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ABSTRACT. In this article, we show that the oscillation of all solutions to the neutral equation

[x (t) − R (t)N (x (t − κ))]′ +

n
∑

i=1

Pi (t)Fi (x (t − τi)) −
m
∑

j=1

Qj (t)Gj (x (t − σj)) = 0

is implied by the oscillation of all solutions to the linear equation

[x (t) − rx (t − κ)]′ +
n
∑

i=1

pix (t − τi) −
m
∑

j=1

qjx (t − σj) = 0.

In these equations, R,Pi, Qj are positive and continuous functions, and κ, τi, σj are positive constants

that represent delays.
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1. INTRODUCTION

There is a lot of interest in the oscillation of solutions to delay differential equa-

tions, mainly because of their applications in physics, ecology, biology, etc. In partic-

ular, we are interested in the oscillation of solutions to

[x (t) − R (t)N (x (t − κ))]′ +
n
∑

i=1

Pi (t) Fi (x (t − τi))(1.1)

−
m
∑

j=1

Qj (t) Gj (x (t − σj)) = 0,

which is a neutral delay equation with several positive and negative coefficients. This

equation includes the equation studied by Q. Chuanxi and G. Ladas [2], L. Erbe et

al [6, page 185] and Ö. Öcalan et al [12]. Their equation is

[x (t) − R (t)N (x (t − κ))]′ + P (t) F (x (t − τ)) − Q (t) G (x (t − σ)) = 0,
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which is the same as (1.1), only with n = m = 1. When N, Fi, Gj are identity functions

in (1.1), we obtain

(1.2) [x (t) − R (t) x (t − κ)]′ +

n
∑

i=1

Pi (t)x (t − τi) −
m
∑

j=1

Qj (t) x (t − σj) = 0

for which oscillation and non-oscillation has been studied by Z. Luo and J. Shen [10].

When n = m = 1 in (1.2), we have

[x (t) − R (t) x (t − κ)]′ + P (t) x (t − τ) − Q (t) x (t − σ) = 0

which was studied in [2, 7, 9, 11, 13, 14]. As far as we know, this is the first publication

on the oscillation of solutions to (1.1); therefore our results are new.

As usual we call a function is oscillatory if it has arbitrary large zeros otherwise

we call it nonoscillatory.

In Section 2 we will associate (1.1) with

(1.3) [x (t) − rx (t − κ)]′ +

n
∑

i=1

pix (t − τi) −
m
∑

j=1

qjx (t − σj) = 0

which is a linear autonomous neutral equation. In (1.3), coefficients are as follows:

r := lim sup
t→∞

R (t) , pi := lim inf
t→∞

Pi (t) and qj := lim sup
t→∞

Qj (t)

for i = 1, 2, . . . , n, j = 1, 2, . . . , m. Under the following hypothesis (1.1) is associated

with (1.3).

(H1) R, Pi, Qj ∈ C ([t0,∞) , R+) and N, Fi, Gj ∈ C (R, R) for i = 1, 2, . . . , n and

j = 1, 2, . . . , m.

(H2) κ > 0 and r, r̃ ∈ (0, 1) where r̃ := lim inft→∞ R (t).

(H3) 0 ≤
N (s)

s
≤ 1 for s 6= 0 and lims→∞

N (s)

s
= 1.

(H4) There exits Ji sets for i = 1, 2, . . . , u, where u ≤ n such that

u
⋃

i=1

Ji = {1, 2, . . . , m} and
u
⋂

j=1

Ji = ∅.

(H4; a) If 1 ≤ i ≤ u then τi ≥ σj > 0 for j ∈ Ji else τi > 0.

(H4; b) qj > 0 for j = 1, 2, . . . , m.

If 1 ≤ i ≤ u then pi −
∑

j∈Ji
qj > 0 else pi > 0.

(H4; c) There exists positive constants Mj such that

0 ≤
Gj (s)

s
≤ Mj for s 6= 0, lim

s→0

Gj (s)

s
= 1 for j = 1, 2, . . . , m.

If 1 ≤ i ≤ u then Fi (s) ≥ Gj (s) for j ∈ Ji else lims→∞
Fi (s)

s
= 1.

(H4; d) 1 > r +
∑u

i=1

∑

j∈Ji
Mjqj (τi − σj).
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2. LINEARIZED OSCILLATION OF EQUATION (1.1)

In this section, we give two general lemmas and prove our objective.

Lemma 2.1. Assume that r ∈ (0, 1], κ > 0, (H4; a) and (H4; b) holds. If every

solution of

(2.1) [x (t) − rx (t − κ)]′ +

n
∑

i=1

pix (t − τi) −
m
∑

j=1

qjx (t − σj) = 0

oscillates then there exits a positive ε0 such that

(2.2) [x (t) − (r − ε)x (t − κ)]′ +
n
∑

i=1

(pi − ξi) x (t − τi) −
m
∑

j=1

(qj + ζj) x (t − σj) = 0

is oscillatory, where ε, ξi, ζj ∈ [0, ε0) for i = 1, . . . , n and j = 1, . . . , m.

Proof. To prove this lemma, it suffices to show that the characteristic equation of

(2.2) has no real roots. The assumption that every solution of (2.1) oscillates implies

that

f (λ) := λ − rλe−λκ +

n
∑

i=1

pie
−λτi −

m
∑

j=1

qje
−λσj = 0

has no real roots. By (H4; a) and (H4; b) we have that

f (λ) = λ − rλe−λκ +
u
∑

i=1

(

pie
−λτi −

∑

j∈Ji

qje
−λσj

)

+
n
∑

i=u+1

pie
−λτi

so lim|λ|→∞ f (λ) = ∞. Then f (λ) > 0 holds for λ ∈ R. Now define

M := min
λ∈R

f (λ) , vi :=







pi −
∑

j∈Ji
qj , 1 ≤ i ≤ u

pi, u + 1 ≤ i ≤ n

and

δ :=
1

(n + m + 1)
min

1≤i≤n
{r, vi} and g (λ) := δ

(

|λ| e−λκ +

n
∑

i=1

e−λτi +

m
∑

j=1

e−λσj

)

.

Clearly δ > 0. Observing that

f (λ) − g (λ) = λ − (rλ + δ |λ|) e−λκ +
n
∑

i=1

(pi − δ) e−λτi −
m
∑

j=1

(qj + δ) e−λσj ,

we have lim|λ|→∞ (f (λ) − g (λ)) = ∞. In particular there exits a λ0 > 0 such that

f (λ) − g (λ) > M
n+m

for |λ| ≥ λ0. Now set ε0 := δ min
{

1, M
(n+m)g(−λ0)

}

. To complete

the proof, it suffices to show that for any ε, ξi, ζj ∈ [0, ε0) for i = 1, . . . , n and for

j = 1, . . . , m

h (λ) := λ − (r − ε)λe−λκ +
n
∑

i=1

(pi − ξi) e−λτi −
m
∑

j=1

(qj + ζj) e−λσj = 0
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has no real roots which is the characteristic equation of (2.2). In fact, for |λ| ≥ λ0

h (λ) = f (λ) + ελe−λκ −
n
∑

i=1

ξie
−λτi −

m
∑

j=1

ζje
−λσj

≥ f (λ) − ε |λ| e−λκ −
n
∑

i=1

ξie
−λτi −

m
∑

j=1

ζje
−λσj

≥ f (λ) − g (λ) >
M

n + m
> 0

and for |λ| ≤ λ0

h (λ) ≥ f (λ) − ε0

(

|λ0| e
λ0κ +

n
∑

i=1

eλ0τi +

m
∑

j=1

eλ0σj

)

= f (λ) − ε0g (−λ0) ≥ M − δ
M

n + m

≥ M −
r

(n + m + 1)

M

(n + m)

≥ M −
M

(n + m + 1) (n + m)
> 0.

Lemma 2.2. Assume that κ > 0, αj, βj, γk ≥ 0, (H4; a), R ∈ C ([T,∞) , (0,∞)),

Fk, Gj ∈ C (R+, R+) for j = 1, . . . , m, k = u + 1, . . . , n. And furthermore, Gj , Hk

functions are nondecreasing in a neighborhood of the origin. Define M := max
1≤i≤n

{κ, τi}

and suppose that the integral inequality

z (t) ≥ R (t) z (t − κ) +

n
∑

k=u+1

γk

∫ ∞

t−τk

Fk (z (s)) ds

+

u
∑

i=1

∑

j∈Ji

(

αj

∫ t−σj

t−τi

Gj (z (s)) ds + βj

∫ ∞

t−τi

Gj (z (s)) ds

)

(2.3)

has a solution z ∈ C ([T − M,∞) , R+) such that limt→∞ z (t) = 0. Then the corre-

sponding integral equality

y (t) = R (t) y (t − κ) +
n
∑

k=u+1

γk

∫ ∞

t−τk

Fk (y (s)) ds

+
u
∑

i=1

∑

j∈Ji

(

αj

∫ t−σj

t−τi

Gj (y (s)) ds + βj

∫ ∞

t−τi

Gj (y (s)) ds

)

(2.4)

has a solution y ∈ C ([T − M,∞) , R+) such that limt→∞ y (t) = 0.

Proof. Choose a T1 ≥ T and a δ > 0 such that 0 < z (t) < δ for t ≥ T1 − M

and Fk (s) , Gj (s) functions are nondecreasing for s ∈ [0, δ] for j = 1, . . . , m, k =
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u + 1, . . . , n. Now define a set of functions

Ω :=
{

w ∈ C
(

[T − M,∞) , R+
)

: 0 ≤ w (t) ≤ z (t) , t ≥ T − M
}

and a mapping Ψ on Ω as the following

(2.5) (Ψw) (t) :=































R (t) w (t − κ) +
∑n

k=u+1 γk

∫∞

t−τk
Fk (w (s)) ds

+
∑u

i=1

∑

j∈Ji

(

αj

∫ t−σj

t−τi
Gj (w (s)) ds

+βj

∫∞

t−τi
Gj (w (s)) ds

)

, t ≥ T1

(Ψw) (T1) + z (t) − z (T1) , T − M ≤ t ≤ T1.

It is obvious that Ψ is continuous. Also, for w1, w2 ∈ Ω satisfying w1 ≤ w2, satisfy

Ψw1 ≤ Ψw2. From (2.3), z ≥ Ψz and so w ∈ Ω implies 0 ≤ Ψw ≤ Ψz ≤ z. Thus,

Ψ ∈ C (Ω, Ω). Now define a sequence of functions {yn} on Ω as follows:

yn :=







z, n = 0

Ψyn−1, n = 1, 2, . . . .

By induction, we see that

0 ≤ yn ≤ yn−1 ≤ z for t ≥ T − M.

Set y (t) := limn→∞ yn (t) for t ≥ T −M . Then y (t) satisfies (2.4) by Lebesgue’s dom-

inant convergence theorem. From (2.5), y (t) > 0 for T −M ≤ t ≤ T1. Consequently,

y (t) > 0 for t ≥ T − M . It is clear that limt→∞ y (t) = 0 holds.

Theorem 2.3. Assume that (H1)−(H4) holds. If every solution of (1.3) is oscillatory

then every solution of (1.1) is also oscillatory.

Proof. Assume for the sake of contradiction that (1.1) has an eventually positive

solution x (t) and every solution of (1.3) oscillates. Then by the assumption, the

characteristic equation of (1.3)

f (λ) := λ − rλe−λκ +

n
∑

i=1

pie
−λτi −

m
∑

j=1

qje
−λσj = 0

has no real roots. From (H4; a) and (H4; b), we have f (0) > 0 as in Lemma 2.1,

which implies f (λ) > 0 holds for λ ∈ R. In the view of (H4; b) set vj numbers for

j = 1, 2, . . . , m such

vj − qj > 0 and
∑

j∈Ji

vj = pi for 1 ≤ i ≤ u

Pick bj , cj > 0 for j = 1, 2, . . . , m arbitrary small such satisfies

(2.6) (vj − cj) − (qj + bj) > 0
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and by considering (H4; d)

(2.7) 1 > r +
u
∑

i=1

∑

j∈Ji

Mj (qj + bj) (τi − σj) .

Set

ai :=
∑

j∈Ji

cj > 0 for 1 ≤ i ≤ u

and pick arbitrary small ai > 0 for u+1 ≤ i ≤ n such that (pi − ai) > 0. By summing

(2.6) for j ∈ Ji (i = 1, 2, . . . , u), we have

(pi − ai) −
∑

j∈Ji

(qj + bj) > 0.

By (1.1), (H3) and (H4; c), for sufficiently large t1, we have

0 ≥ [x (t) − R (t) N (x (t − κ))]′ +

n
∑

i=1

(pi − ai) Fi (x (t − τi))

−
m
∑

j=1

(qj + bj) Gj (x (t − σj))

for t ≥ t1. Now set

(2.8) z (t) := x (t) − R (t) N (x (t − κ)) −
u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ t−σj

t−τi

Gj (x (s)) ds.

By the assumption (H4; c)

z′ (t) = [x (t) − R (t) N (x (t − κ))]′

−
u
∑

i=1

∑

j∈Ji

(qj + bj) (Gj (x (t − σj)) − Gj (x (t − τi)))

= [x (t) − R (t) N (x (t − κ))]′ −
u
∑

i=1

∑

j∈Ji

(qj + bj)Gj (x (t − σj))

+
u
∑

i=1

∑

j∈Ji

(qj + bj)Gj (x (t − τi))

= [x (t) − R (t) N (x (t − κ))]′ −
m
∑

j=1

(qj + bj)Gj (x (t − σj))

+

u
∑

i=1

∑

j∈Ji

(qj + bj)Gj (x (t − τi)) .

By (1.1) and (2.6)

z′ (t) = −
n
∑

i=1

(pi − ai)Fi (x (t − τi)) +

u
∑

i=1

∑

j∈Ji

(qj + bj) Gj (x (t − τi))
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= −
u
∑

i=1

(pi − ai)Fi (x (t − τi)) −
∑

j∈Ji

(qj + bj) Gj (x (t − τi))

−
n
∑

i=u+1

(pi − ai) Fi (x (t − τi))

≤−
u
∑

i=1

∑

j∈Ji

(vj − cj) Fi (x (t − τi)) −
∑

j∈Ji

(qj + bj)Gj (x (t − τi))

−
n
∑

i=u+1

(pi − ai) Fi (x (t − τi))

≤−
u
∑

i=1

∑

j∈Ji

(vj − cj) Gj (x (t − τi)) −
∑

j∈Ji

(qj + bj)Gj (x (t − τi))

−
n
∑

i=u+1

(pi − ai) Fi (x (t − τi))

so we have

z′ (t) = −
u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj)) Gj (x (t − τi))

−
n
∑

i=u+1

(pi − ai) Fi (x (t − τi)) < 0,

(2.9)

which implies that z (t) is decreasing. Now we claim that x (t) is bounded. Oth-

erwise there exits a sequence {tn} such limn→∞ tn = ∞, x (tn) = maxs≤tn x (s) and

limn→∞ x (tn) = ∞. Then by hypotheses (H2) , (H3) , (H4; c) and (2.7)

z (tn) = x (tn) − R (tn)N (x (tn − κ)) −
u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ tn−σj

tn−τi

Gj (x (s)) ds

≥ x (tn) − R (tn)
N (x (tn − κ))

x (tn − κ)
x (tn − κ)

−
u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ tn−σj

tn−τi

Gj (x (s))

x (s)
x (s) ds

≥ x (tn)

(

1 − r −
u
∑

i=1

∑

j∈Ji

Mj (qj + bj) (τi − σj)

)

→ ∞ as n → ∞,

which contradicts (2.7). Therefore, x (t) is bounded and so is z (t). Now define

ℓ := limt→∞ z (t) and by integrating (2.7), we have

ℓ − z (t1) ≤−
u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t1

Gj (x (s − τi)) ds

−
n
∑

i=u+1

(pi − ai)

∫ ∞

t1

Fi (x (s − τi)) ds.
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We claim that lim inft→∞ x (t) = 0 otherwise from (H4; c) there would exist a t2 > t1

and ε1 > 0 such x (t − τi) > ε1 for all t ≥ t2, i = 1, . . . , n. Then

z (t1) ≥ ℓ +

u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t1

Gj (x (s − τi)) ds

+
n
∑

i=u+1

(pi − ai)

∫ ∞

t1

Fi (x (s − τi)) ds

≥ ℓ +

u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t2

Gj (ε1) ds

+
n
∑

i=u+1

(pi − ai)

∫ ∞

t2

Fi (ε1) ds,

(2.10)

which contradicts decreasing behavior of z (t). Thus lim inf t→∞ x (t) = 0 holds

and this means ℓ ≤ 0 because from (2.8), z (t) ≤ x (t) for t ≥ t1. Now we claim

limt→∞ x (t) = 0 and define µ := lim supt→∞ x (t). So there exists a sequence {tn}

such limn→∞ tn = ∞ and limn→∞ x (tn) = µ. On the other hand, for arbitrary small

ε2 > 0

z (tn) ≥ x (tn) − R (tn)N (x (tn − κ)) −
u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ tn−σj

tn−τi

Gj (x (s)) ds

≥ x (tn) − R (tn)x (tn − κ) −
u
∑

i=1

∑

j∈Ji

Mj (qj + bj)

∫ tn−σj

tn−τi

x (s) ds

≥ x (tn) − R (tn) (µ + ε2) −
u
∑

i=1

∑

j∈Ji

Mj (qj + bj) (τi − σj) (µ + ε2) .

Letting n → ∞ we obtain

ℓ ≥ µ − (µ + ε2)

(

r +
u
∑

i=1

∑

j∈Ji

Mj (qj + bj) (τi − σj)

)

.

Since, in the view of bj (j = 1, 2, . . . , m) numbers are arbitrary small, ε2 can be suffi-

ciently small. So we have

ℓ ≥ µ

(

1 − r −
u
∑

i=1

∑

j∈Ji

Mj (qj + bj) (τi − σj) ,

)

,

which together ℓ ≤ 0 and (2.7), implies µ = ℓ = 0. Hence limt→∞ x (t) = 0 and so

limt→∞ z (t) = 0. Together with (2.9) and (2.10), we obtain

x (t) ≥ R (t) N (x (t − κ)) +
n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

Fi (x (s)) ds

+

u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t−τi

Gj (x (s)) ds
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+

u
∑

i=1

∑

j∈Ji

+ (qj + bj)

∫ t−σj

t−τi

Gj (x (s)) ds

or equivalently

x (t) ≥ R (t)
N (x (t − κ))

x (t − κ)
x (t − κ) +

n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

Fi (x (s))

x (s)
x (s) ds

+
u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t−τi

Gj (x (s))

x (s)
x (s) ds

+

u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ t−σj

t−τi

Gj (x (s))

x (s)
x (s) ds.

Pick 0 < ε3 < 1
(n+m)

min1≤j≤m

{

r,
bj

qj+bj

}

. Then by assumptions (H2) , (H3) and

(H4; c) and for sufficiently large t3 ≥ t1

x (t) ≥ (r − ε3)x (t − κ) + (1 − ε3)
n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

x (s) ds

+ (1 − ε3)
u
∑

i=1

∑

j∈Ji

((vj − cj) − (qj + bj))

∫ ∞

t−τi

x (s) ds + (qj + bj)

∫ t−σj

t−τi

x (s) ds

= (r − ε3) x (t − κ) + (1 − ε3)

n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

x (s) ds

+ (1 − ε3)

u
∑

i=1

(

(pi − ai) −
∑

j∈Ji

(qj + bj)

)

∫ ∞

t−τi

x (s) ds

+
∑

j∈Ji

(qj + bj)

∫ t−σj

t−τi

x (s) ds

= (r − ε3) x (t − κ) + (1 − ε3)

n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

x (s) ds

+ (1 − ε3)

u
∑

i=1

(pi − ai)

∫ ∞

t−τi

x (s) ds

+
∑

j∈Ji

(qj + bj)

(
∫ t−σj

t−τi

x (s) ds −

∫ ∞

t−τi

x (s) ds

)

= (r − ε3) x (t − κ) + (1 − ε3)

n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

x (s) ds

+ (1 − ε3)
u
∑

i=1

(

(pi − ai)

∫ ∞

t−τi

x (s) ds −
∑

j∈Ji

(qj + bj)

∫ ∞

t−σj

x (s) ds

)

= (r − ε3) x (t − κ) + (1 − ε3)
n
∑

i=u+1

(pi − ai)

∫ ∞

t−τi

x (s) ds
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+ (1 − ε3)

u
∑

i=1

(pi − ai)

∫ ∞

t−τi

x (s) ds − (1 − ε3)

u
∑

i=1

∑

j∈Ji

(qj + bj)

∫ ∞

t−σj

x (s) ds

= (r − ε3) x (t − κ) + (1 − ε3)

n
∑

i=1

(pi − ai)

∫ ∞

t−τi

x (s) ds

− (1 − ε3)

m
∑

j=1

(qj + bj)

∫ ∞

t−σj

x (s) ds

for t ≥ t3. By Lemma 2.2, the equation

y (t) = (r − ε3) y (t − κ) + (1 − ε3)
n
∑

i=1

(pi − ai)

∫ ∞

t−τi

y (s) ds

− (1 − ε3)
m
∑

j=1

(qj + bj)

∫ ∞

t−σj

y (s) ds

has a solution y ∈ C ([T − M,∞) , R+), where M := max1≤i≤n {κ, τi} and T ≥ t3+M.

Thus, y is a positive solution of the neutral equation

(y (t) − (r − ε3) y (t − κ))′

+ (1 − ε3)

(

n
∑

i=1

(pi − ai) y (t − τi) −
m
∑

j=1

(qj + bj) y (t − σj)

)

= 0.

By defining ξi := ai + ε3(pi − ai) (i = 1, 2, . . . , n) and ζj := bj − ε3(qj + bj) (j =

1, 2, . . . , m) which are arbitrary small positive numbers, we have

(y (t) − (r − ε3) y (t − κ))′ +

n
∑

i=1

(pi − ξi) y (t − τi) −
m
∑

j=1

(qj + ζj) y (t − σj) = 0.

Hence by Lemma 2.1, (1.3) has a positive solution. This is the contradiction com-

pleting the proof.
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[9] B. Karpuz and Ö. Öcalan, Oscillation criteria for some classes of linear delay differential equa-

tions of first-order, Bull. Inst. Math. Acad. Sin., 3(2), 293–314, (2008).

[10] Z. Luo and J. Shen, Oscillation and non oscillation of neutral differential equations with positive

and negative coefficients, Czechoslovak Math. J. 54(129), 79-93, (2004).
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