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ABSTRACT. By using a technique similar to the one introduced by Kong [J. Math. Anal. Appl.
229 (1999) 258-270] and employing an arithmetic-geometric mean inequality, we establish oscillation
criteria for second-order forced dynamic equations on time scales containing mixed nonlinearities of

the form

@1y = e(t), t>tg

(002" + a2+ ai(t)]a”

i=1

where p,q,q;,e : T — R are right-dense continuous with p > 0, ¢ is the forward jump operator,

x7(t) := z(o(t)), and the exponents satisfy
ar > > > 1> ame1 > can > 0.

The results extend many well-known interval oscillation criteria from continuous case to arbitrary

time scales.

AMS (MOS) Subject Classification. 34C10, 39A11, 39A13

1. INTRODUCTION

In this paper, we consider the second order nonlinear dynamic equation

(1.1) (p(0)2)> +q(t)a” + 3 aiD)|71a” = e(t). £ > 1o

on time scales, where p,q,q;,e : T — R are right-dense continuous with p > 0, and

the exponents satisfy

ap > > > 1> ape >, > 0.

A time scale T is an arbitrary nonempty closed subset of the real numbers R.

The most well-known examples are T = R and T = Z. For details, see the monograph
[1].
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On a time scale T , the forward and backward jump operators are defined by
o(t)=inf{s € T:s>t} and p(t) =sup{seT:s <t}
where inf () := sup T and sup @ := inf T.
A point t € T, t > infT, is said to be left-dense if p(t) = ¢, right-dense if
t <supT and o(t) = t, left-scattered if p(t) < ¢ and right-scattered if o(t) > t. The

graininess function p for a time scale T is defined by u(t) := o(t) —t. For any function
f: T — R, the notation f(t) denotes f(o(t)). Let a,b € T with a < b. The closed

interval [a, b]r is defined to be the set {t € T : a <t < b}. Other types of intervals
are defined similarly.

By a proper solution of Eq. (1.1), we mean a function z(t) which is nontrivial
in the neighborhood of infinity and which satisfies the equation for ¢ € [ty,00)r. As
usual, such a solution x(t) is said to be oscillatory if it is neither eventually positive
nor eventually negative. The equation is called oscillatory if every proper solution is

oscillatory.

In the case T = R, Eq. (1.1) becomes a second order differential equation

“ily =e(t), t >t

(1.2) (p(t)2') +q(t)z+ > q(t)|x
i=1
while if T = Z, then it is a second order difference equation

(1.3) A(p(k)Az(k))+q(k)z(k+1) +Zq2 Va(k+1)% " a(k+1) = e(k), k> k.

There are many other special time scales useful in different point of view. In

quantum calculus, the corresponding ¢-difference equation reads

1L4) Ay (pO)A=D) + r(B)alg) + S ri(t)a(g) " algt) = e(t), >t

i=1
where to,t € ¢" :={1,q,4¢°, ...}, (g > 1 is a real number and n is a natural number),
and
A f(t) = [f(qt) = fF()]/(qt — 1)
Taking T = ¢V, we see that o(t) = gt and hence f2(t) = A f(t).
The oscillation behavior of Eq. (1.2) has been studied by Sun and Wong [2] and
Sun and Meng [3]. Because such equations arise in population dynamics, as in the

growth of bacteria population with competitive species, further research is necessary.
When n =1 and ¢(¢t) = 0, Eq. (1.2) becomes

(1.5) (p)2' () + au()]a()]* 2 (t) = e(t), t=to.
The results obtained in [2, 3] reduce to those of El-Sayed [4], Sun et al. [5], Nasr [6],

and Sun and Wong [7]. To the best of our knowledge there is no oscillation criteria

available in the literature for Eq. (1.3), not to mention for Eq. (1.5).



MIXED NONLINEAR OSCILLATION 637

In the last decade there has been a great deal of research activity on the oscillation
theory of dynamic equations on time scales. We refer the reader to the papers [8, 9,

10, 11, 12, 13|, where the authors have usually considered equations of the form

(r(®) 2 (12 (1) + p)|2(r ()P a(7(8)) + q()2(0(1) 2 (0(1)) = £(8),
where [3,v > «a, excluding the equations with mixed nonlinearities.

Very recently, Agarwal and Zafer [8] has obtained interval oscillation criteria

similar to the ones given by Sun and Wong [2] for equations with mixed nonlinearities
(r()@a(x)™ + f(t,27) = e(t)
where

ft, ) = q(t)®a(z) + Z 6(t)®s,(x),  Pu(u) = |u[""u.

In the present work, our aim is to extend the paper [3]| to time scale calculus,
and hence derive some new interval oscillation criteria for Eq. (1.3) and Eq. (1.4) in
the special cases T = Z and T = ¢V, respectively. We also state similar oscillation
criteria for g-difference equations, the quantum calculus case. We use a technique
similar to the one introduced by Kong [14] and a well-known arithmetic-geometric

mean inequality [15] to establish several interval oscillation criteria for Eq. (1.1).

2. LEMMAS

We need the following preparatory lemmas. The first two are given by Sun and
Wong [2, Lemma 1], the last two are quite elementary via differential calculus, see
2, 16].

Lemma 2.1. For any given n-tuple {oq, o, . .., o, } satisfying
ap > > > 1> > > a >0,

there corresponds an n-tuple {n,m2, ..., M.} such that

(2.1) ami=1, > m<l, 0<np <Ll
i=1 i=1
Lemma 2.2. For any given n-tuple {oq, o, ..., o, } satisfying

ap > >y > 1>y > > a >0,

there corresponds an n-tuple {n,m2, ..., .} such that

=1 =1
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Lemma 2.3. [f A>0, B >0, and v > 1 are real numbers, then
AuY —y(y = D) AYV By - B >0, we0,00).

Lemma 2.4. If C >0, D >0, and 0 < v < 1 are real numbers, then

Cu— Du’ > —(1— fy)fyv/(l—v)cv/(“f—l)Dl/(l—“/)7 u € [0, 00).
3. THE MAIN RESULTS

A function H(t,s) : T*> — R is said to belong to Hr if and only if it is a right-
dense continuous, has continuous A-partial derivatives, and satisfies H(t,t) = 0 and
H(t,s) #0 for all t # s.

We denote by H,(t, s) and Hy(t, s) the A-partial derivatives H2¢(¢, s) and H?:(t, s)
of H(t,s) with respect to t and s, respectively.

The theorems below extend the results obtained in [3] to arbitrary time scales
and coincide with them when H?(t,s) is replaced by H(t,s). Indeed, if one sets

= \/m then it follows that
Ui(t, s)
VU(a(t),s) +/U(t,s)
When T = R, they become
0H(t,s) 0U(t,s)/ot 0H(t,s) 0U(t,s)/0s
o 2./U(ts) ds  2/U(t,s)

as in [3]. However, we choose to keep H?(t, s) instead of U(t, s) for simplicity.

Ug(t, S)
VU, 0(s) + /Ut s) .

Hy(t,s) = Ho(t,s) =

Theorem 3.1. Suppose that for any given T' € T, there ezist ay, by, ag, by € [T, 00)T
such that

(31) ql(t) >0 fOT’ t e [al,bl]TU[a2,bg]T, (’L: 1,2,...,n)
and
(3.2) (=DFe(t) >0 (2£0) for t€lag,bi]r, (k=1,2).

Let {m,n2,...,mn} be an n-tuple satisfying (2.1) in Lemma 2.1. If there exist a
function H € Hy and numbers ¢, € (ax, by)r such that

| [ a000) o2 [ as

(3.3) +m /CkIc {Hz(bk, o (5))Q(s) — p(s)Hy?(by, s)] As >0

for k=1,2, where

Q(t) = q(t) + kole I”OHq/ c ko= m=1=>_m,
=0 =1

then Eq. (1.1) is oscillatory.
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Proof. To arrive at a contradiction, let us suppose that z is a nonoscillatory solution
of (1.1). First, we assume that x(t) is positive for all ¢t > t;, for some t; € [ty,00)r.

Let t € [aq, by, where a; > t; is sufficiently large.

Define A
wlt) =~ )
It follows that A R
WA () — P2 (2)) (z2(1))?
T RO ey
and hence
B wt) =)+ Y e o) - 14 ey
pril z(o(t))  p(t) — p(t)w(t)
Note that
o) Hp@)t (@), w(o(t)
pl6) = uttute) = plt) (ML) 20D g
By our assumptions (3.1) and (3.2), we have ¢;(t) > 0 and e(t) < 0 on [ay, by]7. Set
Ly L L)
R O]
Then (3.4) becomes
Ay — - s 1 w?
(3.5) wh(t) = q(t) +;m e L AU
In view of (3.5) and the arithmetic-geometric mean inequality, see [15],
Zmui > Hu?,
we see that
)| 1 2
W) > qlt) + hole(t) qu )
1 2
(30 BRAATOETOMOR
Note that
H(t,0(s))w™(s) = (H*(t, s)w(s))™ — (H(t,5))>w(s)
= (H2(t,s)w(s)™ — (H™(t,s)H(t, 8) ( o(s)) H™ (t, 5))w(s)
= (H(t,s)w(s)™ — H™>(t,s (H( o(s)) = p(s)H(t,5))w(s)

|
=
N
-~
N
E =
&
T
|
[\
=
>

“(t, ) H(t,o(s)w(s) + p(s) (H(t, 5))

2w(s).
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Using this identity in (3.6) we have
H(t,0())Q(s) < (H(t, s)w(s)) — 2H(t,s)H(t, 0(s))w(s)

H2(t’ (S)) w2(8)
p(s) — p(s)w(s)

= ({8, shu(s)™ +p(s) (B (1, s))2

o _H(t,o(s)w(s) T N )
(\/p(s) — u(s)w(s) +V/p(s) — pls)w(s) H>(t, ))

+ () (H® (8, 9)) "w(s) -

Thus,

(3.7) 12 (1,0())Q(s) — pls) (H>(1.5)) < (H2(t, s)u(s)>.
It follows from (3.7) that

1

S ey

b1
/ [m(bh o ())Q(s) — p(s) H2(by, s)] As < —w(ey).
C1
In a similar manner, one can easily obtain that

(39) (o (1), 5)Q() — p(0) (H(1,5)) < (H(t, s)uw(0)™,

and hence

1

(3.10) 7H2(01 )

/a {Hz(a(t), a)Q(t) — p(t) HE(, al)] At < w(er).

Finally, from (3.8) and (3.10) we have

e [ [Fe0.men - s a
1 b
v | [Poenae - somze 9] as <o

which contradicts (3.3). This completes the proof when z(t) is eventually positive.
The proof when x(t) is eventually negative is analogous by repeating the arguments

on the interval [ag, bo]7 instead of [aq, by]r. O

Theorem 3.1 fails to apply if e(¢t) = 0. In that case, we give the following theorem.
Theorem 3.2. Suppose that for any given T' € T, there exist a,b € [T, 00)r such that

(3.11) G() >0 for telablr, (i=1,2,...,n)



MIXED NONLINEAR OSCILLATION 641

Let {n1,m2,...,0n} be an n-tuple satisfying (2.2) in Lemma 2.2. If there exist a
function H € Hr and a number ¢ € (a,b)r such that

e | 9.0 - s 0| as

1 ’ ~
(3.12) +W/c {H%b,a(s))@(s) — p(s)Ho?(b,s)|As > 0
where
Q(t) = q(t) + kr Hqii(t)a ki = Hm‘""
i=1 =1
then Eq. (1.1) with e(t) = 0 is oscillatory.
Proof. Proceeding as in the proof of Theorem 3.1, we arrive at
- 1

3.13 wAt :qt + mul—i— w2t.
(3.13) (t) = q(t) ; o0 = 0w (t)
The arithmetic-geometric mean inequality we now need is

Z iy > H u.

i=1 i=1
The remainder of the proof is exactly the same as that of Theorem 3.1. 0

As in [2, 3], we can also remove the sign condition on the coeflicients of the

sublinear terms by requiring that e(¢) never vanishes on the intervals of interest.

Theorem 3.3. Suppose that for any given T' € T, there ezist ay, by, ag, by € [T, 00)
such that

(314) qz(t) >0 fO’f’ te [al, bl]T U [0,2, b2]’]1‘, (Z =1,2,..., m)
and
(3.15) (=)ke(t) >0 for te[ap,bilr, (k=1,2).

If there exist a function H € Hr, positive numbers \; and €; with

n

i=1

i=m-+1
and numbers cx € (ay, by)r such that

1

| |00 o [ as

1

(316) +m /Ckk [H%bk,a(s))fg(s) —p(S)H22(bk, 8):| As >0
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for k =1,2, where

Q) =a(t)+ 3 pe(Mle(t))' g () - P (ele()]) ™47 (8)

with

1 _q 1

pi = aiag — 1), 6 = ai(1 - Oéi)“i'_l and  §;(t) = max{—g;(t), 0},
then Eq. (1.1) is oscillatory.

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution. We may assume that
x(t) is eventually positive on [a, by]r when a; sufficiently large. If z(¢) is eventually

negative, then one can repeat the proof on the interval [as, bo]7.

We rewrite Eq. (1.1) for t € a1, bi]r as

(0)2(0)* +0a(o(0) + 3 |0z (0(0) = Aett)]

# 3 [ator ot - ecto)] -0

i=m+1

Applying Lemma 2.3 to each term in the first sum, we see that

P02 0)* + a0l ®) + 3w 4 Da(o(1)
+ Z {qi(t)xai(a(t)) — ele(t)] <0
Set A)
w(t) = —p(t) S(Z(t)
In view of the last inequality, we have
W) = )+ a6 ()
L ” (t)x (o — e w* (1)
(317 i) 2, 0270 0) el + o

Noting that ¢;(t) = —(—¢;(t)) > —¢:(t) and applying Lemma 2.4 for each term in the
second sum in (3.17) with

1

w=x(c(t)), D= 4(t), A = ; and C = =A\(1 — \)x ! (e|e(t)])’'

we obtain

A A w?(t)
w2 QO e e

The remainder of the proof is the same as that of Theorem 3.1, hence it is omitted.
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4. SPECIAL CASES

In this section, we restate the theorems obtained above for the particular time
scales T = R, T = Z, and T = ¢". The results for T = R coincide with the ones
obtained in [3] when H?(t, s) is replaced by H (t, s), see the note before Theorem 3.1 in
Section 1. The interval oscillation criteria given for T = Z and T = ¢ are completely

new.

4.1. Differential Equations. Denote by H;(t,s) and Hs(t,s) the usual partial
derivatives of H (t, s) with respect to the first and second variables, respectively. Note
that H(t,t) =0 for all t and H(t,s) # 0 for all t # s.

Theorem 4.1. Suppose that for any given T > tg, there exist real numbers ay, by, as,
by satisfying T < a; < by, T < as < by such that

ql(t) >0 fOT’ t e [al,bl]u[ag,b2], (z:1,2,,n)
and
(=1)ke(t) > 0(£0) for tela,br], (k=1,2).

Let (m1,m2, ..., nn) be an n-tuple satisfying (2.1) in Lemma 2.1. If there exist a func-
tion H € Hg and real numbers ¢ € (a,by) such that

o | (5. 00)Q18) — o) s, )

1

by,
(4.1) o | k [H?(bk,sw(s) — () Ho2(brs 5)

ds >0
H2(bk,ck iy

for k =1,2, where Q is the same as in Theorem 3.1, then Eq. (1.2) is oscillatory.

Theorem 4.2. Suppose that for any given T > to, there exist real numbers a and b
satisfying T < a < b such that

qi(t) >0 for telab], (i=1,2,...,n).

Let {n1,m9,...,mn}, be an n-tuple satisfying (2.2) in Lemma 2.2. If there exist a
function H € Hg and a real number ¢ € (a,b) such that

e | [H2<s,a>@<s> —p(s)Hf(s,a)} s

(4.2) —i-m/c [H2(b, $)Q(s) — p(s)Hy (b, s)] ds >0

where Q is the same as in Theorem 3.2, then Eq. (1.2) with e(t) = 0 is oscillatory.
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Theorem 4.3. Suppose that for any given T > to, there exist real numbers a,, by, as,
by satisfying T < a; < by, T < as < by such that

ql(t> >0 fOT’ t e [al,bl]u[a2,b2], (z:1,2,,m)
and
(—1Yfe(t) >0 for telamby, (k=1,2).

If there exist a function H € Hg, positive numbers \; and p; with

n

i)\Z—F Z 62':1,
=1

i=m-+1
and numbers ¢y € (ax,by) such that

o | s, o) 25, s

1

(4.3) +m / {HQ(bk, $)Q(s) — p(s)Hy (bg, s)|ds > 0

for k= 1,2, where Q is the same as in Theorem 3.3, then Eq. (1.2) is oscillatory.

4.2. Difference Equations. Let [a,b]y denote a discrete interval, i.e.,

la,bly ={a,a+1,a+2,...,b}, a,beN.
Note that Hy denotes the functions defined on N? and satisfying H(j,j) = 0 for all
jand H(j,i) # 0 for all j # 1.

Theorem 4.4. Suppose that for any given natural number T' > ty, there exist natural

numbers ay, by, as, by satisfying T < ay; < by, T < as < by such that
¢(7) >0 for j€la,b|nUlag,bo]y, (i=1,2,...,n)
and
(=D)e(j) 20(£0) for je€labin, (k=1,2).

Let {m,n2,...,mn} be an n-tuple satisfying (2.1) in Lemma 2.1. If there exist a
function H € Hy and numbers ¢ € (ay, bx)n such that

Ck—l

e & [H0+ 1a)QU) - pOIAHG + L)~ HG )l
+m kz_: [}P(bk,j +1)Q() — p(j)[H (bg, j + 1) — H(bk,j)P] -

for k=1,2, where

n n

Q) =a() + koleG)™ [T aG). ko =TTm™™  mo=1=3 m

i=0 i=1
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then Eq. (1.3) is oscillatory.

Theorem 4.5. Suppose that for any given natural number T' > ty, there exist natural

numbers a and b satisfying T < a < b such that
ql(j) >0 fO’F j - [a,b]N, (Z: 1,2,...,n).

Let {m,n2,...,mn} be an n-tuple satisfying (2.2) in Lemma 2.2. If there exist a
function H € Hy and a number ¢ € (a,b)y such that
c—1

[H%Ha 10U) - p(j)[H(jH,a)—H(j,a)F]

Jj=a

[H%b,j L 100) - pU)Hb.j+1) — H(b,m] -0

where . .
QU)=ai)+k [[a"G),  m=]]n"
then Eq. (1.3) with e(k) =0 is oscill;t;ry. -
Theorem 4.6. Suppose that for any given natural number T > ty, there exist natural
numbers ay, by, as, by satisfying T < ay; < by, T < as < by such that
¢(7) >0 for j€la,bnUlag, by, (i=1,2,...,m)

and

(=1)e(4) >0 for j€ [an, by, (k=1,2).

If there exist a function H € Hy, positive numbers \; and €; with

n

i)\Z—F Z 62':1,
=1

i=m+1

and numbers ¢y € (ax, by)n such that

1 R, . o
m]; [H (j+1,a,)Q() —p(J)[H(j + 1,ar) — H(j, ay)] }
+m Z_: [Hz(bm +1)Q() — p()H (b, j +1) — H(bk,j)]2] >0
for k = 1,2, where
=0+ L (M) a6 = D alele) )

with
1

= oila =15 G =l —a)m ' and Gi(j) = max{-q(j),0},
then Eq. (1.3) is oscillatory.
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4.3. g-Difference Equations. Let [a, b], denote a g-interval, i.e.,
[a, 6]y = [¢% ¢"lge = {a", ", "%, .. ¢"}, a,beEN, qeR, ¢>1.

H, denotes the functions defined on ¢" x ¢" and satisfying H(j,j) = 0 for all j and
H(j,i) # 0 for all j # i. Note that
H(qt,s) — H(t,s) H(t,qs) — H(t,s)

(=1t (¢—1)s

Theorem 4.7. Suppose that for any given natural number T' > ty, there exist natural

Hy(t,s) = Hy(t, s) =

numbers ay, by, as, by satisfying T < ay; < by, T < as < by such that
ri(t) >0 for te€la,b],Ulaz,be]y,, (i=1,2,...,n)
and
(=1)*e(t) >0 (£0) for t€[ap,brly (k=1,2).

Let {m,n2,...,mn} be an n-tuple satisfying (2.1) in Lemma 2.1. If there exist a
function H € H, and numbers ¢* € (ay, by), such that

Ck—l

T 2 [ — e )
’ Jj=ag
br—1

: ) > 7 lHQ(qb’“,qj“)Q(qj) — p(¢)H>* (¢, ¢')

+H2(qbk,qck . =0
Jj=ck

for k=1,2, where

n

Q) =r(t) +kole@)™ [[r*(),  ko=]]n™  m=1-m
i=0 i=1

i=1
then Eq. (1.4) is oscillatory.

Theorem 4.8. Suppose that for any given natural number T' > ty, there exist natural

numbers a and b satisfying T < a < b such that
ri(t) >0 for telabl,, (=12,...,n).

Let {m,n2,...,mn} be an n-tuple satisfying (2.2) in Lemma 2.2. If there exist a
function H € H, and a number ¢° € (a,b), such that

m ; ¢ [H2(qj“, ¢)Q(¢) — (¢ ) Hi* (¢, qa)}

1 A , ,
) 2 [H (¢ a" Q) — pla) (o qﬂ>] -

where
n n

Q) =r(t) + ky [[r0), ki =][n™

i=1 =1
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then Eq. (1.4) with e(t) = 0 is oscillatory.

Theorem 4.9. Suppose that for any given natural number T' > ty, there exist natural

numbers ay, by, as, by satisfying T < ay; < by, T < as < by such that
ri(t) >0 for te€la,bi],Ulag,baly, (i=1,2,...,m)
and
(=D)*e(t) >0 for t€ [an,bi),, (k=1,2).
If there exist a function H € 'H,, positive numbers \; and p1; with
Z Ai + Z i =1,
i=1 i=m+1

and numbers ¢ € (ay, by), such that

1 g e . .
T2 (g %) > {H2(qﬂ+1=q Q&) — p(d) H* (¢, q k)}
j=ay

b —1

s 0 Q) ) HE )

+H2(qbk,qck 4 >0
Jj=ck

for k =1,2, where

Q) = () + > mile(0) () = Y dilele)) T ()
with

1

i = Oéi(Oéi — 1)‘%'_1, 6@ = 062(1 — Oéi) @i

and 7;(t) = max{—r;(t),0},

then Eq. (1.4) is oscillatory.

5. EXAMPLES

We consider the case n = 2. The numbers in Lemma 2.1 become

_1-0&2(1—7]0) _Oél(l—’f](])—l
= T2 = )
a1 — Q9 ap — Qi

where 7 is any positive number with ayny < ay — 1. It follows from Lemma 2.2 that

1-0&2 Oél—l
T2 =

=

041—042’ 041—042'

In all examples, we have taken H(t,s) = t — s, and by the choice of 7y =
1/4, ap = 3/2, ap = 1/2, we have kg = (1/4)7V4(5/8)7%/8(1/8)"1/% and k; =
(1/2)~12(1/2)7'/?2 = 2. The summations and integrations are computed by using

the computer algebra system Mathematica 6.0.
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Example 5.1. Consider the forced differential equation
2" (t) + msint x(t) + my cost |z(t)|Y2x(t) + mosin 2t |x(t)|"/?2(t) = A cos 6t

where A =0 or A =1, and m, m; and my are real numbers with mq, my > 0.

If A =1, we take a; = 2n7m + 7/12, ¢; = 2nw + 7/6, by = 2nw + /4 = as,
¢y =2nm+ /3, and by = 2nm + 57/12, n € N, and see that

Q(t) = msint 4 ko| cos 6t|/* (4 cos t)5/8 (Mo sin 2t)1/8.

In case A =0, we take a = 2nw + 7/12, ¢ = 2nw + 7/6 and b = 2n7 + 7/4 and have

Q(t) = msint + ki (my cost)'/? (g sin 2t) 12

Applying Theorem 4.1 and Theorem 4.2 we see that the above equation is oscillatory
when A = 1,m = m; = 1,my > 2.9 x 10% when A = 1,m = my = 1,m; > 12.5;
when A =1,m; =mo =1,m > 88; when A =1,m = —1,ms = 1, m; > 12.6; when
A=1m=—1,m = 1,my > 3.1 x 10°; when A = 0,m = m; = 1,my > 118;
when A = 0,m = my = 1,m; > 118; when A = 0,m; = my = 1,m > 87.5; when
A=0,m=—-1,my=1,my > 121; when A=0,m = —1,m; = 1, mqy > 121.

Example 5.2. Consider for T = Z the forced difference equation

A’z(k) +m sm(ﬁk

12) x(k+1) + mlcos( )|93(k:—|—1)|1/2 (k+1)

+ mysin(T ek + 1) Y2k + 1) A51n(7;k)

where A = 0 or A = 1, and m, m; and my are real numbers with mq,mo > 0. If
A=1,let a; =24+24n, ¢c; = 3+24n, by = 4424n = as, co = 5+24n and by = 6+24n,
n € N, and see that

j TJ\\5/8 . T \\1/8
Q(7) = msin( 12) + ko| sin(— 5 )M (ma COS(E)) (e sm(g)) .
In case A =0, we take a =2+ 24n, ¢ = 3+ 24n and b = 4 4+ 24n and have

Q) = msm(71T2) + k1 (mq cos( 1;))1/2 (o sin(%))l/2

From Theorem 4.4 and Theorem 4.5 it follows that the equation is oscillatory when
A=1, my,my>0,m>4/v3; when A =0, m + 2v/3(mymy)"/? > 4.

Example 5.3. Consider for T = ¢" = 2N, the forced 2-difference equation
A2z(t) +ma(2t) 4+ my|z(26)]22(2t) + ma|2(2t)| V22 (2t) = Ag(t)

where A =0 or A =1, m, m; and my are real numbers with m, my > 0, and

1, te {22t =246, . )}
g(t) =< —1, te {22+ 1 =1,35,..}
0, te2M\{2unt =123 .}
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If A=1, we choose a; =2+ 24n, c; =3+ 24n, by =4+ 24n = as, ca = 5+ 24n

and by = 6 + 24n, n € N. We have

Q(t) = m + kom?*my/®.

In case A =0, we take a =2+ 24n, ¢ = 3+ 24n, b = 4 + 24n, and have

Q(t) =m+ kl(m1m2)1/2.

We conclude from Theorem 4.7 and Theorem 4.8 that the above equation is oscillatory

5/8 1/8

when A =1, m + kgm, °my’° > 0; when A = 0, m + ky(mimg)/? > 0.

1]
2]

3]
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