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OSCILLATION CRITERIA FOR SECOND ORDER NEUTRAL
PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS

RUN XU AND FANWEI MENG

Department of Mathematics, Qufu Normal University, Qufu, 273165, Shandong,
People’s Republic of China

ABSTRACT. Some new oscillation criteria are established for second order neutral partial func-

tional differential equation of the form

l s
% lr(t)% <u(:17, t) + Z Ai(Qu(z,t — TJ)] = a(t)Au(z,t) + Z ax(t)Au(x,t — pr(t))
i=1 k=1

m

- q(l‘,t)u(l‘,t) - Z%(‘Tat)fj(u(‘rat - Uj))v (‘Tvt) €0 x [0700) =G

Jj=1

under the conditions [, 77! (s)ds = oo and [, r~"(s)ds < oo, respectively. where Q is a bounded
domain in RY with a piecewise smooth boundary 9Q and A is the laplacian in the Euclidean
N —space RV.

AMS (MOS) Subject Classification. 34C10

1. INTRODUCTION

In this paper, we are concerned with the oscillation problem of second order

neutral partial functional differential equation of the form

% [r(t)% (u(m, t) + Z Ai(t)u(z, t — TZ))]

i=1

=a(t)Au(x,t) + Z ap(t) Au(z,t — pr(t)) — q(z, t)u(zx, t)
k=1

(1.1) = g, t) fi(ulz,t — 0y)), (x,) € Q2 x [0,00) = G,

j=1

Where 2 is a bounded domain in R with a piecewise smooth boundary 91, and
NAufz,t) = YN Fuled)

r=1  9z2

We assume throughout this paper that the following conditions hold.
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(Ay) r(t) € CY(R,;[0,00)), Ny € C*(]0,00);[0,00)), 0 < 22:1 Ai(t) < 1, 7; are non-
negative constants, 1 € I, = {1,2,...,1};

(As) a,ak, pr. € C([0,00);1]0,00)), limy,oo(t — pi(t)) = 00, k € I, ={1,2,...,s};

(43) q,q; € C(G,(0,00)), q(t) = mingeq q(x,t), ¢;(t) = mingcq q(z,t), o; are non-
negative constants, j € I, = {1,2,...,m};

(Ay) f;j € C(R, R) are convex in [0,00), ufj(u) > 0 and # > «; for u # 0, a; are

positive constants, 7 € I,,.

We consider two kinds of boundary conditions,

ou(z,t)

(1.2) 5

+g(z, t)u(z,t) =0, (z,t) € 0Q x [0, 00),
where 7y is the unit exterior normal vector to 02 and g(x,t) is a nonnegative contin-

uous function on 02 x [0, 00), and

(1.3) u(z,t) =0, (z,t) € I x][0,00).

As usual, a solution u(z,t) of the problem (1.1), (1.2) (or (1.1), (1.3)) is called

oscillatory in the domain G = 2 x [0, 00) if for any positive number u there exists a
point (zg,ty) € £ x [u, 00) such that u(xg,ty) = 0 holds.

Recently, the oscillation problem for the partial functional differential equation
has been studied by many authors. We refer the reader to [2, 5, 10] for parabolic
equations and to [1, 3, 4, 6-8, 11] for hyperbolic equations. We note that conditions
for the oscillation of the solutions for r(¢) = 1, A\;(t) = 0, f;(u) = u have been obtained
in the works of Cui et al. [3]. Very recently, Wang and Meng [11] have studied the
oscillation conditions for A;(¢) = 0, fj(u) = w. Li and Cui [9] have observed some

oscillation properties of (1.1) under the following assumption

R(t):/ttﬁ—u)o (t — 50).

o 7(8)

To the best of our knowledge, it seems to have few oscillation and asymptotic
behavior results for (1.1) in the case

t
1
lim R(t) = lim [ ——ds < oc.

t—oo t—oo to fr’(s)

In the following two sections, by using a generalized Riccati transformation, we
will further the investigation and offer some new sufficient conditions for the oscillation
of the problem (1.1), (1.2) as well as for (1.1), (1.3) under the two conditions above,
and give some examples to illustrate the superiority of our main results at the end of

this paper.
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2. OSCILLATION OF THE PROBLEM (1.1) AND (1.2)

2.1. The case of lim; .., R(t) = lim;_ fi Tc(li = 0.

Theorem 2.1. If there exist a jo € I, and a function p € C*(I, R") such that

(21) [ et - 20 o

where

22 MWW@P—ZN@+%M P—ZA %4,

then every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G.

Proof. Suppose to the contrary that there is a nonoscillatory solution u(x,t) of the
problem (1.1), (1.2) in £ X [tg,00) for some ¢, > 0, without loss of generality we
assume that u(z,t) > 0, u(z,t —7;) > 0, u(z,t — pg(t)) > 0 and u(z,t —0;) > 0 in
QX [ty,00), t1 >to, i €I}, k €I, j € .

Integrating (1.1) with respect to z over the domain €2, we have

% [r(t)% (/Q u(z, t)dx + ;)\i(t)/ﬂu(x,t — Ti)dx>]
=a(t) | Au(z,t)de+ Y ap(t) | Du(z,t — pp(t))dr — (z,t)u(x, t)dx
/Q ]; " /Q Pk /Q q
(2.3) —Z /Q q;(z, ) fi(u(x, t — o;))dx, t> 1.

From Green’s formula and boundary condition (1.2), it follows that

(2.4) / Au(x,t)dx :/ 8U(I’t)alS: —/ g(xz, thu(x,t)dS <0, t>t,
0 o9 20

o
and
/ Au(z,t — pp(t))dx = / ulz,t pk(t))dS
Q l9) oy
(2.5) = —/ g(x,t — pe(t))u(x, t — pp(t)dS <0, t>t1, kel
B

where dS is the surface element on 0. Moreover, from (As), (A4) and Jensen’s

inequality, it follows that

(2.6) /Qq(x,t)u(x,t)dx > q(t)/u(m,t)dm, t > ty,

Q
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and

A%WMEMLFJMMZ%@AEWWPWMM

(2.7) qu(t)/ﬂd:c-fj (/Qu(x,t—aj)dx (/de)_j, £t

Let
(2.8) Vi) = - / (e, t)dz, > h,
19| Jao

where [Q| = [, dx.
In view of (2.4)—(2.8), (2.3) yields

L (V(t) + zl: MOV (E - T-)>
dt dt " '
(2.9) +q(t)V (t) + Z GO L(V(E—0;) <0, t>t.

Let Z(t) = V(t) + Y\, Mi()V(t — 7), we have Z(t) > 0 and [r(t)Z'(t)]' < 0 for
t > t;. Hence r(t)Z'(t) is a decreasing function in the interval [¢;,00). We can claim
that r(¢)Z'(t) > 0 for t > t;. In fact, if there exist a T' > t; such that r(T)Z'(T) < 0,
this implies that

T)Z'(T)

Z'(t) < r( D) fort > T,

and

t
26~ 2(0) <rD)2(1) [ S5 e= T
7 ()
Therefore tlim Z(t) = —oo, which contradicts the fact that Z(t) > 0.

From (2.9), for the jj in (2.1) we obtain
210)  FOZO) +aOV(E) + apay OV —05) S0, ¢ b

or

[r(®)Z' @) + q(t)

Z(t) - Z NV (- Tl)]

i=1

+ Ao 5o (t)

l
Z(t—0j,) = > Nt — ;) V(t—7; — o—jo)] <0, t>t.
=1

Since Z(t) > V/(t), Z(t) is increasing, it follows that
I

1= A1)

1=1

() Z' @) + q(t) Z(t)

l

+ apojo(t) [1 - Z )‘i(t - Ujo)

i=1

Z(t—0;,) <0, t>t.
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That is
(2.11) [r)Z'(t)] + o) Z(t —0j,) <0, t>ty,
where ©(t) is defined by (2.2).

Define
_ o () Z'(t)
w(t) = (t)m, t>1.
Then w(t) > 0, and
1y — iy D21 [r() 2" W] 2(t = 0j,) —r(1)Z' () 2"t — 05y)
=7 o,y Y 72— oy)
(1) p()r@)Z'(t)2'(t — 0jo)
< p(t) w(t) - ﬂ(t)<ﬂ(t) o Z2(t _ Ujo) :
Using the fact that r(¢)Z'(t) is decreasing, we have
(212) Z/(t—O'j()) Z %, tZtl
Thus
w/(0) < Zu(t) = plt)elt) = —esie— < =Tl )

Integrating the above inequality from some T} to t (1y > t1), we have
N2
(213) w(t) < w(T()) B / [p(s)gp(s) B ’T’(S Ujo)p (5) ds
To 4p($)
Letting ¢ — oo in (2.13), from (2.1) we get contradiction. This completes the proof
of Theorem 2.1. O

t

Corollary 2.2. If the inequality (2.9) has no eventually positive solutions, then every
solution u(z,t) of the problem (1.1), (1.2) is oscillatory in G.

Choosing p(t) = R(t — 0j,) in Theorem 2.1, we get

Corollary 2.3. If there exists a jo € I, such that for t; > to,
o0 1
(2.14) / {R(t —0j)e(t) —
70 4R(t - Ujo)r(t - Ujo)
where p(t) is defined by (2.2). Then every solution u(x,t) of the problem (1.1), (1.2)

1s oscillatory in G.

dt = oo,

Corollary 2.4. [f there exists a jo € I, such that fort; > tg,
o 1 ! 1
(215) lltn_l)g)lf m /tl R(S — O'jO)QO(S)dS > Z’

where p(t) is defined by (2.2). Then every solution u(x,t) of the problem (1.1), (1.2)

1s oscillatory in G.
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Proof. 1t is not hard to verify that (2.15) yields the existence € > 0 such that for all
large t,

1 t
- _ ds > =
R =0y /t1 R(s —0j))e(s)ds > — +¢,
which follows that
t
1
/ R(s —0j,)e(s)ds > 1 InR(t —0j,) +eln R(t — 0j,),

t1

then (2.14) holds, hence the assertion of Corollary 2.4 follows from Corollary 2.3. 0

Corollary 2.5. Assume that there exists a jo € I, such that for t; > tg,

(2.16) liminf R*(t — o}, )@ (t)r(t — oj,) >

)
t—o0

ASQEe.

where @(t) is defined by (2.2). Then every solution u(x,t

~—

of the problem (1.1), (1.2)
is oscillatory in G.

Proof. Obviously, (2.16) yields the existence € > 0 such that for all large ¢,

1
Rt = 3, )olt)r(t — 03) > 7 +2,

that is
R(t - o)1) - ! > - ,
4R(t - O]’o)r(t - Ujo) R(t - O]’o)r(t - Ujo)
which implies (2.14) hold and Corollary 2.5 is evident by Corollary 2.3. O

Theorem 2.6. Assume that there exist a jo € I, and a function h € C*(I, R) such
that

TORY B (VLU PONEY SRTCRN P

where p(t) is defined by (2.2). Then every solution u(x,t) of Egs. (1.1), (1.2) is
oscillatory in G.

Proof. Let u(z,t) be a nonoscillatory solution of Eqgs. (1.1), (1.2), without loss of
generality, as in the proof of Theorem 2.1, we may assume that there exists a number
Ty > to such that u(z,t) > 0, u(z,t—7) > 0, u(x,t—pk(t)) > 0, and u(z,t—0o;) > 0in
Ox [Ty, 00),i € I,k € I, j € I, and we get Z'(t) > 0 holds for t > T. Furthermore,
(2.11) and (2.12) hold. Define

rt)Z'(t)

(2.18) w(t) = 2 —o.)

tZT()a
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obviously, w(t) > 0 for t > T;. Differentiating (2.18), in view of (2.11) and (2.12), we
have

wl(t) _ [T(t)Z’(t)]/Z(t —ZO';EB_—;”;t))Z’(t)Z’(t - Ujo) < —Qp(t) i r(t _10j )wQ(t)
=~ o)~ =10 ~ ) + )
=" {w(t) (i _1%)h2(t)] - T(f}i(?jo)w(t)7

which follows that

o (o) ] == [0 -z ([ 550

Integrating the above inequality from T} to ¢, we have

Letting ¢ — oo in the above inequality, which contradicts (2.17). This completes
the proof of Theorem 2.6. O

Since Theorems 2.1-2.6 are of a high degree of a generality, it is convenient for
application to derive a number of oscillation criteria with the appropriate choice of
the function h and p, here, we omit the details.

2.2. The case of lim; .., R(t) = lim;_ fti Tc(l—j) < oo. For simplicity, we define

m):/f%,

and we will consider the oscillation problem of (1.1), (1.2) under the condition
> ds
m(to) = / — < 00.
(0) to T(S>
Theorem 2.7. Suppose that there exists a continuously differentiable function p(t)
such that p(t) > 0, p/'(t) > 0, we also suppose that N;(t) > 0 for t > ty, i € I,
limy_, o 22:1 Ai(t) = A. If for some jo € I,

(2.19) /OOO {gp(t)ﬂ(t - 030 = 17 %;W(t _ %)} dt = oo,

and

ey [ ([ )+ apan s ) =,
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then every solution u(x,t) of Fgs. (1.1), (1.2) is oscillates or

lim [ w(z,t)dx =0.

t—o0 Q

Proof. Suppose that (1.1), (1.2) has a nonoscillatory solution w(z,t) which may be
assumed to be positive in Q x [T, 00) for some 7" > 0. As in the proof of Theorem 2.1,
we know that Z(t) > 0 and r(¢)Z'(t) is nonincreasing for ¢ > T, consequently, it
is easy to conclude that there exist two possible cases of the sign of Z’(t), namely,
Z't) >0or Z'(t) <O fort >T, > T.

Case (1): Suppose Z'(t) > 0 for sufficiently large ¢, then we are back to the case
of Theorem 2.1 by choosing p(t) = n(t — 0j,). Thus the proof of Theorem 2.1 goes
through, and we get contradiction by (2.19).

Case (2): Suppose Z'(t) < 0 for ¢t > T3, from the following conditions

l
N(t) =0, Z()=V'()+> NtV t—n+ZA OV (t —7),
=1

we have V'(t) < 0, it follows that lim; .., Z(f) = a > 0. Now we claim that a = 0.
Otherwise, lim;—.o Z(t) = a > 0, so lim;. V(t) = 15
M > 0 such that V(t) > M, V(t — 0;,) > M for the jp in (2.20) and all t > t; > t.
From (2.10) we get
[F()Z' )] < —a(O)V(E) — ooV (E — 05)
(2.21) < —Mq(t) — ajoMa;,(t) = =M (q(t) + o045 (1), t =t
Define Q(t) = p(t)r(t)Z'(t), then Q(t) < 0, from (2.21) we get
Q'(t) = pM)r@)Z' ) + o (t)r(1)Z'(t) < p(t)[r(t)Z'(1))
< =Mp(t)(q(t) + jogo(t))-

Integrating it from ¢; to t, we get

Q) < Q(tr) — M / ) + s (5))ds < —M / (a(s) + 500 (5))ds,
that is

p()r()Z'(t) < —M / ) + 30 (5))ds,
so that

, Mo

71) € s / p(3)(a(3) + a3 (5))ds.

Integrating the above inequality from t; to t, we obtain

20) < Z(1) M / o ([ e + asmntende) as
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We can easily obtain a contradiction. So that lim; ., Z(t) = 0, then lim; ., V(¢) =
0. This completes the proof of Theorem 2.7. O

Corollary 2.8. If one of (2.14), (2.15), (2.16), (2.17) holds, and (2.20) holds, then
every solution u(x,t) of Egs. (1.1), (1.2) is oscillatory or limy_. [, u(x,t)dz = 0.
3. OSCILLATION OF THE PROBLEM (1.1) AND (1.3)

The following fact will be used.
The smallest eigenvalue 3y of the Dirichlet problem

Aw(x)+ pw(x) =0 in Q

(&1 w(z) =0 on 0f2

is positive and the corresponding eigenfunction v (z) is positive in €.

3.1. The case of lim; .., R(t) = lim;_ ft Tc(li = o0.

Theorem 3.1. If all conditions of Theorem 2.1 hold, then every solution u(x,t) of
problem (1.1), (1.3) oscillates in G.

Proof. To the contrary, if there is a nonoscillatory solution wu(z,t) of the problem
(1.1), (1.3) in 2 X [tg, 00) for some tg > 0, without loss of generality, we assume that
u(z,t) >0, u(z,t —7;) >0, u(x,t — pp(t)) > 0 and u(z,t —o0;) > 01in Q X [t;,00),
t1 > to, 1 € I}, k € Iy, j € I,,. Multiplying both side of (1.1) by #(x) > 0 and

integrating it with respect to x over the domain €2, we have

% [r(t)% ( /Q u(z, t)(z)ds + ; (1) /Q u(ax,t — Ti)iﬁ(:z:)d:c)]
—alt) /Q A, Do(x)ds + ;ak(t) /Q A, t — pa(t))(z)dz
- / oz, )ulz, )u(x)dz
Q
(32) =3 [ ettt = o), 26,
From Green’s formula and boundary condition (1.3), it follows that
/Au x, t)(z)dx —/ u(z, t) A (z)dz
(3.3) =—0 / u(z, t)(x)de <0, t>t,
Q
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and
| sutet =)ot = [ utet=p) Avia)da
(3.4) _ —gofgu(x,t — oe)(@)dr <0, t>t, kel
From (A3), (As) and Jensen'’s inequality, it follows that

(3.5) Lq(x,t)u(:c,t)zﬂ(x)dx > q(t)/u(:)s,t)@b(z)dz, t>t,

Q

and

/ qj(z,t) fj(u(z, t — o)) (x)dx > q;(t) / fiu(z, t — o)) (x)dx
Q Q

Set

(3.7) V(t) = /Q u(z, ) (x)da ( /Q ¢(x)dx)_l, t>t,

combining (3.2)—(3.7) we obtain

1
d d
=l <v<t> P AOVE- >> (v
(3.8) + Y G f;(V(t—0) <0, t>t.
j=1
The remainder of the proof is similar to that of Theorem 2.1, we omit it. O

Corollary 3.2. If the inequality (3.8) has no eventually positive solutions, then every
solution u(z,t) of the problem (1.1), (1.3) is oscillatory in G.

The following conclusions can be proved analogously.

Corollary 3.3. Let the conditions of Corollary 2.3 hold, then every solution u(z,t)
of the problem (1.1), (1.3) oscillates in G.

Corollary 3.4. Let the conditions of Corollary 2.4 hold, then every solution u(x,t)
of the problem (1.1), (1.3) oscillates in G.

Corollary 3.5. Let the conditions of Corollary 2.5 hold, then every solution u(z,t)
of the problem (1.1), (1.3) oscillates in G.

Theorem 3.6. Let the conditions of Theorem 2.6 hold, then every solution u(z,t) of
the problem (1.1), (1.3) oscillates in G.
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3.2. The case of lim;_ .., R(t) = lim; ., ft ds. < 00. As the case in 3.1, the follow-

r(s)

ing conclusions can be proved analogously.

Theorem 3.7. If the conditions of Theorem 2.7 hold, then every solution u(x,t) of
the problem (1.1), (1.3) oscillates or limy_.o [, u(z, t)ip(x)dz =0 in G, where ¥ (z) is
as in (3.1).

Corollary 3.8. If the conditions of Corollary 2.8 hold, then every solution u(z,t) of
the problem (1.1), (1.3) oscillates or limy_.o [, u(z, t)ip(x)dz =0 in G, where ¥(z) is
as in (3.1).

4. EXAMPLES

Example 4.1. Consider the equation

[t—l— 0t< xt)—l—t_l_%u(x,t—%r))}
<t+7r t+37r) )A“(x’t)

(s taeee) 2 (2 5)
+<ﬁ+%—(tiﬁ))Au(:¢,t—w)

(4.1) - (L 4 t%) W@ ) — ~u(@t—7), (24) € (0,7) x [0, 00)

2t3Int t3

with the boundary condition

(4.2) u(0,t) = u(m, t) =0, t>0.

Here,Nzl,r(t):H7T [l =1, Aﬂ)z#,ﬁzQﬂ,&(iﬁ)zﬁ—ﬁ,

s = 2, al(t) = (t+37r)3 + (t+7r)2’ pl(t) = 327r, a2(t) = ﬁ + %‘3 - H_Lﬂv P2(t) = T,
q(z,t) = 2t311nt + t%, =1, ¢(z,t) = t3, o1 = 7, fi(u) = u, it is easy to see that
Gio(t) = u(t) = LS o =1, At —0j) = Mt —7) = %a q(t) = q(z,t) = 2t311nt + 1‘%?
r(t —oj,) =1, R(t) ft T‘Zj = % + 7t, then we have
1 3 1 2 1
v)=cnst e ap 5 o

23Int | 8 208(t+m)Int (4w ¢
and

. 9 3 1

htmmfR (t—oj,)pt)r(t—o,) = 1T

which shows that all conditions of Corollary 3.5 are verified. Thus every solutions of
problem (4.1), (4.2) oscillates in (0, 7) x [0, 00). In fact, u(z,t) = sinx cost is such a
solution.
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Example 4.2. Consider the equation

gt [(t+7r) gt (u(a?,t) + (1 - t%r) u(z, b — QW))}

= (t3+%+ (t+17r)2) Au(z,t)

+4(t 4+ m) Au(z, t — 3;) + <7r + %) Au(z,t —m) — (£ +t+ ) u(x, t)

(4.3) — (t3 —t+ o 7r)2) u(z,t —m), (z,t) € (0,7) % [0,00)

with the boundary condition

(4.4) u(0,t) = u(m, t) =0, t>0.

Here, N = 1,7(t) = (t+7)*, 1 =1, \i(t) = 1= =, 71 = 2m, a(t) = t3+%+(t+1ﬂ)2,

S = 27 al(t) = 4(t+7’(’), Pl(t) = 37”7 a’2(t) =T+ %a P2(t) =1- T, Q(Ivt) = t2 +it+m,

q(z,t) =3 —t+ ﬁ, op =7, fi(u) = u, it is easy to see that g;,(t) = ¢1(t) =

QI(xvt) =t —t+ W? Qjo = 17 )‘l(t - Ujo) = >\1(t - 7T) =1- l Q(t> = Q(xat) =
¢ ds

t2+t+77',7”(t—0'j0): (t_ >:t2 f rc(ls fO s+7r :; t—i—%’ﬂ-(w:tﬁ%u

T(t—0j,) =1, o(t) =2 + t+—7r + t(tﬂ Haw=E let p(s) =1, then we have

/OOO {(p(t)w(t ~ o) = Ar(t — %;W(t - Ujo)] “
:/0 (t+tj7r+t2(ti7r)2 41t) dt =

/ G (/ D)) + ajoqjo<s>>ds) i

o] 1 t ) 5 1
- — s ——)ds | dt =
/ e (/(s +s+m+s 8+(S—|—7T)2) s)
which shows that (2.19), (2.20) hold, thus every solution of problem (4.3), (4.4)

oscillates or limy .o [, u(z,t)1(z)dz = 0 in G from Theorem 3.7. However, the main
results of [11] fails to the problem (4.3), (4.4) since lim; o R(t) < oo.

and
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