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ABSTRACT. In this paper we study the asymptotic stability of the zero solution of second order
neutral delay differential equation of the form
y"' () +ay’(t = 7) + ay'(t) + by (t = 7) + cy(t) + dy(t — 7) =0,

where a, b, ¢, d, « € (—1,0)U(0,1), and 7 > 0 are constants. In this paper, we obtain a new necessary
condition and obtain robust method of determining whether the zero solution is asymptotically

stable. In proving our results we make use of Pontryagin’s theory for quasi-polynomials.
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1. INTRODUCTION

The aim of this paper is to study the asymptotic stability of the zero solution of

the neutral delay differential equation
(1.1) v'(t)+ oy (t—7)+ay'(t) + 0y (t — 1)+ cy(t) + dy(t —7) =0

where 7 > 0, a € (—=1,0) U (0,1), a, b, ¢, and d are real constants. There are many
applications of neutral differential equations in scientific models such as of masses
attached to an elastic bar [1] and population growth [2]. An intersting application of
neutral equations appears in [3] and involves an interplay between physical observa-
tion and simulation (called “real-time dynamic substructuring” ) for seismic testing.
There are many studies of neutral equations mainly dealing with oscillations or suffi-
cient conditions of stability of the zero solution. See [4-8]. In these studies necessary
conditions or sufficient conditions are derived using Lyapunov’s direct (or second)
method. In all of these works, there is a sizable gap between sufficiency and neces-
saity. In our previous papers [9,10], we considered non-neutral second order delay
differential equation (i.e., & = 0) and obtained an algorithmic method as a robust
means testing for asymptotic stability. We also obtained new complete criteria for

asymptotic stability in special cases of the non-neutral problem. In this paper, we
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attack the more difficult neutral problem (1.1) and obtain robust algorithmic tests
parallel to those in [9,10]. In addition, we obtain criteria for special cases leading
to asymptotic stability regions for some cases. We also obtain a new and far reach-
ing necessary condition (Theorem 3.3) for asymptotic stability which plays a role
throughout this paper. Generally, including delays in a differential equation has a
destabilizing effect. Our work on non-neutral delay equations certainly upholds this,
but when the order is 2 or higher there are rare cases when the delay has a stabilizing
effect. We raise the same question as whether inclusion of a “neutral term” can have

a stabilizing effect, and we give an example that gives an affirmative answer.

This paper is organized as follows. In Section 2, we present the tools used in our
asymptotic stability analysis. In Sections 3 we give our main results. In Section 4 we
present some examples. Some of the results of this paper derived in a different way
by Kuang (see [2]). Many of our results are new and derived using our approaches

developed in our earlier papers.

2. BACKGROUND

In this section, we identify the characteristic function of (1.1), and cite results
of Pontryagin [11] related to asymptotic stability and applications of Pontryagin’s
results [12, §13.7-13.9].

The characteristic function of (1.1) (derived by searching for solutions of the form

e* or by using Laplace transforms) is given by

~

(2.1) H(s) = s+ as’e™ +as + bse ™ + ¢+ de™™".

We rewrite (2.1) by multiplying by e*” and letting s = Z to get

(2.2) H(z) =7%¢"H (;) =2%" +az? + Aze® + Bz +Ce* + D
where
(2.3) A=ar, B=br, C=cr* D=dr

The following can be found in [13, Theorem 6.1].

Theorem 2.1 In order that all solutions of (1.1) approach zero as t — oo it is
necessary and sufficient that all zeros of (2.1), or equivalently (2.2), have negative
real parts and are bounded away from the imaginary axis, i.e., there is a positive real

number v such that Rez < —v for every zero z of H(z).

We first determine the conditions under which all zeros of (2.1), or equivalently
(2.2), have negative real parts and then find conditions under which the zeros are

bounded uniformly away from the imaginary axis. The function (2.2) is a special
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function, usually called an exponential polynomial or a quasi-polynomial. The prob-
lem of analyzing the distribution of the zeros in the complex plane of such functions

has received considerable attention.

Definition 2.1 Let h(z,w) be a polynomial in the two variables z and w (with

complex coefficients),

(2.4) h(z,w) = Z 2" wW"™, (M, n nonnegative integers).

We call the term a,s2"w?® the principal term of h(z,w) if a,s # 0, and for every term

A 2™ wW" With a,,, # 0, we have m < r and n < s.

Note that H(z) = h(z,e*) where
(2.5) h(z,w) = 22w + az* + Azw + Bz + Cw + D

It is clear from Definition 2.1 that h(z,w) in (2.5) has principal term z?w. We now

cite two theorems of Pontryagin, see [11,12].

Theorem 2.2 Let H(z) = h(z,e*), where h(z,w) is a polynomial with a principal
term. We separate H(iy) into real and imaginary parts; that is, we set H(iy) =
F(y) +iG(y). (Of course, F(y) and G(y) have entire extensions.) If all the zeros of
the function H(z) lie in the open left half plane, then the zeros of the functions F(y)

and G(y) are real, are interlacing, and

(2.6) Aly) =G'(y)F(y) —Gy)F'(y) >0

for all real y. Moreover, in order that all the zeros of the function H(z) lie in the open

left half plane, it is sufficient that any one of the following conditions be satisfied:

(a): All the zeros of the functions F(y) and G(y) are real and interlace, and the
inequality (2.6) is satisfied for at least one value of y.

(b): All the zeros of the function F(y) are real and for each of these zeros y = yq
(2.6) is satisfied, i.e., F'(y0)G(yo) < 0.

(c): All the zeros of the function G(y) are real and for each of these zeros the (2.6)
is satisfied, i.e., G'(yo)F (yo) > 0.

In our case,
(2.7)  H(iy) = —y*e” — ay* + iAye” + Biy + Ce" + D = F(y) +iG(y)
where
(2.8) F(y) = —y*cosy — ay® — Aysiny + C cosy + D
and

(2.9) G(y) = —y*siny + Aycosy + By + C'siny.
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To study the location of the zeros of H(z), we study the zeros of F' and G. To
do so, we need the following result which is useful in determining whether all roots
of F' and G are real. Let f(z,u,v) be a polynomial in z,u, and v which we write in
the form
(2.10) fzu0) = 260 (u,v)
where QSSZ)(U,U) is a polynomial of degree n, homogeneous in u and v, and let
z"gb&s)(u,v) be the principal term of f(z,u,v), and let ¢**)(u,v) denote the coeffi-
cient of 2" in f(z,u,v), so that

¢*(S)(uv U) = Z ¢£n) (u> 'U)'
n<s
(The Principal term for the polynomials of the form (2.10) are analogous to that
defined in Definition 2.1, see [20, pages]). Also we let

d*()(2) = ¢*)(cos z,sin z).

Theorem 2.3 Let f(z,u,v) be a polynomial with principal term z"gbgf)(u, v) and as-
sume that u®> + v? is not a factor of gb@(u,v). If € is such that ®) (e 4+ iy) # 0
for all real y, then in the strip =27k + € < Rez < 2wk + €, the function F(z) =
f(z,cos z,sin z) has, for all sufficiently large values of k, exactly 4sk+r zeros. Thus,
in order for the function F(z) to have only real roots, it is necessary and sufficient
that in the real interval =27k + € < x < 2wk + €, it has exactly 4sk + r real roots for
all sufficiently large k.

Note that the functions F(y) and G(y) in (2.10) and (2.11) have principal terms
— 22y and z%v, respectively. The condition that u2 + v2 not be a factor of 2" ¢ (u,v)
is frequently overlooked. When s = 1, it is not an issue. This condition is satisfied by
polynomials f(z,u,v) derived from function A(z,w) in (2.12) with a principal term.
As well, if f(z,u,v) is derived from function involving sin z and cos z, the Pythagorean
identity could be used to make this condition satisfied. Nonetheless this condition is

needed for Theorem 2.3 to be true as stated.

For the case in point, 7 = 2 and s = 1. Therefore F(z) (given in (2.8)) has all real
zeros if and only if F(z) has 4k + 2 zeros in (—2km, 2kn) for k sufficiently large, and
the same holds for G given in (2.9) with (—2km, 2k7) replaced by (—2km + €, 2km + €)
where 0 < e <.

3. MAIN RESULTS

In this section we present the main results of this paper. We first describe the
asymptotic behavior of the zeros of G. Throughout this paper for x real and a > 0,

[z], denotes the unique real number in the interval [0,a) for which x — [z], is an
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integer multiple of a. We will use a = 7 and a = 27. See Kuang [2, p. 65] for the
following result:

Lemma 3.1 A necessary condition for the zero solution of (1.1) to be asymptotically
stable is that |a] < 1.

In this paper we will mostly only consider |a| < 1. We have the following neces-

sary conditions.

Lemma 3.2 If the zero solution of (1.1) is asymptotically stable, then (C + D)(A +
B+C)>0.

Proof. Theorem 2.2 and the fact that y = 0 is a zero of G yield A(0) = G'(0)F(0) =
(C+D)A+B+C)>0.

Lemma 3.3 Forn sufficiently large, the interval (nm—m /2, nmt+m/2) contains exactly

one zero r, of G and lim,_.(r, —nm) = 0.

Proof. From (2.9), y = 0 is a zero of G and
(3.1) G(nm +7/2) = —(nm +7/2)*(=1)"" 4+ B(nrw +7/2) + C(—1)".

Thus there can be at most four zeros of G of the form nm + 7/2. All other zeros of

G are roots of the equation

(3:2) w(y) = C(y)

where

(3.3) w(y) = (y* — C) tany — Bysecy
and

(3.4) C(y) = Ay.

For n sufficiently large, w resembles the tangent function on (nm — /2, nw + 7/2) in
that w has limits —oo and oo at nm — 7/2 and n7 4 7/2 when the limits are taken
from inside the interval. For n sufficiently large these yield existence of a solution of
(3.2) in (nm — /2, nm + 7/2). Now (3.2) yields

B Acosy
=2 _l’_ flalededl A
Yy

It follows from (3.5) that
lim siny = 0,

G(y)=0
Yy—oo

and thus the roots of G in (nm — m/2,nm 4+ 7/2) tends to the center of the interval
as n goes to infinity. Also in this case it is easy to see that w'(y) > |A| for y €

(nm — /4, nm + 7/4) and n sufficiently large, and thus uniqueness holds.

The following is a very useful necessary condition for the asymptotic stability of

the zero solution of (1.1). It refines the necessary condition in Lemma 3.2.
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Theorem 3.1 Assume —1 < a < 1. If the zero solution of (1.1) is asymptotically
stable, then A+ B+ C >0 and C+ D > 0.

Proof. Assume the zero solution of (1.1) is asymptotically stable. From Lemma 3.2
(3.6) A0)=(C+D)A+B+C)>0.

It follows from Theorems 2.1-2.3 that G has all real zeros and for k sufficiently large
(—2km + €, 2km + €) contains precisely 4k + 2 zeros of G. We are taking 0 < € < 7/4.
Since y = 0 is a zero of G and G is odd, (0,2k7 + €) contains precisely 2k + 1
zeros 11 < rg < ... < Topyq of G where k is sufficiently large. By Lemma 3.3,
Tok+1 € (2km — €,2km + €) for k sufficiently large. From (2.8) and the hypothesis
—1 < a <1, it follows that F(rox.1) < 0 for k sufficiently large. By Theorems 2.1 and
2.2, the zeros of I and G interlace and thus the F'(r;) must strictly alternate in sign
(where 79 = 0). Thus F(0)F (ro+1) < 0, and since F(rop41) <0, F(0) =C + D > 0.
By (3.6) A+ B+ C > 0, and the proof is complete.

We first consider special cases where some of the coefficients A, B, C, or D are

zero. In this paper Z* denotes the set of all nonnegative integers.

Theorem 3.2 Suppose that |a| < 1 and that all zeros of H(z) are in the open left
half plane (i.e. Rez < 0 for every zero z of H(z)). Then all zeros of H(z) are bounded
away from imaginary axis (i.e. there n > 0 for which Rez < —n for every zero z of
H(z)).

Proof. Assume otherwise. Then there is a sequence z, = a,, + i3, of zeros of H(z)
where a,, < 0, and «a,, — 0. If {3,} were bounded, then H(z) would have a zero on
the imaginary axis. Thus we may assume that (3, — oo and 3, > 0. From H(z) =0
and (2.2)

Az, + Bzpe ™ 4+ C 4 De "

(3.7) |1+ ae ™| =

Since «,, — 0 and (3, — 00, |z,| — oo and the right hand side of (3.7) tends to 0 as

n — o0o0. But

(3.8) 114+ e |? = (1 + ae " cos 3,)? + (ce™ " sin 3, )?

> (1=lale™)* = (1—a])”

Since || < 1, (3.8) yields a contradiction.
We consider some special cases:
Theorem 3.3 Assume that |a| <1, A=B=0,C>0, and C+ D > 0.
(i) Suppose D — aC' > 0. The zero solution of (1.1) is asymptotically stable if

and only if and if there exists a positive integer k such that
(2k — )7 < VC < 2k,
(14+a)((2k — 2)m)? < C + D < (1 + «)(2kn)?,
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and
(2k —1)7)*(1 —a) < C—D < (1 —a)((2k + 1)7)>.
(ii) Suppose D — aC' < 0. The zero solution of (1.1) is asymptotically stable if and

only if there is a positive integer k such that
(2k — 2)7 < VC < (2k — 1),
and
C+D < (1+a)2nr)?
C—-D<(1-a)r?
when k =1 and
(1+a)((2k —2)7)* < C+ D < (1 +a)(2km)?,
(1-a(k=3)7)*<C—D < (1-a)((2k—1)7)?
when k > 1.

(iii) If D — aC = 0, then the zero solution of (1.1) is not asymptotically stable.

With A = B =0, C >0 and C + D > 0 are the necessary conditions of
Theorem 3.2.

Proof. For A= B =0, (2.8) and (2.9) yield

G(y) = —siny(y* - C),
G'(y) = —cosy(y* — C) — 2ysiny,
and
F(y) = —y*(cosy +a) + Ccosy + D.
The zeros of G are y = +v/C and y = nn(n € Z). If y is a zero of G, then
(3.9) A(y) = [~y*(cosy + a) + C cosy + D][—cosy(y* — C) — 2ysiny],
and, in particular,
(3.10) A(—VC) = A(VC) = =2/ Csin VCO[D — aC].

If D—aC =0, then A(+£v/C) = 0, and by Theorems 2.2-2.3, the zero solution of
(1.1) is not asymptotically stable, and (iii) is proven. Suppose D — aC > 0. By
(3.10), A(v/C) > 0 if and only if sin /C < 0, or there exists a positive integer k such
that

(2k — )7 < VC < 2k

At the points y = nm (n € Z*) we have
(3.11) A(nm) = [~ (nm)?((—1)" + a) + O(=1)" + D][~(—=1)"((n7)* — O))].
Suppose that n > 2k. Then (nm)? — C > 0. If, in addition, n is even, then

(3.12) A(nm) = —[—(nm)2(1 + @) + C + D]((nm)2 = C)) > 0
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if and only if
C+D < (1+a)(nn)?
Thus A(nm) > 0 for all even n > 2k if and only if
C+ D < (14 a)(2km)?
For odd n > 2k,
(3.13) A(nr) = [(nm)*(1 — a) — C + D]((nm)* — C) > 0.
if and only if
C —D < (1—a)(nn)
Thus A(nm) > 0 for all odd n > 2k if and only if
C—D < (1—a)((2k+ 1))
Suppose that 0 < n < 2k —1. Then (n7)? —C < 0. As above, A(nnw) > 0 for all even
n with 0 < n < 2k — 1 if and only if
C+D>(1+a)(2n—2)71))?,
and A(nm) > 0 for all odd n with 0 < n <2k — 1 if and only if
C—D>(1-a)(2k—1)7)%
Since A is an even function of y, (i) is now proven using Theorems 2.2, 2.3 and 3.2.
Suppose that D — aC < 0. By (3.11), A(V/C) > 0 if and only if sin v/C > 0, or
there exist a positive integer k such that

(2k — 2)m < VC < (2k — 1)m.

The remainder of the proof of (ii) is similar to that of (i) above. Note that when
k = 1, the only nonnegative multiple of 7 less than or equal to (2k — 2)7 is 0 and
A(0) = (C'+ D)C > 0 by hypothesis.

We consider the pure delay case, i.e. A =0 and C = 0.
Theorem 3.4 Assume that A =0, C =0, B >0, and D > 0.Then G has all real
zeros if and only if 0 < B < B* where B* = y*siny* and y* is the unique solution of
tany = —y in (0,7) (B* ~ 1.819705741).

With A=C =0, B> 0and D > 0 are the necessary conditions of Theorem 3.2,

and thus Theorem 3.4 and Theorem 3.5 below represent the general pure delay case.

Proof. When A =0 and C =0, (2.9) yields
G(y) = —y*siny + By.

Thus y = 0 is a zero of G, and the nonzero zeros of G are the roots of the equation

B
(3.14) siny = —.
)
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For the function G to have all real and distinct zeros it is necessary and sufficient
that siny and 5 agree at two distinct points in the interval (0, 7). The choice of B*
yields siny = %* having one root in (0, 7) with multiplicity 2, and siny = g has two
roots in (0, 7) precisely when 0 < B < B*. Note that in this case (2km,2km + €)
contains a zero of G while (—2k7m, —2k7 + €) does not for k sufficiently large so that
G has 4k + 2 zeros in (—2km + €, 2km + €) for k sufficiently large.

With 0 < B < B*, the positive zeros of G, 0 <11 <19 < ..., satisfy 2(n — 1) <
Ton1 < Ton < (2n— 1)w for n = 1,2, ..., and [ro,_1]or | 0 and [ro,]or T 7 as n — oo
Theorem 3.5 Let -1 < a <1, A=0,C=0,0< B< B*, and D > 0. Let
ry < 1o <13 <7Ty4...bethe positive zeros of G. If —1 < a < 0, the zero solution of
(1.1) is asymptotically stable if and only if F(r1) < 0. If0 < a < 1, then the zero
solution of (1.1) is asymptotically stable if and only if F(r) <0, and F(ry;) > 0 for
7=1,2,....,m —1 where m s the smallest index for which cosra,, + a < 0.

Proof. By Theorem 3.5, G has all real zeros. Note that F'(0) = D > 0. In either
case, the sign conditions on F' are necessary for the zeros of F' and G to interlace and
thus for the zero solution of (1.1) to be asymptotically stable. Thus we need to prove
sufficiency in both cases. To this end, it suffices to show that (—1)"F(r,) > 0 for
n=1,2,.... Since F'(0) = D > 0, this would imply the interlacing of the zeros of F’
and G and the zero solution of (1.1) would be asymptotically stable. Note that from
(2.8)

F(y) = —y*(cosy +a) + D

Suppose —1 < a < 0 and F(r1) < 0. From the proof of Theorem 3.4, 79, 1,72, €
((2n — 2)m,(2n — 1)) and ry, € ((2n — 3/2)m, (2n — 1)mw) for n = 1,2,..., and
Ton—1 € ((2n — 2)m, (2n — 3/2)w) for n = 2,3,... Since a < 0 and cosy < 0 for
y € ((2n—3/2)m, (2n—2)7), F(y) > 0 for such y. Thus F(ry,) > 0foralln =1,2,....
Since F(ry) <0, m € (0,7/2) and cosr; + o > 0. Also, [r3]ar < [r1]er while rg > 1.
It follows that

(3.15) F(rs) = —r3(cosrs + a) + D < —r?(cosr; +a) + D = F(r;) < 0.

The same argument yields F(rg,_1) < 0 for all n = 1,2, .... It follows then that the

zero solution of (1.1) is asymptotically stable.

Now we assume that 0 < o < 1. Since F(r;) = —ri(cosr; + a) + D < 0,
cosr1 +a > 0. The argument in the first case yields F(rqg,_1) < 0 foralln =1,2,....
For the even roots, note that [roglar T 7 as k — oo. Thus there is a first index m
where cosry, + a < 0. Since [ro;,|o, increases it follows that cosry, + a < 0 and
F(rg,) > 0 for all m > n. Asymptotic stability of the zero solution of (1.1) now

follows.

In the next case, wetake B=C =0, A > 0,and D > 0. Of course, if B=C =0,
then A > 0, and D > 0 are the necessary conditions of Theorem 3.1. For B = C = 0,
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(2.8) and (2.9) yield

(3.16) G(y) = —y*siny + Ay cosy
and
(3.17) F(y) = —y*cosy — ay® — Aysiny + D.

The real zeros of G are y = 0 and the roots of coty = 4. With A > 0, coty = 4 has
precisely one root in each open interval between successive multiples of 7. When £ is
sufficiently large, (2km,2k7m + €) contains a root of coty = 4 and (—2km, —2k7m + €)
does not, and so G has 4k+2 zeros in (—2km+e¢, 2km+¢). Here 0 < ¢ < 7. Thus G has
all real zeros. For n =1,2,..., let r,, be the zero of G in the interval ((n — 1)m, nm).
In fact, [r,]r € (0,7/2) and [r,], decreases to zero as n — oco. As such cosrg;j_1 > 0

and cosry;_1 increases to 1 as j — 00, and cosry; < 0 and decreases to —1 as j — oo.

Theorem 3.6 Let —1 <a<1, B=C=0,A>0,and D >0. If0 < «a <1, the
zero solution of (1.1) is asymptotically stable if and only if F(r1) <0 and F(ry;) >0
forj=1,...,m—1 where m is the smallest index for which cosry,, +a < 0. If =1 <
a <0, the zero solution of (1.1) is asymptotically stable if and only if F(ry;—1) < 0

for 3 =1,...,m where m is the smallest index for which cosryy,_1 + a > 0.

Proof. As in the proof of Theorem 3.5, necessity is evident, and for sufficiency we

need to argue that under the stated conditions, we have

(3.18) (-1)"F(r,) >0 forn=1,2,....
From (3.16),
(3.19) rpsinr, = Acosr,,

and simple calculations yield
(3.20) F(rp) = —[cosr,(r? + A*) + ar? — DJ.

Suppose 0 < a < 1. The first expression in (3.20) yields that F(rex_1) is de-
creasing in k. Thus if F/(r1) < 0, then F(rq_1) < 0 for all £ = 2,3,.... Also (3.20)
yields that F'(rqr) > 0 for all k& where cosry, + a < 0. Thus sufficiency holds when
0 < a < 1. Suppose —1 < o < 0. The first expression in (3.20) yields that F'(re) > 0
forall k = 1,2,.... The second expression in (3.20) yields that F'(rq_1) is decreasing
over those k where cosrg,_1 + o > 0. Thus sufficiency holds for —1 < a < 0.

Now we consider the case where A = 0 and B and C are nonzero. In the
first lemma we consider the case C' > 0 and D > 0, and in the second lemma we
consider the case CD < 0. Note that the necessary conditions of Theorem 3.1 become
B4+ C >0and C+ D > 0so that C < 0 and D < 0 is ruled out for asymptotic

stability and thus both lemmas cover all cases of interest.
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Lemma 3.5 Assume that A=0, B#0,C >0, D >0, and B+ C > 0. Necessary

conditions for the zero solution of (1.1) to be asymptotically stable are

1. If B <0, then
(i) G has ezxactly one zero in (0,m) (in fact, it is in (7/2,7) when —1 < a < 0),
(ii) G has ezactly two zeros in (2jm,(2j + 1)w) for j =1,...,m and G has two
zeros in ((2m + 1)7, (2m + 2)7) if VO € (2mm, (2m + 2)7).
2. If B> 0, then
(1) G has ezxactly two zeros in (0,7) if VC € (0, )
(ii) G has exactly two zeros in ((2j + 1)m, (25 +2)7) for j=0,...,m and G has
exactly two zeros in ((2m + 2), (2m + 3)7) when VO € ((2m + 1)m, (2m +
3)m).
Note that in 1(ii) the first condition is empty when m = 0, and in fact it is
replaced by 1(i).
Proof. With A =0, (2.8) and (2.9) yield

(3.21) G(y) = —y*siny + By + C'siny
and
(3.22) F(y) = —y*cosy — ay* + Ccosy + D.

The zeros of G are y = 0 and the roots of the equation cscy = %(y — %) Note
that y = v/C is the positive zero of ((y) = Ly — %)

In the remainder of this proof, we will mark some arguments with Roman nu-
merals for subsequent reference, as they will be repeated later.

Suppose B < 0. Since B+ C > 0, —C/B > 1. Thus cscy = ((y) has an odd

number of roots in (0, 7) and even number of roots in each interval (nm, (n+ 1)m) for
n =1,2.... Notice that if r is a zero of GG, then

(3.23) r2—C=B——,
sinr
and by (3.21)
(3.24) F(r) = —Brcot(r) — ar® + D.

Let W denote the function whose values W (r) are given by the right side of (3.24).
For —1 < a <0, W(r) > 0in (0,7/2]. Since F(0) = C + D > 0, G cannot have
a zero in (0,7/2]. Otherwise interlacing of the zeros of F' and G would fail and the
zero solution of (1.1) would not be asymptotically stable. Since cscy is increasing in
(r/2,m) and ((y) is decreasing in (7/2,7), G has exactly one zero in (7/2, 7).
(Argument I) Suppose 0 < a < 1. Now W'(r) = Besc?r(r — sinrcosr) — 2ar < 0
in every interval (nm, (n + 1)m) for n = 0,1,.... Now G has an odd number of zeros
in (0,7). If G has three zeros in (0, 7), then in order for the zeros of F' and G to
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interlace, F' (and thus W) would have three points of sign change in (0, 7). As such
W’ would have a sign change in (0, 7) which is false. Thus 1(i) is proven. (I.)

On any interval ((2¢ — 1)m,2¢m), ¢ = 1,2,..., the concavity properties of cscy
and %(y — %) yield that G can have at most two zeros. The arguments above for
—l <a<0and 0 < a <1 also yield that G can have at most two zeros in each
interval (2¢m, (20 + 1)7), £ = 1,2,.... Part 1(ii) now follows because G must have
4k + 2 zeros in (—2km + €, 2km + €) for all sufficiently large k.

Now suppose B > 0. With C' > 0, it follows that G has an even number of zeros
in each interval (nm, (n+1)7), n =0, 1,.... Suppose vC € ((2m~+1)x, (2m+3)x) for
some m = 0,1,2.... We have that ((y) < 0if 0 <y < +/C and ((y) > 0 if y > V/C.
As such on (0,+/C), ¢(y) can only meet cscy on lower branches of cscy. That is,
on (0,4/C), G can only have zeros in intervals of the form ((2¢ + 1), (2¢ + 2)7).
Likewise, on (v/C,c0), G can only have zeros in intervals of the form (2¢7, (2¢+41)7).
Due to opposing concavities G can meet the upper branches in at most two points.
We show that in lower branches of cscy, G can have at most two zeros. In this case,

the necessary conditions will follow from Theorem 2.3 so G has all real zeros.
Assume 0 < o < 1. There are 3 cases based on the sign of D — aC'.

(Argument I1.) If D —aC = 0, the zeros of F are ++/C and the roots of cosy = —a.
If G has four zeros in any interval between consecutive multiples of 7, F' would need

to have at least three zeros in this interval which is not the case. (II.)

Ccosy+D
cosyt+a

Note that ¢(y) has period 27 and vertical asymptotes corresponding to roots of cosy =

—a. We have ¢/(y) = %’

The zeros of F are the roots of the equation y? = ¢(y) where ¢(y) =

(Argument IIL.) If D — aC > 0, ¢'(y) agrees in sign with siny. In the interval
(204 1)m, (204 2)7), ¢(y) is decreasing on ((2¢+ 1), p) and on (p, (2¢ + 2)7) where
p is the root of cosy = —a in this interval. Since y? is increasing on (0,00), F' can
have at most two zeros in ((20+1)m, (24 2)7), and the proof in this case is complete.
(IIL.)

(Argument IV.) Now assume D — aC < 0. In this case ¢'(y) and — siny agree in
sign. A typical sketch of y? and ¢(y) is shown in Figure 1 for D — aC < 0.

Notice that ¢(0) = ﬁ—f <C < __Clif = ¢(m), which is reflected in Figure 1.
If y < v/C, then 3? < ¢(n) and y? can only meet the lower branches of ¢(y). Due
to opposite concavities, in any interval ((2¢ 4 1), (2¢ + 2)7) C (0,VC), y* = ¢(y)
can only have two roots. If in any of these intervals G' had four zeros, then F' would
need three zeros for interlacing to hold. The case with B > 0 and 0 < o < 1 is now

complete. (IV.)
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Figure 1 y? and ¢(y) when D — aC < 0

Suppose B > 0 and —1 < a < 0. In this case W/(r) = Besc?r(r — sinrcosr) —
2ar > 0 and as in Argument I interlacing would fail if G has 4 zeros in ((20+1)m, (204
2)7) and 2(ii) is proven.

Remark 3.1 If v/C were an odd multiple of 7 when B > 0 or if v/C were an even
multiple of 7 when B < 0, the zero count for G and Theorem 2.3 would yield that

the zero solution of (1.1) is not asymptotically stable.

Lemma 3.6 Assume that A =0, B# 0, B+C >0, C+ D >0, and CD < 0.

Necessary conditions for the zero solution of (1.1) to be asymptotically stable are

1. If B <0 (and thus C > 0), then
(i) G has exactly one zero in (0,7) (in fact, it is in (7/2,7) when —1 < a < 0)
(ii) G has exactly two zeros in (2jm,(2j + 1)) for j = 1,...,m when /C €
(2mm, (2m + 2)7) and G has two zeros in ((2m + 1)m, (2m + 2))
2. If B > 0, then
(i) G has exactly two zeros in (0,7) if VC € (0, 7)
(ii) G has exactly two zeros in ((2§ 4+ 1), (25 + 2)7) for j =0,...,m if VC €
((2m + 1)m, (2m + 2)7)and G has two zeros in ((2m + 2)w, (2m + 3)7).
(iil) G has exactly two zeros in ((2§)7, (27 + 1)) for j = 0,...,m if V/=C €
(2m+ 1)m, (2m+ 2)7) and C < 0.

Proof. The functions G(y) and F(y) are given by (3.21) and (3.22), and as in
Lemma 3.5, the zeros of G are y = 0 and the roots of the equation cscy = %(y — %)

The proof uses the arguments given in Lemma 3.5.

Suppose B < 0 and C' > 0. ThenD<Oand‘T§>1. When 0 < a < 1,

W'(r) = Besc?r(r — sinrcosr) — 2ar < 0 on every interval (nm, (n + 1)7), and

_ (D—aC)siny
(cosy+a)?

and if D —aC' < 0, then —siny and ¢'(y) agree in sign. Here we apply Argument IV.

When D — aC = 0, Argument II applies, and when D — aC > 0, Argument III
applies.

Argument I yields the result. Suppose —1 < a < 0. Notice that ¢'(y)
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Suppose B > 0 and C' > 0, then D < 0 with —1 < o < 0, W/(r) > 0 and
Argument I applies. For 0 < a <1, D — aC < 0 and we apply Argument IV.

We consider B > 0, C' < 0. Then D > 0 and —% <1. If =1 < a <0, then

W'(r) > 0, and we apply Argument I. See Figures 2a—2b for the roots of cscy =

£y —9).

Figure 2a csc(y) and ((y) in (0,47) when C < 0, B >0

Figure 2b csc(y) and ((y) in (0,7) when C' <0, B > 0

Suppose 0 < a < 1. Then D—aC > 0. With B > 0, C' < 0, and —% <1,cscy =
L(y— %) and thus G has an even number of zeros in the interval (2mm, (2m-+1)7) and
no zeros in the intervals ((2m + 1), (2m+ 2)7) for m = 0,1, ... (see Figures 2a-2b).
We will show that each interval (2mm, (2m + 1)7) contains precisely two zeros of G.
If we rule out four or more zeros, the standard counting argument yields the result.
Assume that G has four zeros in (2mm, (2m + 1)7). Since F(0) > 0 and G(0) = 0, at
the first four zeros of G(y) in (2mm, (2m + 1)7), F(y) has values that are negative,
positive, negative, and positive, respectively, in order that the zeros of G and F
interlace. Now F' must have three zeros between successive pairs of these zeros of G,
and F' must change sign from negative to positive, positive to negative, and negative
to positive at these zeros, respectively. Since ¢(y) < 0 < 4% on (2m7 + p, (2m + 1))
where p € (0,7) and cos p+a = 0, these zeros of F' are in (2mm, 2mm + p) (see Figure
3). Since cosy + a > 0 for y € (2mm,2mn + p), F(y) = y* — ¢(y) must change sign

from positive to negative, negative to positive, and positive to negative, respectively
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at these zeros of F. Thus F’(y) has values that are negative, positive, and negative
successfully. Thus F”(y) has values that are positive and negative, successfully and

so F has a negative value. But

siny(D — aC)(a? — 4 cosya — 6)
(cosy + a)?

(3.25) F"(y) = > 0

for y € (2mm, 2mm + ), a contradiction.

100 5

504

-50

-100 -

Figure 3 y? and ¢(y) when D — aC > 0

Remark 3.2 We assume A = 0 and the necessary conditions of Lemmas 3.5-3.6
hold. Under these conditions G has all real zeros, and we denote the positive zeros
of G as ry < 1y < ---. Of course, these are the positive roots of cscy = %(y — %)
With ¢ > 0 and B > 0 the odd numbered roots in (v/C,00) are decreasing to 0
modulo 27, i.e. [r2j41]2x | 0, and the even numbered roots increase to m modulo 2,
i.e. [roy]or T 7. With C > 0 and B < 0, in (v/C, 00), [raj1]er T 27 while [ryj]ar | 7.
With C' < 0 and B > 0, ryj4; in (v/=C,00) [raj11]2r | 0 and [ry;]ax T 7.

By Remark 3.2 and Lemmas 3.5 and 3.6, there are 3 cases to consider for the

zero configurations of G.

Theorem 3.8 Assume that A = 0 and that the necessary conditions of Lemmas 3.5
and 3.6 hold. Letr;, j =0,1,2,... be the nonnegative zeros of G where ro = 0. The
zero solution of (1.1) is asymptotically stable if and only if

(=1)F(r;) >0, j=1,2,....

We omit the proof of Theorem 3.8 as the conditions are precisely those needed
to guarantee interlacing of the zeros of F' and G and the conditions in Lemmas 3.5

and 3.6 guarantee F' and G have all real zeros.

It is clear that one cannot use Theorem 3.8 with an infinite number of conditions,

and thus we obtain a stability test with a finite number of conditions.
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Theorem 3.9 (Algorithmic Stability Test I) Assume that A = 0 and that the
necessary conditions of Lemmas 3.5 and 3.6 hold. The zero solution of (1.1) is asymp-

totically stable if and only if

1: F(rgj41) <0 forj=1,2,..., P, and

2: F(rej) >0 forj=1,2,..., P
where P; = max(My, Ny, L1) P, = max(Ms, Ny, Ly) and My, My, Ny, Na, Ly,
Ly are as follows.

Here My and My are the first positive integers such that rop,+1 > +/|C| and
ror, > \/|C|. The values Ly, Ly, Ny and Ny are based on the parameters C' and «
as follows.

I. If C' >0, Ly and Ly are the first positive integers such that
1: —r3; o (cosrap, 1 +a)+C+ D <0 and
2: —r3; (cosrap, +a)—C+ D >0.
For0 < a <1 Ny =1 and Ny is the first positive integer such that cosran, +a <
0. For —1 < a <0, Ny 1s the first positive integer such that cosroy,+1 +a > 0,
and Ny = 1.
IT. If C <0, then Ly = My and Ly = My. For —1 < a <0, Ny =1 and Ny is the
first positive integer such that cosroy, + @ < 0 and for 0 < o <1, Ny =1 and

Ny s the first positive index such that cosray, + a > 0.

The monotone convergence of the residues of the even and odd numbered roots
of G guarantee the existence of these numbers. These monotonicities guarantee that
if 1 and 2 in Theorem 3.9 hold, then these inequalities hold for all 7 > P, and j > P,
respectively. Asymptotic stability would then follow from Theorem 3.8.

In the case where D = aC', we can obtain asymptotic stability criteria based on

the parameters of the problem rather than an algorithm. We also obtain stability

regions. We will use the following notations: p; is the root of cosy = —a in (0, 7)

and p, is the root of cosy = —a in (7, 2m). Notice that py = 27— p1, poj1 = p1+2J,

and pgjyo = po + 2jm, j = 1,2,..., constitute all positive roots of cosy = —a. For
B

convenience, we let p_; = pg =0, and § = =

Theorem 3.10 Assume A=0, B#0, D=aC, -1 <a<1, and o #0. The zero
solution of (1.1) is asymptotically stable if and only if

(3.26) 0<B<p and 0<C < p?— Bpi,
or 0 < (B < 2pq, and there exist L > 1 such that

(3.27) Par + Bpar < C < p3py — Bparia,
or =2(m — p1) < B <0 and there exists L > 1 such that

(3.28) P31 — Bpar—1 < C < p3p + Bpar.-
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Proof. First note that with D = aC', C' > 0 is a necessary condition from Theo-
rem 3.1. With A = 0 and D = aC, the positive zeros of F are y = v/C and the
positive roots cosy = —a. It is easy to see from Theorem 2.3 that F' has all real
zeros. From (3.22)

(3.29) F'(y) = —2y(cosy + a) + (y* — ) siny.
By Theorem 2.2 the zero solution of (1.1) is asymptotically stable if and only if
(3.30) A(VC) = 2BC(cos VC + ) > 0,

(3:31)  A(pzj-1) = —sin(psj-1)(p3;_, — C) (Siﬂ p2j—1(C = p3;1) + Bp2j_1) >0,

and
332 Do) = —sinlpy), — O)(sinps(C — ) + By ) > 0
forall j=1,2,....

Notice that sin py;_1 = v/1 — a? and sinpy; = —v/1 — a2 for j = 1,2, ... and thus
equations (3.32) and (3.33) are equivalent to

(3.33) A(paj1) = (L= a?)(p3;_1 — O)(p3;_1 — Bpaj-1—C) >0
and

(3.34) Apsj) = (1= a®)(p3; — C)(p3; + Bpaj — C) > 0
forall j=1,2,....

If B > 0, then (3.31) is equivalent to cos v/C 4 a > 0, or equivalentally, py; <
VC < papy1 for some integer L > 0. Now (3.34) and (3.35) hold for all j = 1,2, ... if
and only if the positive zeros of the quadratic functions p?> — 3p — C and p* + 3p— C

lie in the interval (pap_1, par+1) and (par, pari2), respectively. That is,

(3.35) pPar—1 < b+ 52 s < P2r0+1

and

(3.36) par < At 262 ic < P2r+2-
We have that (3.36) and (3.37) are equivalent to

(3.37) 2par—1 — </ B2+ 4C < 2papq — B

and

(338) 200 + B < /% 4+ 4C < 2pari0 + .
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With § = \/37 > 0, (3.38) and (3.39) are equivalent to

(3.39) 2000 + B < /B2 44C < 2pyp41 — B

In this case, (3.40) is equivalent to 0 < 5 < pary1 — por, and

(3.40) par + Bpar < C < P§L+1 — Bpar.

If L = 0, these are equivalent to 0 < 3 < p; and 0 < C < p? — Bp;. If L > 1, these
are equivalent to 0 < § < 2p; and (3.40). See Example 4.1 for region of stability.
The proof for B < 0 is similar.

For the general case we will use the following lemma. The proof is essentially the

same as the proof of Lemma 3.3 in [9], and we omit the proof.

Lemma 3.7 Assume —1 < o < 1. Let 6 = (1 + |a|)/2. Letn € ZT. Ifn > M :=
max (M, My, M3, My) where My, My, Ms and M, be the smallest positive integers
such that

|B| + vV B?+4C _

(3.41) VB 1
C| 5| Al + |B|
3.42 n .
( ) (M27T_7T/2)2 (M27T_7T/2)m
(3.43) Cl+3Bl+8|4] | (26+|B)6VI=& _
' 02(Msm — m/2)? 52 (Myr — 7/2)
(3.44) €] |B| +6]A]

+ <1,

(Mym —m/2)%  (Mym — 7/2)v/1 — 52

then the interval [nm — w/2,nw 4+ 7/2] contains exactly one zero r of G and (nm —
cos™!d <r < nm+cosTld) .

Remark 3.3 Recall that G has all real zeros if and only if G has 4k + 2 zeros in
(—2jm+¢€, 2km+e€) (or, equivalently, 2k+1 zeros in (0, 2kw+¢€) for all sufficiently large
k where 0 < € < w/2. From Lemma 3.7, G has all real zeros if and only if G has M +1
zeros in (0, M + ¢€). In this case let r; < ry <13 < --- denote the positive zeros of
G. The zero solution of (1.1) is asymptotically stable if in addition (—1)?F(r;) > 0
forall j = 1,2,... It follows that ro;, 1 —2km — 0 and rop — (2k — 1) — 0 as k — oo.

Suppose 0 < a < 1. We have

o .
(3.45) F(r) = —12 (Cosrj bt ASOTE_ GOOSTS _2) |
" i

If 2k > M, then Lemma 3.7 yields cos 9, < —4 so that

1— 1—
(3.46) cosTop +a < — 5 - 2|a‘
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and if 2k +1 > M, then cosrgr_1 > 0 so that
1+3la]  1—|of
> .

(3.47) COSTory1 + a0 > 5 5
Let J be the smallest positive integer for which
A Cl+|D 1—
. 4 €] +1D o

(Jr—n/2)  Ur—n/22 2
It follows that if

(3.49) j > N:=max(M,J), then (—1)F(r;)>0.

If —1 < a <0, the analysis is similar with the sensitive inequality being for odd

indices rather than the even ones.
In this analysis, we established the following general asymptotic stability test.

Theorem 3.11 (Algorithmic Stability Test II, General Test) Assume that
A+B+C>0and C+ D >0, and that —1 < a <0 or0 < a < 1. Let M be as
in Lemma 3.7, and assume that G has M + 1 zeros in (0, M+ 7/2). Then the zero
solution of (1.1) is asymptotically stable if and only if

(3.50) (=1)YF(r;) >0, j=1,2,...,N
where N defined in (3.50).

4. EXAMPLES

Example 4.1 Consider (1.1) with A =0, « = 0.5, D = aC, C > 0 i.e.
(4.1) v'(t)+ oy (t—7)+ by (t —7) + cy(t) + acy(t — 7) = 0.

Recall B = br and C = cr%. We apply Theorem 3.10 and Theorem 3.3 (iii). In
this example p; = arccos(—0.5) = 2.094395102. In the figure below the portion of the
asymptotic stability region for 0 < C' < p? is is shown. Specifically, the asymptotic
stability region is the union of the interiors of the derived triangles in the right half
plane in (C,3)-space. See the bounds in (3.27) and (3.28) for the slopes of the
boundary lines. We also note that in Theorem 3.10 the inequalities 3 < py, 8 < 2pa,
and § > —2(m — p;) are redundant upon other inequalities in their respective cases.
We include them because they reveal the upper and lower vertices of the triangles
in the asymptotic stability region. Figure 4 is typical for all o with —1 < a < 0
or 0 < a < 1. The region is shown in (C, 3)-space, the upper vertices lie on the
line § = 2p; = 2arccos(—a) (except the first one which lie on 8 = p;) and the
lower vertices lie on the line y = —2(m — p;) = —2(7 — arccos(—a)). As o — 1, the
lower triangles narrow away (in (C, 3)-space), and as a« — —1, the upper triangles
narrow away. Since B = 3v/1 — a2, all of the triangles narrow away in (C, B)-space

as o — =£1.
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Figure 4- Region of asymptotic stability for a = 0.5 in the (C, §)-plane.

Example 4.2 Consider (1.1) with A =0, B =1, C = 0.5, D unspecified and o = 0.6,

ie.,

(4.2) ') +ay"(t—7)+ by (t —7) +cy(t) +dy(t —7) =0
where
(4.3) B=br, C=cr? D=dr’

The zeros of G(y) are independent of D. Table I gives values of the first four positive

zeros of G and the values of the function F' at these zeros.
Table I
ry = 1.38054 F(r1) = —1.409410313 + D
ro = 2.73984 F(ry) = 1.944804 + D
ry = 6.44098 F(r3) = —65.36888 + D
ry =9.3166 F(ry) = 33.715318 + D

In this example, we use Algorithmic Stability Test I. Here —rZ(cosrs + ) + C +
D = —65.3627 + D and —r3(cosry + ) — C + D = 1.9050 + D. We have M; = 1,
My =1, Ny =1, Ny = 1. The zero solution of (1.1) is asymptotically stable for all D
where —1.90499 < D < 1.409. Note that L; = 1 and Ly = 1 for these values of D.

Example 4.3 Consider (1.1) with A=3, B=1,C =05, D =53 and a = 0.7, i.e.
(4.4) v'(t)+ay’ (t—7)+ay (t) + byt — 1)+ cy(t) + dy(t —7) =0
where

(4.5) A=ar, B=br, C=cr* D=dr
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In this example we will use the Algorithmic Stability Test IT and Lemma 3.7. Using
direct calculations we found that M; = 1, My, = 3, M3 = 2, and M, = 3, and by
Lemma 3.7, M = 3 and the value of J defined in (3.45) is 8. By (3.46), N = 8. In
the Table II below we present r; and the value of F(r;) for j =1,...,8.

Table 11

rp = 1511303125 F(r)

ry = 3.632129007 F(ry) = 12.39430676

rs = 6.836264110 F(rs) = —77.52907973

ry = 9.628546078 F(ry) = 36.55028535
(rs)
(re) =
F(r7) =

—0.930789465

)

rs = 12.87196732 F(rs) =-279.8333553
re = 15.8333687  F(rs) = 83.98506486
r. = 19.05782871 —615.6250571
rs = 22.08138467 F(rs) = 155.0640468

7

The function G has four zeros in (0, 37+ /2) and interlacing holds for j = 1,...,8
and by Algorithmic Stability Test IT the zero solution of (4.4) is asymptotically stable.

For the nonneutral case, i.e. @ = 0 we found that F'(r;) = 0.668036530 > 0. and
interlacing fails. By Theorem 2.2 the zero solution is not asymptotically stable. Typ-
ically introducing delays and neutral terms has an unstabilizing effect. In nonneutral
case when the order is 2 or higher, we have found rare cases when the delay has a
stabilizing effect. This example provides a case where the addition of a neutral term

has a stabilizing effect.

REFERENCES

[1] V. P. Rubanik, Oscillations of Quasilinear Systems with Retardation [in Russian], Nauka,
Moscow, 1969.

[2] Y. Kuang, Delay Differential Equations with Applications in Population Dynamic, Academic
Press, San Diego, CA, 1993

[3] Y. N. Kyrychko, K. B. Blyuss, A. Gonzales-Buelga, S. J. Hogan and D. J. Wagg, Stability
switches in a neutral delay differential equation with application to real-time dynamic sub-
structuring, Appl. Mech. Mat. 5-6(2006), 79-84.

[4] J. Manojlovic, Y. Shoukaku, T. Tanigawa, and N. Yoshida, Oscillation criteria for second order
differential equations with positive and negative coefficients, Appl. Math. Comput. 181(2006),
853-863.

[5] W. Xiong and J. Liang, Novel stability criteria for neutral systems with multiple time delays,
Chaos, Solitions & Fractals 32(2007), 1735-1741.

[6] Ch. G. Philos and I. K. Purnaras, Periodic first order neutral delay differential equations,
Appl. Math. Comput. 117(2001), 203-222.

[7] J. H. Park and S. Won, Stability analysis for neutral delay-differential systems, J. Franklin
Inst. 337(2000), 1-9.

[8] E. Fridman, Stability of linear descriptor systems with delay: a Lyapunov-based approach, J.
of Math. Anal. Applic. 273(2002), 24-44.



374 B. CAHLON AND D. SCHMIDT

[9] B. Cahlon, and D. Schmidt, Stability criteria for certain high even order delay differential
equations J. Math. Anal. Applic. 334 (2007), 859-875.

[10] B. Cahlon, and D. Schmidt, Stability criteria for certain second order delay differential equa-
tions with mized coefficients, J. Comp. Appl. Math.170(2004), 79-102.

[11] L. S. Pontryagin, On zeros of some transcendental functions, IZV. Akad Nouk SSSR, Ser.
Mat., 6(1942), 115-134. The English translation is given in Amer. Math. Soc. Transl., Ser. 2,
1(1955), 95-110.

[12] R. Bellman and K. L. Cooke, Differential-Difference Equations, Academic Press, New York,
1963.

[13] D. Henry, Linear autonomous neutral functional differential equations, J. Diff. Equations
15(1974), 106-128.



