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ABSTRACT. In this paper we establish the existence or nonexistence of positive solutions for
singular third-order three-point nonhomogeneous boundary value problem. First, we give a new
form of the solution, and then, some useful properties of the Green’s function are obtained by a new

method. Finally, we employ a cone theoretic fixed-point index theorem to establish our results.
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1. INTRODUCTION

Third-order differential equations arise in a variety of different areas of applied
mathematics and physics, for example, in the deflection of a curved beam having
a constant and varying cross section, a three-layer beam, electromagnetic waves or
gravity driven flows and so on [6, 8, 15]. Recently, there is much attention being
paid to the questions of positive solutions of third order three-point boundary value
problem (BVP for short), see [1, 2, 3, 4, 5, 7, 9, 10, 13, 14, 16, 17] and the references

therein.

Motivated greatly by the above-mentioned excellent works, here, we consider the
existence and nonexistence of positive solutions for the following singular third order

three-point nonhomogeneous BVP

(1.1) u"(t) + a(t) f(u(t)) =0, 0<t<l,

(1.2) u(0) = u”"(0) = 0, u(l) — au(n) = A,

where 0 < < 1,0 < a < 1/n, a(t) is allowed to be singular at ¢t = 0 or t = 1,

A € (0,+00) is a parameter. In order to get positive solutions for BVP (1.1) and
(1.2), it is assumed throughout that

(A1) a(t) € C((0,1),[0,400)), a(t) do not vanish identically on any subinterval of
(0,1), and 0 < fol g(s)a(s)ds < 400 (g(s) will be given in Lemma 2.2);
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(A2) f € C([O> +OO)> [07 +OO))

In this work we first give a new form of the solution, and then, some useful prop-
erties of the corresponding Green’s function are obtained by a new method. Finally,
by employing the fixed point index theorem and Schauder’s fixed point theorem, some
sufficient conditions guaranteeing the existence or nonexistence of positive solution if
the nonlinearity f is either superlinear or sublinear are established to BVP (1.1) and
(1.2).

The rest of the paper is organized as follows. In Section 2, we give some prelim-
inaries and lemmas which are needed later. Then the main results on the existence

or nonexistence of positive solution are presented in Section 3.

2. PRELIMINARIES

In this section, we present some preliminaries and lemmas which are useful to

the proof of the main results.

Lemma 2.1. Fory € C[0,1], the BVP

(2.1) u"'(t) +y(t) =0, 0<t<l,

(2.2) u(0) = u"(0) = 0, u(l) —au(n) = A

has a unique solution u(t) = fol G(t, s)y(s)ds+ 5% fo n,8)y(s)ds + 25, where
1A =-t)(t—s?), 0<s<t<l,

(2.3) G(t,s) = = ( ) )
2141 -9 0<t<s<l.

Proof. In fact, if u(t) is a solution of the BVP (2.1) and (2.2), then we may suppose
that u(t) = —3 Ot(t — 8)%y(s)ds + At> + Bt + C. By the boundary conditions (2.2),
we have A = (C' =0 and
1 ! a K A
327/ 1—S2y$d8—7/ n —s)*y(s)ds + )
2 —an) o LT IVIE T gy f, TV T

As a result, BVP (2.1) and (2.2) has a unique solution

u(t) = —5/0 (t — s)*y(s)ds + M/o (1 —s)%y(s)ds
at " 9 At
- s [ = s+

=3 [ = rveas+ g [=spaas s s [a— o2y
ot n ) At
- s [ = s+

= %/0 (1 —t)(t — sH)y(s)ds + %/t t(1 — s)%y(s)ds
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o [ - s

2(1—an) Jo

at ! Mt

_— 1-— d
" 1—an)/ L=y (>8+1—a?7
/Gts ds+ /Gn, s)ds + A .

1 —an) 1—an
The proof is complete. 0

Lemma 2.2. For the function G(t,s), we have the following results:

g(s) for (t,s) € [0,1] x [0,1], where g(s) = S22,

() 0 < Glt.5) <
(i) G(t.5) > Lg(s) for (t.5) € [5,3] x [0,1].

Proof. (i) G(t,s) > 0 is obvious. Next we prove G(t, s) < g(s).
In fact, if s < ¢, we find G(t,s) = 2(1—¢)(t —s?) = 3 (—t* + (1 + s*)t — s*) has a
maximum value (T if t <s, weknow G(t,s) = 3t(1 —s)> < (1 —5)*(1+5)?/8 =
(1 —s?)%/8.
(ii) For any (¢, s) € [4,2] x [0,1], if s < ¢, from (2.3) we have

t1—s?)? 1 t(1 — s?)?

G(t,s):%a—t)(t—s?): s a-ne-a -

since the quadratic function z(t) = —t* 4 (1 +s? — %)t —s?>0fort € [1/4,3/4],
S0
t1—s?)?% _ 1

3 >Z()

If t <s, then G(t,s) = 3t(1 — s)* > W > 19(s). The proof is complete. [

Glt,5) = 5(1—1)(t — ) >

Let £ = C|0,1] with the norm |[ju|| = maxc[ 1 [u(t)|. Then, E is a Banach space.
If we let

1
K = {u €FE:u(t)>0,te[0,1], min wu(t)> —||u||},

1/4<t<3/4

then K is a cone of E. Denote K, = {u € K | ||u|| < r}, 0K, ={u € K | ||u|| =}
for r > 0.

For u € E, we define the operator T' by
(2.4)

Tu(t) = /0 G(t,s)a(s)f(u(s))ds + At

1—an

at 1
m/o G(n,s)a(s) f(u(s))ds +

By Lemma 2.1, BVP (1.1) and (1.2) has a solution u = u(t) if and only if u is a fixed
point of T
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Lemma 2.3 ([12]). Suppose that E ia a Banach space, T,, : E — E (n=,1,2,3,...)

are completely continuous operators, T : E — E, and
lim ﬁrn”ax | Tou —Tul| =0 forr >0,
n—oo ||u||<r

then T is a completely continuous operator.

Lemma 2.4. The operator T': K — K 1is completely continuous.

Proof. 1t follows from (2.4) and Lemma 2.2, we know that for u € K, t € [0, 1],

>Aamwwmmmw+

0< Tu(t) < /0 g(s)a(s)f(u(s))ds + 2(1+om

thus,

1—an’

‘X)Aam@wvwmw+

T s/o gls)a(s)f(uls))ds + 53—25

On the other hand, Lemma 2.2 imply that, for any ¢ € [3, 3],

at 1
)Aam@wvwmw+

M@ZAGmWMVMW%+XC37

)Aam@wvwmw+

ZEUFmM@ﬂMW“+ﬂCSH

Therefore,

1
in Tu(t) > —||Tul.
oin Tu(t) 2 4Tl

Hence, operator T satisfies T'(K) C K.

In the following we prove that 7T is a completely continuous operator. For any

natural number n (n > 2), we define the function a,(t) by

inf{a(t),a(%)}, 0<t<i
an(t) = § a(t), l<i<i-4
inf{a(t),a(1-1)}, 1-1<t<1

and operator T, : K — K by

At
1—an

at 1
)Aamwmwwmm+

Tlt) = [ Gt fuls)ds + 55—

Obviously, T;, is completely continuous on K for any n > 2 by an application of
Ascoli-Arzela theorem. For a cone Kg, then T), converges uniformly to T" as n — oc.

In fact, for any ¢ € [0, 1], for each fixed R > 0 and u € Kg, when n — oo, we get

| T u(t) — Tu(t)|

412@mmﬁﬂmwwmw
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ot

g | GO 9lenls) = als))lu(s))ds|

1/n Oé 1/n
< [ otelants) ~ atoltueNds + 52 [ g(olans) - alo)luts)ds

T / 9(5)|an(s) — a(s)| £ (u(s))ds

—1/n

at 1
e | e (5) = a(o)] lats)s =

where we have used the fact that G(t,s) < g(s) for 0 < ¢, s < 1. Hence T,, converges
uniformly to T" as n — oo, and therefore T is completely continuous by Lemma 2.3.
U

To prove our main results, we need the following lemma.

Lemma 2.5 ([11]). Let ¢ : K — K be a completely continuous mapping and ou # u
for uw € OK,.. Then we have the following conclusions:

(1) if ||pul| > ||u|| for u € OK,, then i(p, K,, K) =0;
(2) if |lpul| < ||ul| for uw € OK,, then i(p, K,, K) = 1.

3. MAIN RESULTS

In this section, we will state and prove our main results. Throughout this section,
we shall use the following notation:

-1

Vo= ([ asatsiis+ 52— [ otonatons)

1 3/4 o 3/4 -1
Ny = (Z /1/4 g(s)a(s)ds—i—m » G(n, s)a(s)ds) :

Then it is obvious that 0 < N; < Ny. We define
f(w) f(u)

fo= lim ——=, foo = lim ——=.
u—0t U u—oco Y
Theorem 3.1. Assume that there is 11 > 0 such that f(u) < lry for u € [0,7].
If foo = 00, then BVP (1.1) and (1.2) has at least one positive solution for A small

enough and has no positive solution for \ large enough.

Proof. For ry, let \ satisfy

(1—anry

(3.1) 0<A< 5
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Then for any u € 0K,,, it follows from Lemma 2.2, (2.4), (3.1) and the assumption
f(u) < Hry for u € [0, r4] that for ¢ € [0, 1]

! Mt
Tut:/Gt,sas ds + ——— / s))ds +
(t) i (t, s)a(s)f(u(s)) ( o) G(n, s)a(s)f(u(s)) T~ an
1
<
< [ aertrranis+ 5 [ s +
Nim ! 1
< </0 g(s)a(s)ds—l— 1—CW7 / ) B
=0 T ),
that is
(3.2) |Tu|| < ||lu|| forue dK,,.
On the other hand, since f,, = 0o, for Ny, there exists Ry > r; such that
(3.3) f(u) > 4Nou, wu € [Ry/4,00).
Then for u € 0Kg,, then u(t) > ”“” = ¢ e [4,3], so in view of Lemma 2.2, (2.4)
and (3.3), we conclude that for ¢ E [4, i],
Tu(t) / Gt s)als) f(u(s))ds + —22 / G s)als) f(u(s))ds + —
U = ; a/1 N\ ’
0 2(1 —an) Jo ! I —an
1 3/4 « 3/4
> — s)a(s) f(u(s))ds + ——— G(n,s)a(s)f(u(s))ds
1)), s s+ g s [ G sa(s) e
1 3/4 a 3/4
> — s)a(s)4Nou(s)ds + ——— G(n, s)a(s)4Nqu(s)ds
1], s N+ g |G spats)ancats
N[ gonatons + 5 [t gatsyas ) 1
> s)a(s)ds + ———— ,S8)a(s)ds | —
’ 1/4 g 2(1 —an) 1/4 7 4
= |lull,
which implies that
(3.4) |Tul|| > ||u|| for u € OKR,.

Therefore, by Lemma 2.5, (3.2), (3.4) and the property of fixed-point index, we obtain
i(T, Kp,\K,,, K) =i(T,Kp,, K) —i(T, K, K) =0—1=—1.

Thus the operator T has at least one fixed point u € Kg, \K,,, which is a positive

solution of BVP (1.1) and (1.2).

Next we prove that BVP (1.1) and (1.2) has no positive solution for A\ large
enough. Otherwise, thereexist 0 < A\; < Ay < -+- < A, < -+, with lim,_ . A\, = +00,

for any positive integer n, the problem

(3.5) u"(t) + a(t) f(u(t)) =0, 0<t<l,
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(3.6) u(0) = u"(0) = 0, u(l) — au(n) = A,
has a positive solution u,. By (2.4), we get

An
1—an

ua(1) = /0 G(l,s)a(s)f(un(s))ds—l—ﬁ /0 G(n, s)a(s) f (un(s))ds +
)\n
>

_1_m7—>oo, (n — 00).

Therefore, ||u,|| — oo asn — oo .

Since f., = oo, for Ny, there exists R > 0 such that
f(u) > 8Nou for u € [R/4,00).

Let n be large enough such that ||u,|| > R. Then for ¢ € [, 3] u,(t) > £ and

ol = (1)
= [ Gt e Nis + 5 [ G +
1

3/4 . »
> 1 _/1/4 g(S)a(S)f(un(S))ds+m/l/4 G(n, S)a(s)f(un(s))d3]

>1
4

3/4 o 3/4
/1/4 g(s)a(s)SNgun(s)ds+m » G(n, s)a(s)SNgun(s)ds]

3/4 o 3/4 u
> 2N, [/1 g(s)a(s)ds + —— G(n, S)CL(S)dS] [[n]|

/4 2(1 —an) 1/4 4

= 2ljunll,
which is a contradiction. The proof is complete. O

Corollary 3.2. If fo = 0, fo = 00, then BVP (1.1) and (1.2) has at least one

positive solution for A small enough and has no positive solution for X large enough.

Proof. The conclusion readily follows from Theorem 3.1. 0

Theorem 3.3. Suppose that the hypothesis of Theorem 3.1 hold. In addition, if f is
nondecreasing, then there is A > 0 such that BVP (1.1) and (1.2) has at least one
positive solution for A € (0,A) and has no positive solution for A € (A, o).

Proof. Set FF'={A| BVP (1.1) and (1.2) has at least one positive solution}, let A =
sup F, it follows from Theorem 3.1 that 0 < A < oco. From the definition of A, we
know for any A € (0,A), there is a A* > X such that BVP

u"(t) + a(t) f(u(t)) =0, 0<t<l,

u(0) =u"(0) =0, u(l) — au(n) = \*
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has a positive solution u*(t). Next we will prove that for any A € (0,\*), BVP (1.1)
and (1.2) has a positive solution.

In fact, let Py = {u € K | u(t) < u*(t),t € [0,1]}, for any A € (0, \*), u € Py,
it follows from (2.4) and the monotonicity of f we get

/ G(t, s)a @))dwﬁ /0 G, s)als) f(u(s))ds + —2

1—an
At
1—an

S/O G(tas)a(S)f(u*(S))dSﬂLz(%%/o G(n,s)a(s)f(u"(s))ds +

So T(P,) C P, by Schauder’s fixed point theorem we know that 7" has a fixed
point u € P,«, which is a positive solution of BVP (1.1) and (1.2). The proof is
complete. 0

Theorem 3.4. Assume that fo = 0o, foo =0, then BVP (1.1) and (1.2) has at least

one positive solution for A € (0, 00).

Proof. Since fo = oo, there exists o > 0 such that f(u) > 4Nyu for u € [0,75]. Let

u € K,,, then for ¢ € [}, 3],

At
1—an

ot 1
)/Gmm@mmm+

Tu(t) = /0 G(t, s)a(s)f(u(s))ds + 2(1—an) J,

3/4

[ r3/4 a
> Ny /1/4 g(s)a(s)u(s)d8+m/l/4 G(n, s)a(s)u(s)ds]

:1 3/4 «Q 3/4
zmzlmmmwwgﬁamﬂmwmm4w
= [Jull

Thus we have
(3.7) | Tul|| > ||u|, uedK,,.

Now, since f,, = 0, there exists R > 0 such that
—u, u€ [}é, 00).

flu) <5

We consider two cases: f is bounded or f is unbounded.
Case 1 : Suppose that f is bounded, there exists M > 0 satisfy f(u) < M for all

€ [0,00). We choose Ry > max{2rs, 21\7]\11’ —= om} and u € 0Kpg,, then for t € [0, 1],
we have
—fmmmwumw%#i—fmsmwumw+”
N ’ b ° 2(1—an) J, m b 1—an

< M/ s)ds + ﬂ) /01 g(s)a(s)ds +

2(1 —an 1—an
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<M By
_— —_— ull.
Ny 2

Case 2 : Suppose that f is unbounded. Let Ry > max{Qrg, } such that

’la

f(u) < f(Ry) for 0 <u < Rs.

(We are able to do this since f is unbounded.) Then for u € 0Kg,, t € [0, 1], we have

- [ s + 572 [ s s« 24
o O ST Ry T —
<3| osratorts s 5t [ atsjatsias] o+ 2

Ry R

By B

Therefore, in either case we get

(3.8) |Tul|| < ||u|| for u € OKRg,.

Therefore, by Lemma 2.5, (3.7), (3.8) and the property of fixed-point index, we obtain
i(T, Kp,\K,,, K) = 1.

That is the operator T has at least one fixed point u € Kg,\K,,, which is a positive
solution of BVP (1.1) and (1.2). O

Corollary 3.5. Assume that A = 0 hold, if the nonlinearity f is either superlinear
or sublinear, then BVP (1.1) and (1.2) has at least one positive solution.

Proof. The conclusion readily follows from Theorem 3.1 and Theorem 3.4. O

Example 3.6. Consider the following singular third-order three-point nonhomoge-
neous BVP

u"(t) + e (t) =0, 0<t<1,

(3.9)
u(0) = u"(0) =0, w(l) = Ju(3) = A,

where a(t) = ﬁ, flu) = uP, a = % and n = %, p and ¢ are parameters which
are positive and A are nonnegative. If p > 1, 0 < ¢ < 1, then it is easy to verify
that all conditions of Theorem 3.3 are satisfied, thus, there is A > 0 such that BVP
(3.9) has at least one positive solution for A € (0, A) and has no positive solution for
A€ (A, 0). If 0 < p,q < 1, all conditions of Theorem 3.4 hold, then BVP (3.9) has

at least one positive solution for A € (0, c0).
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