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ABSTRACT. It is considered a scalar linear functional dynamic equation in time scale with delayed

argument of the form
(0.1) y2(t) = b(t)y(7(t)), t € TN 0, +o0],
where T, the time scale, is a closed subset of R without upper bound for this case, 2 is de Hilger’s

derivate, which among other things, unifies difference operator for sequences and the derivate.

The functions b,7 : T — C, 7 > 0, are “locally integrable” and satisfy integral smallness
conditions in a sense to be defined later. Asymptotic formulas of solutions of equation (0.1) are

given. They unify and extend asymptotic formulas of difference and differential equations.

AMS (MOS) Subject Classification. 39A10.

1. INTRODUCTION

For differential equations and difference equations, a sort of results about qual-
itative description of their solutions have been obtained (see, for example [9, 10,
12, 13, 14]). There are some of these results which are similar but they have been
proved with different techniques. Those results can be unified and extended by mean

dynamic equations in time scales.
Asymptotic behavior for dynamic equations on time scales is an issue which has

been being recently studied (see [1, 2, 7, 17]).

A time scale T is an arbitrary nonempty closed subset of R. The theory of time
scales was introduced in 1988 by S. Hilger [15] in his Ph.D. Thesis in order to unify
continuous and discrete analysis. Several authors have expounded on various aspects
of this theory, see [4, 8, 16] and the references cited therein.

The Hilger’s derivate or Hilger’s A is an operator ® such that if £ a complex

Banach space and f is a function f: T — E, f is differentiable in ¢ € T if there is a
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real number f2(t) such that given € > 0, there is § > 0 such that

(1.1) [f(a(t)) = f(s) = f2()(o(t) — 5)| < elo(t) — s

where s €]t — §,t 4+ 6[NT and o(t) = inf{s € T : s > t}. o is called the forward jump
function. The backward jump function is given by p(t) = sup{s € T : s < t}, for all
t € T. The length of the forward jump is denoted and defined by u(t) = o(t) — t.

Consider

(1.2) T= U (laj, b U{pjo.pj, - - - j7mj})7

where bj = pjo < pj1 < -+ < Pjm, = aj+1. Then, T is a time scale, f2(t) = & for
t € [an, b and FA(p;z) = LRear)=I@ie)

| | f(aj+1) - f(bj)

jp1 — b

Particularly, T = U;;OT [aj, b;] is a time scale with f2(b;) = , where
b;j < ajq; forall j € N.

When T = hZ with h > 0 the Hilger’s derivate is

FAE) = 5 (7 + 1) = F0),

which is an approximation to the ordinary derivate when h is small enough. Obviously,
the continuous case is the case when the Hilger’s derivate is the ordinary derivate
At = % which is obtained for T = R.

There are examples where time scales can be used. A particular case is Magici-
cada Septendecim which is a specie of insect in the family Cicadidae. It is found in
Canada and the United States. It lives as a larva for 17 years and as an adult for
around a week. Other similar case, worthy to be considered, is the mayfly Stenonema
Canadense. It lives as a larva for 1 year and as an adult for less than a day. In the

both cases, the populatlon can be expressed as a function of the time in a time scale

of the form T = U C’], where C; = I;U{p;}, I; is a closed interval which can rep-
resent the life as larvas in both species and p; can represent one unity of time in the
adult life of the species. Those examples can be found in the Christiansen-Fenchel’s
book [11] and M. Bohner and A. Peterson’s book [8, pag. 15, 71]. A model with the

same kind of time scale for an electric circuit can be found in [8, pag. 16].

This work concerns asymptotic representations for certain solutions of a class
of delayed equations, which have been called functional dynamic equations on time
scales. These are generalizations of classically-studied delay differential equations or

delay difference equations corresponding to the time scales T =R or T = Z.

The object of study in this work is the asymptotic behavior of the solutions of

the dynamic equation in time scale

(1.3) y2(t) = b(t)y(r(t)), teTnIo,4o0],
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where T is a time scale such that

(1.4) sup T = +o0,

and it is assumed that:

(H1) b: TN 0, +oo[— C is a locally integrable function.
(H2)

1. 7:TN[0,400[—]0,400[ is a locally integrable function;
2. t—71(t) >0, for all t € TN [0, +00];
3.179:= sup [t—7(t)] < +o0;
teTN[0,+o00[
4. 7 is strictly increasing.
Equation (1.3) unifies a class of differential and difference equations with delayed

argument and more general cases.

This work is organized as follows: In the next section some previous facts are
given. Then, the section with a result about asymptotic constancy like [3, 5], the
main result and their respective proofs are presented. Finally, a section with some

corollaries is showed.

2. PRELIMINARIES

Basic properties of the operator 2 are given in [4, Theorems 3 and 4] and some
properties for its respective integral in time scales can be found in [4, Theorems 6
and 7).

Now, it is presented a little extension of the integral for time scales in order to
obtain Banach spaces with a norm defined in terms of such an integral.

Let f: T — C. A extension for f is denoted as ext{(f), where g := ext;(f) : R —
C is a function such that g(¢t) = f(¢) for all t € T, g(s) = g(t) for all s € [t,o(t)[ and
t € T whenever p(t) > 0 and if there is tp = min T or there is t; = max T, g(s) = 0 if
s < tg or s > ty, respectively.

Let A be a Lebesgue measurable subset of R. LP¢(A) denotes the functions
f: T — C such that ext;(f) : R — C is locally integrable in the Lebesgue on A.

When the context is known, L2¢(A) is denoted as L°.

If J is a measurable subset of R and f € L¥(J, E), it is defined
J; F(QOAC = [, exti(f)(¢)d¢, where the right side member of the recent equality is
an integral in the Lebesgue sense. Let T,t € R U {£o0} be such that 7" < ¢ and
f e L¥(T,t[, E). Then,

/ FOAC = / exta (N)(OC,
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where the right side member of the recent equality is an integral in the Lebesgue

sense.

A function F : T — C is called an anti-derivate of f if and only if FA(t) = f(t)
forallt € T.

Remark 2.1. It can be proved that if f is a rd-continuous function, i.e.,

1. lim, 4~ f(s) exists when p(t) =1,
2. limg_y f(s) = f(t) when o(t) =t,

then f has an anti-derivate. If it is denoted by F', then
t

(21) | 108 =F - F).
T

If T is given by (1.2) then a discrete-continuous situation is obtained:
JrFOAC = [ F(Qd+ 550 S0 f (k1) Wik — D)
(2.2)
S Jul FQdC+ 7 F(C)dC
where for s = T or s = ¢ there is n; € N such that a,, < s < b,,. Extensions for

t = pjror T'= p;; can be naturally obtained.

If T = {T,}> with T,,,; > T, for all n € N then

/th<<) SO KT Ty — T)).

T<T<t

Obviously, if T = R then the “continuous integral” is obtained, i.e., f; f(OAC =

Jr F(©)d¢
For a function f : T — C such that 1+ u(t)f(¢t) # 0 for all t € T (regressive),
the solution of the initial value problem
y® = f(t)y and y(to) = 1

exists and it is denoted as y(t) = ef(t, ) for t € T. Then,

23) st =e ([ 6o (s0ac).

where
In(14+hz) Fh>0
&n(z) = "
z if h =0,
for z€ Cp:=C—{—+
Remark 2.2. For z € C,
hhl%l+ &n(z) = 2.

Notice that &,(z) = 0 if and only if z = 0.
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Some examples of (2.3) are:

1. If T is given by (1.2) then

b"T ng—1 My
er(t,T) = exp < f(C)dC) [H T+ f i) (i — pj,k—l)]]
T j=n1 k=1
xexp( i: f d()exp(/ f(¢ d()

where for s = T or s = t there is ny € N such that a,, < s < b,,. Extensions
for t = p, or T' = p; ;, can be naturally obtained.
2. If T = {T,,},}2] is such that there is ro > 0 with T,,,; > T}, for all n € N, then

est,T) = [ U+ F(T) (T = Ty)).

T<Tj<t
3. f T =R, then e;(t,T) = exp (f; f(C)dC)
Now, it is created a metric space which will help to prove the main result. Let
()
(2.4 Wlls =sup [ QI
t2>to Jt
for all v € L&¢([ty, 400, C) and
E(to) = {v € L¥([to, +00[, C) : [|Vlp,0 < +00},
where ty € T N[0, +ool, ro is given in (H2). Then (E(ty), || - ||4.0) is a Banach space.
If
Boi(to) :=={v € E(to) : ||[¥|ltg.0 < 1},
(Bo1(to), || - [lt0,0) is a closed subset of the Banach space (E(to), || - ||40.0)-
For p € [1,+00], assume that LY (to) denotes the functions f : [ty, +oo[NT — C
such that ext,(f) € L” and

1.

(25) = [ - IOIPaq R

for p € [1,4+o0]
2. |[flloe = esssup{|[f(£)| : # € [to, +oo[NT}.

Remark 2.3. Notice that (LL(to), ] - |l,) — (E(to), |l - |lo) for p € [1,+0o0]. For
€ [1,400], (L%, ] - |lp) is a Banach space. If a sequence converges to zero (almost
everywhere) in the norm || -||,,, such a sequence converges to zero (almost everywhere)

in the norm || - |4, 0-

It is useful to keep in mind some important facts as Holder’s inequality, i.e, if
P
p>1, fellandif g € LI then

gl < [1fllpllgll 2
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if p>1, f e Lf and if g € L%, then

max4 1,2
Jfg € Ly { 2}'

Y

it p>1, f e Lk, then tli+m er(t,7(t)) —1=0and esf(t,7(t)) — 1 € L.

3. ASYMPTOTIC CONSTANCY AND MAIN RESULT

3.1. Previous asymptotic assumptions and facts. The following lemma is about
asymptotic constancy and it is motivated by Atkinson-Haddock [3]. It is given in order
to lead, via change of variables, to the asymptotic formula of the linear dynamic
equation (1.3).

Lemma 3.1. Consider the functional dynamic equation
(3.1) 22(t) = f(t.x(t),2(7(t)), t€TNI0,+oo],

where T is a time scale which satisfies (1.4), T satisfies (H2), f : [0, +00[xCxC — C

15 a locally integrable function in the first variable such that

[F(t 21, 22)| < 7(B)|21 — 2l

for all zy,zo € C and 7y : [0, +00[NT — R is a locally integrable function such that

T7H(t)
0= sup/ v(s)As < 1,
t

t>to
for to large enough. Then every solution of the equation (3.1) is asymptotically con-

stant as t — 4o00. Clearly, every constant function is a solution of (3.1).

Proof. Let x be a solution of the equation (3.1). By integrating equation (3.1) from
t* to T, it is obtained

/tT|xA(t)|At§/Tfy<t)/: 122 (5)| AsAt,

* t* (t)

By an analogous procedure to the proof of [3, Lemma 2.1],

T T T71(s)
/ A ()| At < / 128 (s)| / (1) AtAS.
t* T(t*) s

/ "B 9) [1 -/ T

By making t* =ty and T" — 400,

So,

t* T’l(s)
ASS/ |[L’A(S)|/ v(t)AtAs.
7(t*) s

1 to 7’71(8)
limsup £(T) < —— |:)3A(s)|/ ~v(t)AtAs,
T—+00 1-© 7(to) s
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T
where K(T) = / |z2(s)|As. It can be noticed that K(T) is an increasing and

to
bounded function of T'. So, K(T') converges to a constant limit as 7" — +o0. Hence

12 € LL. Therefore z is asymptotically constant as t — +oo. O

3.2. Main result. The following result, uses Lemma 3.1 and a linear transformation
involving a type of exponential function on the time scale to reduce the problem to
that of showing asymptotic constancy (that every solution tends to a constant plus
o(1) ) as t — +o0.

Proposition 3.2. Consider the linear functional dynamic equation (1.3), with the
assumptions (1.4), (H1) and (H2). Assume that

T7L(t)

32) 0= swp [ Ol s e (@(O (O <1,
t>to+ro Jt VEB(n(to)

where to > 0 is such that and [ty —ro,to] VT # ¢. Then, every solution y(t) of (1.3),

defined for t € T N [ty, +oo[, has the following asymptotic formula

(3.3) y(t) = ev (L, 10)(c + o(1)),

as t — 400, where
“+oo

(3.4) vao(t) = b(t) + Y A1),
j=1

A;(t) = b(t)len, (1(t), 1) — e, (T(2), 1)),
() = b(t)ey,_, (T(t),t), for allt > to+jro, p;(t) = 0 for allt € [to, to+ jro[, po = 0,
J € N and the series (3.4) are defined as the limit of partial sums in the norm || - ||4.0
given by (2.4). Conversely, given c € C there is a solution y = y(t) of (1.3) satisfying
(3.3).

Proof. Let T be the expression (7v)(t) =0if tg <t <ty + ry and

(Tv)(t) = bt)e,(7(t), 1),
for t >ty + ro. From (3.2), 7 (Boi(to)) C Boi(to). So, the restriction 7 : By (ty) —
By (o) is well defined.
T : Boi(to) — Boi(to) is a contraction in (Boi(to), || - ||t,.0). In fact, for vy, vy €
By (to), by the Mean Value Theorem,

|6,,1 (t’ S) - 6,,2(15, 5)| < sup eHVH(ta S)Hl/l - V2||t070’
VGBol(to)

for vy, 5 € Byi(tp) and t > s. Then,

[(Tw) () = (Twa)(O)] < [o(B)]]ew, (7(1), 1) = ew, (7(2), 1))
< [b(6)] sup ey (E, 7(8)[[v1 — valli.0

veBo1 (to)
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< [b(8)] sup e (a(t), 7()) 1 — v2llen.0,
I/EBOl(to)

if t >tg+rgand (Tv)(t) — (Tra)(t) =0if tg <t < ty+ 1o since |v1], || < Vs. So,

[(Tr)(t) = (Twa) ()] < [b(2)] sup ey (o (1), ()1 = vallio.0,

VGBol(to)

for all t > ty. Therefore,
(3.5) [(T11) = (Tv2)ll0 < Ollvr — v2lltg.0,

for all vy, vy € By (to), where © is given in (3.2) and 7 is a contraction.

Since (Bo1(to), || - ||t,0) is @ complete metric space, by the Banach Fixed Point
theorem, there is a unique function v, € B (tp) such that 7v,, = vy. The change

of variables
y(t) = e (t,0)2(2),

is made in (1.3) and the equation

200 = T P06 F0.DE((0) = =(0)
+ [(Tveo)(t) — veo(t)]2()]
is obtained for ¢ > ty + ro, i.e., z = z(t) satisfies the equation

(3.6) () = b(t)en (T(8), o) [2(7(1)) — 2(B)], t > to + 7.

Clearly every constant function is a solution of (3.6). By Lemma 3.1 and condition
(3.2), every solution of (3.6) is asymptotically constant. Therefore, every solution
y = y(t) of the equation (1.3), defined for ¢ € T N [ty, +oo[, has the asymptotic

formula

(3.7) y(t) = ev (L, 10)(c + o(1)),

as t — +o00. Conversely, given any ¢ € C there is a solution of (1.3) which satisfies
(3.7). Since T : By (tg) — Boi(to) is a contraction,
i [7(0) — vl = 0.

Notice that 77(0) can be written as the partial sum

T"(0) = T(0) + 3 _(T7(0) = T71(0)).

Now T(0) = b(t), T9+1(0) — T7(0) = A,(t), where

A;(t) = b()[ew; (7(1), 1) = en,, (7(1), )],

() = b(t)ey, , (7(t),t), for all £ > to + jro, p;(t) = 0 for all t € [to, o + jro[, po =0
and j € N. So, a formula of v in (3.3) is obtained.
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As it can be seen in [6, 18], condition (3.2) is a condition of non oscillation for

equation (1.3).

Remark 3.3. For making easier the understanding of the asymptotic formula (3.3),
consider v,(t) = 0 for t € [to, to + 7o[ and

n

va(t) = (1) + ) A(8),

J=1

for t >ty + o and n € N in Proposition 3.2. Then, given ng € N, v,,(t) = v, (¢) for
all t € [to, to + noro| and n > tg + ng. So, (3.3) may be written as an step asymptotic

function:
y(t) = ey, (t,to)(c+ o(1)),

as t — 400, where n; € N is such that {5 <1t < tg+ nro.

Remark 3.4. If b € L% () for some p > 1 then (3.2) is satisfied for ¢, large enough.

Let n € NU{0} be such that p €]2",2"*!]. By Remark 2.3, Z;’;’ZH Aj € LY. So, v

in (3.3) may be written as:

y(t) = ey, (t,to)(c + o(1)),

as t — +o00, where

4. APPLICATIONS

4.1. Large enough limit points in a time scale. Assume that T is a time scale
satisfying (1.4) such that given ¢, € T, there is a limit point t,, € T with t,, > t,.
Then (3.2) becomes,

()
(4.1) @zesup/ |b(¢)|AC < 1.
t>ro Jt
“+oo
In fact, given a limit point ., € T, there is a sequence (v,),> where t,, € ﬂ supp(vn)
n=1

such that liril €|vn)|(o(t), 7(t)) = e. In this case, condition (4.1) can be expressed as

Tﬁl(t) 1
(1.2 sup [ OIAC < 1,

t>to

for ¢y large enough.
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4.2. Case T is given by (1.2). If T is given by (1.2), T has large enough limit
points. Then, (3.2) becomes (4.2). By applying of the formula in (2.2), the following

result is obtained:

Corollary 4.1. Consider the linear functional differential equation

(4.3) (1) = b(t)y(r(1), t = 0
where
b:[0,+00]NT — C
1s a locally integrable function such that
-1l my

b"t
(4.4) sup[/t Q)d¢ + Z Zb Dik—1)Pik — Pjk—1)

t>tg

J=nt
0T ) 1
+ ¢)d¢ + (C)dC] < -
3 [ [

for to large enough, where for s =t or s = 771(t) there is ny, € N such that a,, < s <
by, -

Then, every solution of (4.3) has the following asymptotic formula

(4.5)  y(t) =exp (/tobnto [b(C) + Aj(()]dé)
ne-1n T my

< | 11 H b(pjr-1) + 8 (Pjk-1)(Pik — Pjk-1)]

.] Ntg
N1~ 1
X exp E / (¢))d¢
J=nty+1 aj

0
X exp (/ [b(¢) + (C)]dC> (c+o(1)),

Tto

as t — +00, where by = pjo < pj1 <+ < Pjm; = Aji1,

Aj (t) = b(t) [euj (T(t)’ t) —Cuyy (T(t)a t):| )

() = b(t)ey, ,(7(t),t), for allt > to+jro, p;(t) = 0 for allt < to+jro, po = 0 and
j € N. Conwversely, given ¢ € C there is a solution y = y(t) of (4.3) satisfying (4.5).

Extensions for t = pji or 7 X(t) = pjx can be naturally obtained.
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4.3. Case T = R. The following corollary is an obvious consequence of the Corol-

lary 4.1.

Corollary 4.2 (See [10, (2004)]). Consider the linear functional differential equation

(4.6) y'(t) = b(t)y(r(t),t >0
where
b:[0,+o0[— C

1s a locally integrable function such that

Tﬁl(t) 1
(4.7) sup/ |b(s)|ds < —,
t e

t>tg

for ty large enough. Then, every solution of (4.6) has the following asymptotic for-
mula

(4.8) y(#) = exp ( /

as t — 400, where

+ZA

) c+o(1)),

A(t) = b()[ef“%(c _6f[(t)uj—1(0d§]’

1(t) = b(t )eff() 1 for all t > jrg, pui(t) = 0 for all t € [0, 570, po = 0 and
j € N. Conwversely, given c € C there is a solution y = y(t) of (4.6) satisfying (4.8).

Remark 4.3. Haddock-Sacker [14] proposed a conjecture which they proved for a

scalar delay differential equation of the form

z'(t) = Xo(t)z(t) + b(t)x(t — o),

where e Ji=rq ’\O(s)dsb( t) € L?. By mean the change of variables x = exp (f Ao(s ds)
it is obtained the delay differential equation

y'(t) = b(t)y(t —ro),

where b = ¢ Jr-ro* )dsb( t). From Remark 3.4, (4.8) can be written as

(o) = / b5)s ) (c-+o(1),

as t — +oo which is the scalar Haddock-Sacker result.
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4.4. Case T =Z. Consider T = Z and 7(n) = n — k. Then,
n—1 n+k—1 1 k
<l )=1(1+-]) .
wd [0 T orsip= ()

So, the relation (3.2) becomes

n—1 k k—+1
4. —
(1.9) a3 06l ()

where ny € N is so large as it would be necessary. So, the following corollary is

obtained as a consequence of Proposition 3.2.
Corollary 4.4. Consider the linear functional differential equation
(4.10) Ay(n) = b(n)y(n — k),

where Ay(n) = y(n+1) —y(n), k € N, (b(n)) 2% is a sequence of real numbers which
satisfies (4.9) for ng large enough. Then, every solution of (4.10) has the following

asymptotic formula

@)y = [f[

(=N

(c+o0(1)),

(li)-Eos

l=j—k

as n — 400, where

so0=00| 11 35~ 1L )]

=n—k (=

pi(n) = b(n) [Te—, & 1+Hj171(<)’ for all n > jk, pj(n) =0 for alln < jk, po =0 and
j € N. Conversely, given ¢ € C there is a solution y = y(n) of (4.10) satisfying
(4.11).

Remark 4.5. The reader can compare the smallness condition (4.9) with those ones
by Gyéri-Pituk’s [13, Theorem 1]. They ask in their Theorem 1 a condition like (4.9)
and a /P smallness condition. They get a recursive asymptotic formula as it is done

here. Fon N large enough, ¢? smallness condition implies (4.9).
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