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ABSTRACT. In this paper, we study the existence and uniqueness of positive solutions of the
nonlinear fourth-order beam equation u(® (t) + nu” (t) — Cu(t) = Af(t,u(t)), 0 <t < 1, u(0) = u(1)
=u"(0) = (1) = 0, where f(t,u) : [0,1] X[0,4+00) — [0,+00) is continuous and n,£ and X are
parameters. By using the semiorder method on cones in a Banach space, we show that there exists
a A* > 0 such that the boundary value problem (BVP) has a unique positive solution for 0 < A < \*
and no positive solutions for A > \*. In particular, we also give an estimate for A*. Furthermore, we
show that such a positive solution u*(¢) depends continuously on the parameter A. More precisely,
we prove that u*(¢) is increasing and continuous in A for A € [0,A*), limy—_y, ||u* —u?*|| = 0 for

Ao € [0, 2%), and limy— = —¢ ||uxr|| = +o0.

AMS (MOS) Subject Classification: 34B15.

1. INTRODUCTION

In this paper, we continue our work in [7] to study the fourth-order ordinary

differential equation

(1.1) u () +nu’(t) — Cu(t) = Af(t,ut), 0<t <1,
with the boundary condition

(1.2) u(0) = u(1l) =u"(0) =u"(1) =0,

where (,n7 and A > 0 are parameters. This equation is often used to describe the
deformation of an elastic beam with both endpoints fixed [1]. Recently, many re-
searchers have paid attention to the BVP (1.1) and (1.2). For example, Bai and
Wang [1], Liu [6], Ma [8, 10] and Yao [11] considered the BVP (1.1) and (1.2) for the
case n = ( = 0, and Li [4] and Liu and Li [7] for the case n > 0 and ¢ > 0.

For the sake of convenience, we list some conditions:
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H1
H2

(H1) f:]0,1] x [0,00) — [0, oo) is continuous
(H2)
(H3) f(t,u) is nondecreasing in u for t €[0,1].
(H4)
(H5)

[
¢(,neRandn <272, ¢ > % (/rt+n/7? < 1.
f(t

H4) f(t,0) > h > 0, for all t € [0, 1], where h is a constant.

H5) foo = limy_.oo @ = oo for any t € [0, 1].

(H6) f(t,pu) > p*f(t,u), for any 0 < p < 1, where 0 < o < 1 and « is
independent of p and u, and ¢ € [0, 1].

By a positive solution u(t) of the BVP (1.1) and (1.2), we mean that u(t) satisfies
(1.1) and (1.2), and u(t) > 0 for 0 < ¢ < 1.

In 2003, Li [4] studied the problem (1.1) and (1.2) when A = 1 and obtained that

(1.1) and (1.2) has at least one positive solution by using the fixed point index in
cones. Recently, Liu and Li [7] further considered the BVP (1.1) and (1.2) when A is
a positive parameter and obtained the following main results.

Theorem 1.1 (Liu and Li [7]). Assume that (H1)-(H5) hold. Then there exists
a A\* > 0 such that (1.1) and (1.2) has at least two, one and no positive solutions for
0 <A< A, A= X and for A > \*, respectively.

Theorem 1.2 (Liu and Li [7]). Assume that (H1)-(H4) and (H6) hold. Then
(1.1) and (1.2) has a unique positive solution uy(t) for any A > 0. In addition, such
a solution wu,(t) satisfies the following properties:

(i) ua(t) is nondecreasing in A. Furthermore, A\; > Ay > 0 implies wuy, (t) > uy, (t)
for t € [0, 1].

(ii) lmy_o+ ||Jur|| = 0, limy— o ||un]| = +o0.

(iii) ux(t) is continuous with respect to A, i.e., A — Ao > 0, implies ||uy — uy,|| —

Note that if the function f(t, u) satisfies all conditions (H1)-(H6), then Theorems
1.1 and 1.2 hold simultaneously. That is to say, if (H1)-(H6) hold, then there exists
a 0 < A\* < oo such that (1.1) and (1.2) has a unique positive solution uy(t) for any
A € (0,A*], and has no positive solutions for A > A*. Furthermore, such a unique

positive solution u,(t) satisfies (i), (ii) and (iii) of Theorem 1.2.

However, the conditions (H5) and (H6) on the function f(¢,u) can not be satisfied
simultaneously. For example, let u > 1 and p = 1/u. Then by (H6) we have

ft1)=f <t,%u) > f(z;w > f(t,u).

u

However, (H5) implies that

oo = lim UGED < lim f(¢,1),

U—00 U U—00

which contradicts (H1).
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Now it is natural to ask if there exist some appropriate sufficient conditions to
ensure that there exists a A* > 0 such that the BVP (1.1) and (1.2) has a unique
positive solution and has no positive solutions for 0 < A < A* and A > \*, respectively.
In this paper we shall consider this problem and find such some sufficient conditions
(see (H3) and (H4) in this Section, (C1) and (3.13) in Section 3). In particular, we

also give an estimate for \*.

2. PRELIMINARIES

In this section, we introduce some definitions and lemmas which are important

to prove our main results.

Let E be a real Banach space which is partially ordered by a cone P of F, i.e.,
for x,y € E, v <y if and only if y — x € P. Recall that a cone P is said to be normal
if there exists a constant N > 0 such that § < x < y implies ||z|| < N ||y||, where

is the zero element of E. Let, for e > 0,
P. = {x € E|there exist o, 3 > 0 such that ae < z < (e},

where a = () and § = 3(z) are real numbers. Then we have
(P1) P. C P;
(P2) for all z,y € P. there exists €y € (0, 1) such that x > €yy.
Definition 2.1 [3]. The operator A : P — P is concave if

Al + (1 — O)y) > Az + (1 — £) Ay

for z,y € P and £ € (0,1).

Definition 2.2 [3]. The operator A : P — P is increasing if Az > Ay for
x,y € Pand z > y.

Definition 2.3 [2]. Let P be a cone in the real Banach space £, A: P — P be
an operator, and e > 6. A is called an e-concave operator if the following conditions
hold:

(al) For any = > 6 there exist &« = a(x) > 0 and 5 = (x) > 0 such that
ae < Ar < fe;
(a2) for any s € (0,1) and any = € P satisfying aye < = < (e where ay =
ai(z) > 0 and §; = Bi(z) > 0, there exists n = n(x, s) > 0 such that
A(sz) > s(1+n)Az.
Lemma 2.1 [3]. Suppose that P is a normal cone of the Banach space E, 9 > 6,

and A : [0,9] — E is a concave increasing operator. Suppose further that there
exist €, \g > 0 satisfying e\y < 1 such that A0 > e and \gAY < 9. Then, for any
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A € (0, Agl, the equation © = AAz has a minimal solution z* > ¢ in [#,]. In addition,
set xg =0, x, = NMx,_1,n=1,2,--- . Then

(2.1) |zn — || < AN ||AD] (eo)2(1 — eXo)™,

where N is the normal constant of P, n =1,2,--- .

Lemma 2.2 [2]. If A: P — P is an increasing and e-concave operator, then A

has at most one positive fixed point.

We let C[0, 1] be the Banach space of all continuous functions defined on [0, 1]
with the sup-norm ||-|| and C7[0,1] = {z|z > 0, x € C[0, 1] }. It is clear that C*|0, 1]
is a normal cone in C10, 1].

Throughout this paper, we still assume the hypotheses (H1) and (H2) hold.
Let 71,72 be the roots of the polynomial P(y) =~? —ny —(, i.e.,

—n /0?4 4¢
5 .

Y1, V2 =

In view of (H2), it is easy to see that y; > vo > —72.
It is well known that the BVP (1.1) and (1.2) has a solution u := u*(t) if and

only if u solves the equation

1,1
(2.2) u(t) = M Pu)(t) = )\/ / G1(t, 7)Ga(T,s) f(s,u(s))dsdr,
o Jo
where G(t, s) are Green’s functions of the linear boundary value problems
(2.3) —u”(t) +yu(t) = 0, u(0) = u(1) =0,

and furthermore

( ( sinhyt-sinhy;(1—
sinh v;¢-sinh v; ( S)’0<t§3§1

v; sinh v; -
for Yi > 07
| et 0 <a<i<
(#(1-s), 0<t<s<1
Gi(t,s) = for 7; =0,

s(1—1),0<s<t<1
sinvitsinvi(l=s) () < ¢ < g < |

v; sinv;

~\ 7~

for — 7% <; <0,

i 1 il—t
siyissinvill=l) < g <t <1

.\ \ v; sinv;

where v; = v/|7:|(i = 1,2). For more information regarding to the Green’s function
of (2.3), we refer to [4] and [7].
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3. MAIN RESULTS

Before stating our results, we list the condition which will be needed in the sequel.
(C1) f(t,u):[0,1] x [0,00) — [0, 00) is concave in u for ¢ € [0, 1].
If no confusion arises, in some situations we write (®u)(t) as Pu and u(t) as wu.

Lemma 3.1. Assume that (C1), (H3) and (H4) hold. Then ® : C*[0,1] — P, is
a continuous, increasing and concave operator, where ¢ is defined by (2.2) and e(t)
= fol fol G1(t, 7)Ga(T, s)dsdT.

Proof. We first prove that ® maps C*|0, 1] into P.. For any u € C*[0, 1], we
consider three cases: (i) 0 < |Jul| < 1; (ii) |Ju|| > 1; (iii) |Ju|| =0 or |lul = 1.

Assume that (i) holds. Then, for ¢ € [0, 1], we have

st = f (el () ) = s (1 () ) + = b .0

= (L= lull) f(2,0),

and

(Pu)(t) = /0/0Gl(t,’T)GQ(’T,S)f(S,U(S))deT.

v

11
(1-— HUH)/ / G1(t, 7)Ga(1, ) f(s,0)dsdr
o Jo
= h(1—ul]) e(t).
Assume that (ii) holds. Then, for ¢ € [0, 1], we have

e = 1 (6 (o) ) 2 por el + (1 ) f6.0)
> (1) £0)

(D)t /l/chtﬂaﬂfgﬂsm)unm>h< ﬁﬁ)d”

Assume ||ul| = 0 or ||u|| = 1. Then

and

@WQ?AAGﬁﬂ@mQWMM@EMA
Thus, (Pu)(t) > uqe(t), where

h(1 = flul]), 0 < lull <1,

12 h(1 =1/ ull), flul > 1,

h, |ul| =0, 1.

\
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On the other hand, for any v € C'*[0, 1], we have

(Pu)(t) = / / G1(t,7)Gao(T,8) f(s,u(s))dsdr
< /0 /0 G1(t, 7)Ga(1,8) f (s, ||u]|) dsdr
< me(t),

where p1; = max,cpq) f(7, ||u]|) > 0. That is to say ®u € P, for any v € C*[0,1].

It is easy to obtain that ® is concave, increasing and continuous by virtue of
(C1), (H3) and (H1). The proof is complete.

Theorem 3.1. Suppose that (C1), (H3) and (H4) hold. Then there exists a
0 < A\* < oo such that (1.1) and (1.2) has a unique solution u*(t) € P. U {0} for
A € [0, A*) and has no solutions in P, for A > \*. Furthermore, for any uy € C*[0, 1],

we have

(3.1) lim Hu ’\H =0, A €[0,\"),
where

Proof. It is clear that the nonnegative solutions for (1.1) and (1.2) are equivalent
to the solutions of the equation u = APu in C*|0, 1]. Let

© = {\ > O|there exist u € CT[0,1] such that u = A\®u},

and My, = maxyepq) f(¢,1). Then A =0 € © and My > 0. Set wo(t) = ”( ﬁ e P.C
C™*|0, 1]. We can choose two positive numbers g and &g satisfying \gMy; |Je|| < 1 and

0<eg < m1n{h||e|| v } so that ggAg < 1,

o0 = /1 1Gl(t,T)GQ(T,S)f<S,O)deT
(33) ZM@ﬂM%%NM@

>\0(<I>w0)(t) = )\0/0 /0 Gl(t,T)GQ(T,S)f(S,wo(S))deT

IN

1 1
MAA&WMhWMMWW

IN

1 1
)\()Mfl/ / G1(t, 7)Gao(T, s)dsdr.

(3-4) = AoMpi [leff x wo(t)

e _
Tell =
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for t € [0,1]. By (3.3) and (3.4), it follows from Lemma 2.1 that [0, o] C ©. Set
A* =sup©. Then A* > \g > 0. We assert that © = [0, A*). By the above discussion,
we only need to prove \* ¢ O. If A* = oo, then oo ¢ © = [0, 00) is obvious. Suppose,
to the contrary, that A* < oo and A* € ©. Then, by Lemma 3.1, there exists an u € P,
such that u = \*®u. Since (C1) holds, then

N (@u)(t) = //Glm)@(T §) f(s, u(s))dsdr

_ //GltTGQTs)f< x2u()+%9)dsd7'

Ly /0 /0 Gh(t,7) G (7, 8) (5, 2u(s) )dsdr

v

1 1 1
—I——)\*/ / G1(t, 7)Ga(T,s) f(s,0)dsdT
2 Jo Jo
(3.5) =X (B(2u)) (1) + SN
for t € [0, 1], which leads to
(3.6) A0 (2u) < 2\ Py — NP = 2u — A" PO < 2u.

This implies that there exists a A > A\* such that A®(2u) < 2u. By (P2), similar to
(3.3), we can choose &; > 0 satisfying g1\ < 1 such that ®0 > &, - (2u). In view of
Lemma 2.1, we have [0, 5\] C O, which is a contradiction to the definition of \*.

Next, we show that for any fixed A € [0, A*), there exists a unique u € P, U {6}
that solves the equation u = A®u. It is easy to see that u = 6 is the unique solution
of (1.1) and (1.2) if A = 0. We assert that for any A € (0, \*), A® is an e-concave
operator. Indeed, by Lemma 3.1, for any u € P, we have ®u € P,, and so there exists
an £, € (0,1) such that &0 > £,Pu by (P2). Hence, by virtue of the concavity of the
operator @, for any s € (0,1), we have

(3.7) Blsu) > s®u) + (1 s)B(B) > sD(u) + (1 — )2, (u)
= (14 — DE)D(W) = s(1+ (s, w)2(),

where 7(s,u) = (£ —1)&,. Hence ® and A® (A € (0, A*)) are e-concave operators. So
by Lemma 2.1, Lemma 2.2, and Lemma 3.1, the problem (1.1) and (1.2) has a unique
positive solution in P, for A € (0, \*).

We now show that (3.1) holds. It is true by (2.1) if ug = 0. If ug € C*[0, 1]\{0},
then ®ug := x¢ € P, according to Lemma 3.1. For fixed A € (0, \*), we assume that
wo € P, is the unique solution of (1.1) and (1.2). Then, there exists ¢ € (0,1) such
that 1wy > txg. Set vy =t~ 0y, Uy = 0, Uy, = A\Piyp_1, Uy = \PV,_; and z,, = \Px,,_;
(n=1,2,--+). Then, vy, vy € P., and we can choose a number o € (0, 1) such that
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®h > oDy, i.e., uy > ovy. Similar to (3.7), we have
Wy = A\Pwy = AP(tvy) > At (1 + 7(, vg)) Py,
where 77(f,79) = (3 — 1) o, and furthermore
AD (1) < (H(1+7(E,0))) ™" wo = (1 +177(F,00)) " 20 < o,

which implies that v; = A®(0g) < ©y. Thus, by the increasing property of ®, we
obtain that

(3.8) U SUp < - S Uy S0 S0 S S U S T

Since 4, and v, (n =1,2,....) belong to P., by (3.8), we can obtain the numbers
¢y =sup{c* > 0|u, > c"v,}, n=1,2,---.

Furthermore, we have

(3.9) [tntm = nll < 1= 0n — Unll < 1 =il l|Ooll, myn=1,2,---,

and lim ¢ = ¢ = 1. It is clear that the sequence {c!} is bounded above (¢! < 1)
and increasing. We only verify that ¢ = 1. If this is not true, ie., ¢} < ¢ < 1, then
there exists a subset [0, 7] C (0,1) such that ¢ < ¢ € [0, 7]. By the concavity and

increasing property of ®, we have

Upt1 = AU, > AP(cv,) > AP(V,) + (1 — T)ADPH

1—
o AD(v,) + (1 — 7)o APyy > ¢, (1 + w) AD(vy,)
T
1—
T
which leads to
N N (1-7)o
Cn+1 2> Cn (1 + T ’
and
1 _ n
(3.10) c,’;+120<1+w> n=1,2---.
T
It is evident that (3.10) can imply the contradiction
oo = lim ¢, =¢ < 1.
So ¢ = 1. From (3.9) and the following inequalities
_ _ _ _ 1 _
[Ontm = Oull < NOngm — Gngml| < |— = 1| [1Untmll
n+m

1

= — ool nm=1,2,---,

3
n+m
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we know that both {u,} and {v,} are Cauchy sequences. Let z* = lim, . 4, =

lim,, o0 ¥,. Then, by the inequality uy < zy < wy < Uy, we have
lny1 = APU, < APz, < ANDwWy < APV, = Ui,
and
Up < Tp < Wy < Uy
(n=1,2,--+) by induction, and so lim,, .., x, = z* = wy. The proof is complete.

Theorem 3.2. Suppose that (C1), (H3) and (H4) hold and that u*(¢) € P,U{6}
is the unique solution of (1.1) and (1.2). Then we have

(i) u*(t) is continuous and increasing in A for A € [0, A*), and
(if) limp—+—o |[u?]| = oo.
Proof. By Theorem 3.1, (1.1) and (1.2) has a unique solution u*(¢) € P, U {6}.

(i) It is easy to see that u*(t) = @ is the unique solution of (1.1) and (1.2) if
A = 0. We first show that u*(t) is increasing in \. Indeed, if we let ug(t) = 6 and
ud(t) = A0u}_(t) (n=1,2,---), then

) = A /0 1 /0 Gy ()Gl 8) £ (5. 0) dsdr

> A /01 /01 G1(t,7)Gao(T, ) f(s,0)dsdT = ui\Q(t)

for any A1, A2 € [0,A%), Ay > Ay and t € [0, 1]. By induction, together with Lemma
2.1, we obtain that u)(t) (n = 1,2,---) is increasing in A, and u*(t) is also increasing
in A by (3.1). We next show that u*(¢) is continuous in A € (0, \*) for ¢ € [0, 1]. Note
that for any Ao € (0, \*)

lur =wel| = 1A=l

1l
//Gl(t,T)Gg(T,S>f(S,O)deT
0 Jo
< A= Aol - [lefl max [£(s, 0)],

s€[0,1]

which implies that limy_, u}(t) = u}°(t) for t € [0,1]. By induction, u)(t) (n =
1,2,--+) is continuous in A € (0, \*) for t € [0,1]. Let [A1, Ao] be a closed subset of
(0, \*). Then u)(t) (n =1,2,---) is continuous uniformly in A € [A1, Ao, and so u™(¢)
is continuous in A € [\, Ag] by (3.1). Finally, we show that u*(t) is continuous in
A = 0. Since u*(t) is increasing in A € [0, \*), then for any Ay € (0, A*) and 0 < X < ),
we have for ¢ € [0, 1]

0 <ut) <uM(t),
and

6 < dO < (Put)(t) < (DPu)(t).
Thus,
1P| < @]l
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together with

(3.11) [ = [|A@u|| = A|@u?
leads to
lim {Ju*|| =0 = [|u’]]
A—0+

for t € [0,1]. This implies the first part of the proof.

(ii) In order to finish the second part of proof, we consider two cases. The first
case is \* = oo. In this case, it is easy to see that HuAH — 00 as A — A* by (3.11) and
M @ur)(t) > APO > Ahe(t) for t € [0,1]. The second case is 0 < \* < oo. Under this
assumption, we claim that (ii) of Theorem 3.2 is still true. Suppose, to the contrary,
that limy_x«_o [|u*|| < co. Then, there exist a sequence {A\,}>"; (A, € (0,A%)) and
a constant @ > 0 such that the solutions u*(t) € P, of (1.1) and (1.2) satisfying
HUA”(t)H <w(n=12,---) for t € [0,1]. Thus, we can take yo € P, such that
uM(t) <yo (n=1,2,--+) for t € [0,1]. Also, by (P2) we can take £* > 0 satisfying
2e*\* < 1 such that ®f > 2c*yy. As in (3.5) and (3.6), for t € [0, 1], we have

A (@(2uM) (1) < 2X,(Pu) () — A @0 < 2X,(Put)(t) — 2X\,™yo
< uM(t) — 2\, gfut (1) = 2uM (1) (1 — A\ne®).

That is,

# (®(2u™)) (t) < 2u™(t).

We know that

DO > e - (2yp) > £* (2u'(t))
and
E*L < E*L
1—\,e* 1 — Axe*
It follows from Lemma 2.1 that
An

3.12 M N n=1,2,-
(3.12) 1 TS

<2 et < 1.

*

By passing to the limit n — oo in (3.12), we have # < A*, which contradicts the

fact that A*, e* € (0,1). The proof is complete.

We now give an estimate for \*. Define

(3.13) foo = lim @ for any ¢ € [0, 1].

U—00

Then, 0 < fo < oo. Furthermore, if (C1) holds, then f,, < oo. Indeed, if u > 1, in

view of the concavity of f, we see that

ft, 1) = f<t,%xu+<1—%) XO)

> %f(t,u) + (1 — %) f(¢,0),
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and so
f(tvu) < uf(t7 1) - (u - 1)f(t70)
= [f(t7 1) - f(t,())]u + f(t,O),
M9 < ey - s+ 122,

which implies that f., < oc.
Theorem 3.3. Suppose that (C1), (H3), (H4) and (3.13) hold. If fo > 0, then

1
foo llell”

A >

where \* is defined in Theorem 3.1.

Proof. In view of (3.13), for any € > 0 and any ¢ € [0, 1], there exists r > 0 such
that

ft, 1) < (foo +e)r.
Set zy(t) = Le(t) for t € [0,1], and take \. = 1/[(fo + €) ||e||]. Then, for ¢ € [0, 1],

lell

we have

Ae(P2o)(t) = 5\5/0 /0 G1(t,7)Ga(T, ) f (s, z0(8))dsdr

A /0 1 /0 1 Gy (t, 7)GolT, 8)f (S,H%”e(s)) dsdr

M%AM%XHAAG%WWMMT
(3.14) < (),

IN

and so MA@z, < z by passing to the limit ¢ — 0 in (3.14), where A = 1/(fx |le]]).
Similarly, we can choose an £ > 0 satisfying € < min {(h lell) /7, 1/, 1} such that

1,1
o0 = //Gl(t,T)GQ(T,S)f(S,O)deT
o Jo
1 1
> / / (£, 7)Co (7, 8)dsdr
o Jo
h r /1/1
= —|le|| - — G1(t, 7)Ga(T, s)dsdT
T|| || ||€|| o Jo 1( ) 2( )
h

(3.15) = llell - 20(t) = £z0()

for t € [0,1]. We know that C*[0,1] is a normal cone in C[0, 1] and then \* > X holds
by (3.14), (3.15) and Lemma 2.1. This completes our proof.

We can easily obtain the following results from the proof of Theorem 3.3.
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Corollary 3.1. Suppose that (C1), (H3) and (H4) hold. Suppose further that
there exist R, fr > 0 such that

f&,R) < fr-R
for any ¢ € [0, 1]. Then,
1
A" > :
el
Corollary 3.2. Suppose that (C1), (H3), (H4) and (3.13) hold. If f., = 0, then

A= 0.
Remark 3.1. From Corollary 3.2, it is easy to see that (1.1) and (1.2) has a
unique positive solution for any A > 0. Hence, Corollary 3.2 is similar to Theorem

1.2 in Section 1 (see Theorem 4.2 of [7]).

Remark 3.2. It is not difficult to find some functions that satisfy the conditions
(C1), (H3) and (H4). For example, the function

2
satisfies the conditions (C1), (H3), (H4) and f, = 2.
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