fact that ¢ < o, for all n € N and by the fact that f is decreasing
we have for all x < ¢,y > 0 that

f(93>y) > lim f(932m932n—1) = lim 9,412, = 00
n—oo n—oo

which again is a contradiction. The proof is complete.

Theorem 2. Suppose f : (0,00)* — (0,00) is differentiable and conditions (a) and
(¢) in Lemma 1 hold. Assume also that the sequence {x,} of positive numbers satisfies
Eq. (1). Let p= f(xog,x_1) — xox_1. Then

(i): If p = 0 then the sequence {x,} converges to the period two point (x_1,xg).
(i1): If there exists L > 1 such that for every period two points (p,q) of Eq. (1)

f(p, @) f=(q, p) -
pq

then the subsequence of odd terms diverges increasingly to oo and the other subse-

L

quence converges decreasingly to 0 when p > 0 and the subsequence of even terms
diverges increasingly to oo and the other subsequence converges decreasingly to
0 when p < 0.

(11): If there exists 0 < U < 1 such that for every (x,y,z,w) € C

g(z,y,2)g(y, z, w)
zy

then the sequence {x,} converges to a period two solution with increasing odd

lim sup

<U as(z,y,z,w) — (0,00,0,00)

terms and decreasing even terms when p > 0 and increasing even terms and

decreasing odd terms when p < 0 where

C={(r,y,z,w) |2y = f(y,2), yz= f(z,w), 0<x<z w<y}

(): Assume that f € C?. If for every (z,y) € (0,00)?, %(z,y) > O,aa;gy(x,y) >

0 and also there exists 0 < U < 1 such that for period two points (p,q)

f=(p, ) f2(q,p)
pq

lim sup <U as(p,q) — (0,00)
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then the sequence {x,} converges to a period two solution with increasing odd
terms and decreasing even terms when p > 0 and increasing even terms and

decreasing odd terms when p < 0.

Proof. (i) is easily proved using Eq. (3). So assume that p # 0. Then using
Lemma 2 there are only two possible scenarios: either the sequence {x,} converges
to a period two solution or, it converges to {0,00}. Now if hypothesis in (ii) hold
then the first scenario is not possible. Otherwise, suppose that (xg,, 2,—1) — (p, q)-
Then using Eq. (3)

)g(l'n, Tp—1, xn—2)g($n—1> Tp—2, zn—S)

(11) Tp+1 — Tp—1 = (In—l — Tp-3
Tplp—-1

also by the continuity of g
i 9 -1, 20-2)9 (@01, T2, Zs) _ falp, @) felep) _
n—oo TnTpn—1 pq
this together the fact that L > 1 and Eq. (11) implies that {z,} is unbounded which

is a contradiction. Therefore, {z,} converges to {0, co}.

Next assume that hypothesis in (iii) hold. We claim that the second scenario
does’nt occur. For the sake of contradiction, and without loss of generality suppose
that {xs,} converges decreasingly to 0 and {xs,.1} diverges increasingly to co(Note
that this occurs when p > 0. The proof for the case p < 0 is similar and will be
omitted). Therefore, (z2,, Ton_1, Tan—2,Ton—3) € C for all n > 1 and Eq. (3) yields

_ 9(Ton, Tan—1, T2n—2)9(Tan—1, Tan—2, Tan—3)
Tont1 — Ton—1 = (Tan—1 — Ton-3)
TonT2n—1
this together with the fact that 0 < U < 1 and an analysis precisely similar to that

of Theorem 1(ii) implies that {zs,41} is bounded, a contradiction.
Finally, assume that hypothesis in (iv) hold. Define

M- {g(x,y,z;g(y,z,w) | (2.9, 2,w) € C}‘
Y

Now assume that (z,y, z,w) € C. Since %(:ﬂ,y) > 0,%(1’,@ > 0 in (0, 00)?
then by Lemma 2 ¢ is increasing in all of it’s arguments in (0,00)3. This fact and
also the fact that g is a negative-valued function yield

9(@,y,2)9(y, z,w) _ gz, w,z)g(w, z,w) _ folw, w) folw, z)
Ty B Tw Tw

this means that the maximum point for the set M occurs when x = z and w = y. Also

for such a point we have zw = f(w, x), i.e., (z,w) is a period two point. Therefore
(12) sup M <supT

where

T= {fm(%W)fm(w,x)

| z,w >0, (x,w) is a period 2 point }
Tw
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Now we claim that the sequence {z,} converges to a period two point. For the
sake of contradiction, and without loss of generality assume that {zs,} converges
decreasingly to 0 and {xg,y1} diverges increasingly to oco. (Again note that this
occurs when p > 0. The proof for the case p < 0 is similar and will be omitted).

Thus (zon, Ton_1, Ton_2, Ton—3) € C for all n > 2 and by (11) one can write

€ naI n— 7'1’: n— X n— ?x n— ?x n— .
lim sup 9(Tan, Ton—1, Tan—2)9(T2n—1, Tan—2, Tan—3) < limsup T<U
n—00 TonTon—1 (z,w)—(0,00)
this together with the fact that 0 < U < 1 and an analysis precisely similar to that
of Theorem 1(7i) implies that the subsequence {z3,.1} is bounded which simply is a

contradiction. The proof is complete.

Example 6. Consider the following difference equation
1 1

s
n—1

(13) e i

which is obtained from Eq. (1) with
1 1
f(xuy):_s+_87 52>0
T )
conditions (a) and (¢) in Lemma 1 are simply held. Also f..(x,y) = % >
0, foy(x,y) = 0. Now assume that (p,q) is a period two point for Eq. (13). Then

pq = 1% + q% and we have

2 2
fx(p, q]))gx(QJD) _ (p;)s+2 _ (is +8is)8+2 — 0 as (p, q) — (O, OO)

So all the conditions in Theorem 2(iv) are held. Therefore, Eq. (13) converges to a

period two solution.

Example 7. Let f(x,y) = @, s > 0, s # 1. Note that this function satisfies
conditions (a) and (¢) in Lemma 1 and defines the following difference equation
1
14 =
14 e rytey,

assume that (p, q) is a period 2 solution of Eq. (13). Then pg = 1 and we can write

Lpafslar) _5° o
pq (pg)**?
Now if p = % = 0, i.e., zopxr_; = 1 then by Theorem 2(i) Eq. (14)
xi s

converges to the period 2 point (xg,z_1). Next if p # 0, s > 1 then by Theorem
2(i7) Eq. (14) converges to {0,000}, i.e., one of subsequences of even and odd terms

converges to 0 and the other one diverges to co, based on p is positive or negative.

Finally if p # 0, s < 1 then since f,,(z,y) = ¢t > 0, fuy(z,y) = >

ms+2ys ({Ey)erl -

by Theorem 2(iv) Eq. (14) converges to a period 2 solution.
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3. CONCLUSION

In this paper, we have studied a class of nonlinear second-order difference equa-

tions which cover a very wide class of difference equations. We have obtained sufficient

conditions under which every positive solution of this equation converges to a period

two solution. Also we have discussed the boundedness, permanence, and convergence

properties of the solutions. In the end, we have verified the obtained results through

some comprehensive examples. The authors truly believe that these results can be

conveniently extended to the following higher order difference equation

1]

Tpye ooy Tpe
xn+1:f( = :E’ nm), m > 1.
n
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