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ABSTRACT. We investigate a class of integro-differential stochastic evolution equation with ad-
ditive noise and dissipative nonlinearity. We find the existence and uniqueness of a generalized
solution in the space of pathwise continuous adapted processes with values in a Banach space. We

also establish a large deviation principle for the law of the solution with explicit rate functional.
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1. INTRODUCTION

Let H be a real separable Hilbert space. In this paper we are concerned with the

following class of integral Volterra equations perturbed by a additive Wiener noise

(1.1) u(t) =z — /0 a(t — s)Au(s)ds + /0 a(t — s)F(u(s))ds + BW(t),

for t € [0,T]; W is a cylindrical Wiener noise and we assume that F' is a nonlinear op-
erator defined on a subset of the Hilbert space H. Following Da Prato & Zabczyk [10],
we shall consider (1.1) in a smaller state space X C H, on which the operator F' is
well defined and continuous. This method requires also that the initial condition x

takes values in the smaller space X.

Our main result, Theorem 3.4, asserts the existence and uniqueness of the solution
(in a suitable sense) for (1.1). Notice that the solution actually exists for all time,
since T' is arbitrary; however, many of the bounds involved in the proofs depend on

T, so it is not possible to give the result directly on Ry = [0, c0).

The study of stochastic evolutionary integral equations, of which (1.1) is a special
case, is mainly motivated by applications in mathematical physics, such as viscoelas-
ticity, heat conduction and electro-dynamic with memory. For a description of such

models we refer to the monograph of Priiss [17].
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Recently, Clement et al. [5, 6, 7] proposed to introduce white noise perturbations
for these models to account for the presence of rapidly varying forces. We extended,
in the authors [2], this approach to cover the case non-linear equations in case of a
Lipschitz non-linearity. Our techniques applied there do not extend to cover the case
of dissipative perturbations; an extension of known existence results for deterministic
Volterra equations was considered separately in the authors [1], which is, therefore,
a basic reference for us. However, this result requires stronger assumptions on the

scalar kernel a with respect to the authors [2].

In the second part of paper we consider, under the same assumptions, further
regularity of the solution and we establish, in Theorem 5.3, a large deviation principle
(LDP for short) for (1.1), with reduced noise /2B, ¢ | 0.

Large deviation estimates have gained an increasing interest in literature since
the foundational works of Varadhan [19] and Freidlin and Wentzell[14]. One reason
for this importance is the existence of a general reference framework, from which one
can adapt the results in diverse cases; on the other hand, large deviations proved to
be crucial in several applications in applied probability: see for instance the biblio-

graphical discussion in Dembo and Zeitouni [11, Section 5.9].

2. SETTING OF THE PROBLEM

Notation. Throughout the paper H is a separable Hilbert space with norm |[-|.
We denote £(H) the space of linear bounded operators from H into itself and £o(H)
the subspace of Hilbert-Schmidt operators.

In this section we discuss the existence and uniqueness result for (1.1); but, before,

we shall introduce some relevant background material as well as our assumptions.

2.1. Volterra equations. Let us consider the linear integral Volterra equation
t
(2.1) u(t) =o — / a(t — 9)Au(9) dv, t €0,7).
0

In this section we state our conditions on the coefficients of (2.1). They necessarily
follow those in the authors [1, Theorem 1.1], which is a basic tool for our construction.

As a general reference for the material quoted here we refer to Priiss [17].

Let us recall that a kernel a : (0,00) — R is said to be completely monotonic if,

for any n > 0 it holds <=a(t) > 0 for ¢ € (0, 00).

Hypothesis 2.1. The kernel a is completely monotonic, a € L}, .(0,00), and there
exists a function k(t) = ko + f(f k1(s)ds associated to a, the relation between a and k

being given by

(2.2) koa(t) + /t ki(t — s)a(s)ds =1, t € (0,00).
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The function k is called a Bernstein function, compare Priiss [17, Proposition
4.4]. Tt holds that k; is completely monotonic, and kq is a non-negative constant,
related to a(0+) by

ko =0 < a(0+) = 4o0.
Hypothesis 2.2. We assume the following conditions on the operator A.

2.2a: —A is a linear operator in H, generates a strongly continuous semigroup
of type w; the eigenvalues {py}r>1 of A form a non-decreasing sequence with
limy oo pty = 00 and the corresponding eigenvectors {ey}r>1 form a complete
orthonormal system in H;

2.2b: X is a Banach space, densely, continuously and as Borel subspace embedded
in H, with norm ||-||; the part on X of —(A+wl) generates a strongly continuous

contractions semigroup on X .

Now we recall the basic definition of resolvent operator. A family {S(t)}ier, of
bounded linear operators in a Banach space X is called a resolvent of (2.1) if the

following conditions are satisfied:

1. S(t) is strongly continuous on R, and S(0) = [;
2. S(t) commutes with A for all t € Ry;
3. the resolvent equation holds: for all z € D(A), t € R,:

(2.3) S(t)yr=x— /0 a(t — s)AS(s)x ds.

Proposition 2.3. Under Hypotheses 2.1 and 2.2, Volterra equation (2.1) is well

posed, i.e., it defines a family of resolvent operators {S(t)}ier, -

It is possible to show that the resolvent admits a diagonal decomposition in the

basis {eg }r>1 of H. We introduce, then, the solution s, of the scalar integral equation
(2.4) Sa(t) + a/t a(t —19)s,(9) dv = 1, t € R;.
0
Let ui be an eigenvalue of A with eigenvector e;. Then
(2.5) S(t)er = s, (t)ex, t € R;.

We investigate further the properties of s,. Under Hypothesis 2.1, it is proved in
Clément & Da Prato [5] that

r 1
/ Iso ()P dt < C—
0 o

for any a > 0. For similar estimates we refer also to Bonaccorsi & Tubaro [3].
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We can express s, in terms of another kernel r,, defined as the solution to the

integral equation
t
(2.6) ro(t) + a/ ro(t — s)a(s) ds = aal(t), t € R;.
0

By Priiss [17, Lemma 4.1], since a is completely monotonic, we know that for any
a > 0, r belongs to L' (R, ) NC(0, 00), it is completely monotonic, 0 < r4(t) < aa(t)

and -
/ ro(s)ds < 1.
0

Moreover, if a < 0, then 7, belongs to L} (R,) N C(0,00) and r,(t) < aa(t) <

loc

0, compare also Friedman [15]. The relation between s, and r, is clarified in the

following formula:
t
(2.7) Sa(t) = (1 —/ 7o (T) dT) : teR,.
0

A Gronwall-type lemma. We state, here, a useful tool to prove estimates for the

solution of Volterra equations. The proof of this lemma is given in the authors [1].

Lemma 2.4. Let v be a continuous, non negative function which satisfies the estimate
o(t) < sy(t)x + 2 f(1) + Lot) + 7y * v(t),

where A > w, while sy and ry are defined in (2.4) and (2.6) respectively. Then

| o

(2.8) v(t) < — (2 (x+sf+axf)xs_u,) (),

t
A) with wy = L.

=%

where s_,, 1s defined as in (

2.2. Stochastic convolution. The material in this section is standard; for fur-
ther background material on stochastic differential equations we refer to Da Prato
& Zabcezyk [10], our approach to stochastic Volterra equations follows the lines of
Clément & Da Prato [5, 6], Clément et al. [7].

We are given a complete probability space (2, F,P), equipped with a right-
continuous filtration {F;}cr,. Every stochastic process in the sequel will be given
with respect to this basis.

We shall take a cylindrical Wiener process W (t), t € R, of the form

[e.e]

(W(t),h) = (en h) Belt),  tERy,

k=1

where {3k }r>1 is a sequence of independent real standard Brownian motions.

Hypothesis 2.5. The operator B € £(H) satisfies the following condition

T
(2.9) /0 IS()BIE, p, A9 < +00.
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We define the stochastic convolution process Ws as the solution of the linear

equation
t
z@%i/a@—ﬁAdﬁd&+BWWL te[0,7];
0
then Wy is defined by the formula
t
Ws(t) = / S(t—o)BdW (o), t €[0,7],
0

where S is the resolvent operator introduced above. In this paper it is necessary to
assume a space-time regularity for the noise which is more stringent than the case
treated in [2].

Hypothesis 2.6. The process Ws has a X -continuous version.

Remark 2.7. Assume that the operator B is a non-negative operator which com-

mutes with A, i.e., there exists a sequence {\; € R, }x>1 such that
(BW(t),h) =Y Mfult) (en,h),  t € R
k=1

then it is possible to express condition (2.9) in terms of the eigenvalues A\, and puy,

since the operators S(¢) and B, diagonalize on the same basis, as

where (1, is the first positive eigenvalue.

In some cases, we can state also Hypothesis 2.6 in terms of s,,, compare for
instance the next example, which is taken from Clément & Da Prato [5, Theorem
4.1].

Proposition 2.8. Assume that H is the space L*(O) of square integrable functions
on a bounded domain O C R?. Suppose that for some ~y > 0 there exists § < 1 with

u t
(2.10) / |5,(t — V) —SM(T—19)|2d19—|—/ |s,(t — )| dv
0 T
1 2
S Cﬁ“ - 7_| 77
and that:
> 1
(2.11) D> Xi—5 < .
— Mk

Assume further that there exists M > 0 such that

|€k($)|§M7 kEN7 IEO,

(2.12)
Ver(z)| < M, keN, zeO.

Then the trajectories of Wg(t,x) are almost surely continuous in (t,x).
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Remark 2.9. Let H = L?*(0,1) and X = Cy([0,1]), and set —Au = D?u, for any
u € D(A) = H*(0,1) N H}(0,1). Then a complete orthonormal system in H defined

by eigenvectors of A is given by

2
ex(z) = \/;sin(lmx), rel0,1], keN,

with up = 72k?, k € N. Tt is a simple computation to show that (2.12) holds.

Let a be a completely positive kernel: then inequality (2.10) holds for any § > 0.

1
2

may apply Proposition 2.8 and in this case Hypothesis 2.6 is verified. 0

Now, from the definition of z, the series in (2.11) converges for any § > =, hence we

2.3. The solution of stochastic Volterra equation. We say that a stochastic
process u in X is a mild solution to the equation (1.1) if u is a X-continuous, adapted

process and it verifies the integral equation
t
(2.13) u(t) = S(t)x + / S(t—o)F(u(o))do + Ws(t)
0

P-a.s. for all ¢ € [0,7]. If, given a X-valued, adapted process u, there exists a
sequence u,, of mild solutions for (a family of approximating equations for) (1.1)
which converges to u uniformly in [0,7] P-a.s., then u is said a generalized mild
solution of (1.1).

It remains to state our assumptions on the perturbation term F'.

Hypothesis 2.10. The perturbation term F maps X into X, it is uniformly contin-

uous on bounded sets of X and F is m-dissipative on X.

The theory of accretive (and dissipative) operators is well known in the literature;

as a general reference we mention the monograph of Da Prato [9].

Dissipativity condition holds iff for any x,y € X and for all A > 0: ||z — y|| <
|l —y — AM(F(x) — F(y))||. m-dissipativity means that F' is dissipative and the
Range(/ — AF) = X for one (hence for all) A > 0.

3. MAIN THEOREM

Theorem 3.1. Let us assume Hypothesis 2.1, 2.2, 2.5, 2.6 and 2.10. Then for any

x € X, there exists a unique generalized mild solution of (1.1).

3.1. Volterra operators. As stated in the introduction, the proof of Theorem 3.1
is based on the results in the authors [1] for existence of a solution to a class of de-
terministic non-linear Volterra equations. In order to make this paper self-contained,

we give a survey of these results, later we finish the proof of Theorem 3.1.
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Let us introduce the linear Volterra operator

d

(3.1) Lu(t) = T

[kou(t) + /t ki(t — s)u(s) ds] , t >0,
0
with domain
D(L) = {f € L"(Ry; X) kof + (k1 * f) € Wg' (Ry5 X)}

The operator L is m-accretive and densely defined, see Clément [4], Proposition 3.2.

There is a natural representation of its inverse operator L' in terms of the kernel a.
t
(3.2) L™(t) = / a(t — s)v(s) ds.
0

We shall consider also the Yosida approximation L, = L(I+ %L)_l. The operator

L, is given by the formula

(3.3 Lualt) = 1 (0 ,) (1)

Consider a non-linear Volterra equation

(3.4) u(t) =x — /0 a(t — s)Au(s)ds + /0 a(t —s)f(s)ds, te0,17;

it is known that this problem is equivalent to

Llu(-) — =](t) + Au(t) = f(t),  t€[0,T],

(3.5)
kou(0) + (a * u)(0+) = kox.

In order to define a generalized solution to (3.5), we shall consider an approximate
equation, where the operator L is replaced by its Yosida approximation L,, 4 > 0.

Let w,, be the solution of the following equation
(3.6) Lufua() = 2)(t) + Au,(8) = £().

Once we establish the existence of a solution of (3.6) for any p > 0, we let p go
to oo and, provided that the sequence u, converges, define a generalized solution to

(3.5) as the limit of such sequence.

Theorem 3.2. Assume that Hypotheses 2.1 and 2.2 are satisfied and let x € X
and f € C(Ry;X). Then, for every p > 0 equation (3.6) has a unique solution
u, € C(Ry; X).

As p — oo, there exists a function w = U(z, f) with u € C(Ry; X) such that
w, — uin LS (Ry; X).
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The function v = U(x, f), that exists according to Theorem 3.2, is said the
generalized solution for problem (3.5).

In this paper, we are interested to non-linear perturbation of the linear Volterra
equation, i.e., with f(t) = F(t,u(t)). Then we shall define u = U(z, F(-,u)) a
generalized solution of
. Llu() = a)(t) + Au(t) = F(t,u(t)),

' te(0,00),  u(0+)=az.

The existence of a generalized solution to (3.7) depends on the assumptions on the

non-linear term F'.

Before we discuss the case of dissipative non-linearities, that is the object of

Theorem 3.4, we shall consider the case of a Lipschitz non-linearity.

Theorem 3.3. Let the assumptions of Theorem 3.2 be fulfilled and assume that the
nonlinear term F : [0,T] x X — X is a continuous function, and there ezists a
function n(t) € LS. (Ry) such that, for any t € Ry

loc
(3.8) [E(t,u) = F(t,0)|| < n(@)|u— vl

Then there exists a unique generalized solution to the problem (3.7).

Then we arrive to the case of dissipative non-linearity needed in Theorem 3.1.

Theorem 3.4. Assume X is a real Banach space and let the coefficients in (3.7)
satisfy Hypotheses 2.1, 2.2, 2.10, 2.5 and 2.6. Then, for any x € X, there exists a

unique generalized solution v to the abstract non-linear Volterra equation (3.7).

Sketch of the proof. We introduce, for any a > 0, the approximating equation
(3.9) L(va(-) — x)(t) + Ava(t) = Fa(t, va(t)),

where F, are the Yosida approximations of F'. Since F, is Lipschitz continuous
and bounded in norm by || F||, we obtain an a priori estimate for the approximating

solution v, as follows:

la (Il < s—u(®) 2]l = 5 (r—w = 1F( 0] ().

This assures that the sequence {v,}a~0 is bounded uniformly in «, and there exists
Ry such that ||v,(t) < Ry]| for all a and ¢ € [0, T7.

To show the convergence of the sequence, we set, for any a, 3 > 0,

g7 (t) = va(t) = vs(t).

and we estimate the relevant norm with techniques —analogous to those used in the
proof of [10, Theorem 7.13]- based on the previous estimate of ||v,(t)|| and dissipativ-
ity of F'. Define R > Ry such that ||F(¢,v,(t) < R|| for all @ and ¢ € [0,T]. Standard
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calculations as in the authors [1] lead to

(3.10) lg™? @Ol < [or(2R) + pr(FR)](a* s—) (1),

where pp is the modulus of continuity of F' on the bounded set B(0,2R) (i.e., a
function such that pp(s) = sup{||F(x1) — F(x2)|| : ©1, 22 € B(0,2R), ||x1 — 2| < s}).
This yields the convergence of the sequence v, in C([0,7]; X) to a function v,

which is easily seen to be the unique generalized solution for problem (3.7). O

We conclude this section with a last remark about (3.7).

Remark 3.5. Notice that we are concerned with a continuous and m-dissipative
operator F'; however, since this term is non-autonomous, we cannot consider the sum
A — I as a unique operator, even if we assume that A — F' is m-accretive and use

directly Gripenberg [16, Theorem 1].

3.2. Proof of Theorem 3.1. We search for a X-valued process u(t), t € [0,7],
which solves (1.1). We start by writing formally the mild integral equation, compare
(2.13)

u(t) = S(t)x + /0 S(t—o)F(u(o))do + Ws(t).

Now, we define v(t) = u(t) — Ws(t) and note that the X-valued process v shall be a

solution of the Volterra equation

(3.11) v(t) =2 — /0 a(t — s)Av(s)ds + /0 a(t — s)F(v(s) + z(s)) ds,

where z(t) = Wy(t) € C(R4; X) is a trajectory of the stochastic convolution process.

Hypothesis 2.6 and 2.10 on the non-linear term F' and the X-continuity of Wg
implies that F'(t,v) = F(z(t) + v) verifies the assumptions of Theorem 3.4; we have
proved that there exists a unique generalized solution v of problem (3.11), and u(t) =
v(t) + Ws(t) is a generalized mild solution of (1.1) according to our definition in
Section 2.3

4. TRANSFER FUNCTIONAL

In this section we focus on the functional ® : Cy([0,T]; X) — C([0,T]; X) that
associates to any z € Cy([0,7]; X) the solution v of problem (3.11). Our aim is to
prove the continuity of this functional, which is the key point in the proof of the LDP.

From now on we fix the initial condition z € X.

Theorem 4.1. Suppose the assumptions of Theorem 3.4 hold; then the transfer func-

tional ® is continuous.
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Proof. Our argument is divided in two steps. In the former step we suppose that the
non linear term F'is locally Lipschitz on X, while in the latter we prove the theorem
in the general case. For the existence of the functional ® in both cases we refer to

Theorem 3.3 and Theorem 3.4 respectively.

To show continuity of @, fix a point z; of Cy([0,7]; X), and a bounded subset B
around z;. Then, there exists a bounded Borel subset C' C X such that z(t) € C for
any z € B and t € [0,7]. Since F is locally Lipschitz, we can suppose, without loss
of generality, that F' is Lipschitz on C' C X, with Lipschitz constant equal to A.

Let z5 € B and denote by v; and vy the solutions ®(z;) and ®(z9) respectively. By
the definition of generalized solution, we have that there exist two sequences vy, v2 ),
such that

Vi — v € C(Ry; X)),
and
Lyu(vip(-) = 2)(t) + Avi u(t) = F(vi(t) + zi(1)).
Then subtracting term to term we have

(41) Lyu(uiu() = v2,,()) () + Av,u(t) = v2,(1))
= F(vi(t) + 21(t)) — F(va(t) + 2(t)).

Choose, now, an element y* in the sub-differential 0| vy ,(t) —v2,(t)]]: if we scalar

multiply y* both members in previous equation, we have

(4.2)  (Lu(vru() = 02,u()) (1), y7) + (AlvLu(t) = v2,u(1)),57)
= (F(or(t) + 21(1)) = Fua(t) + 22(1)),47) -

Using the definition of L,, we get

(43) (l[orn®) = 2l = (loru = vaull #7) () = llonu(t) = w2,
< A(llvr(8) = va ()] + [[22(8) — 22@)])-
From this equation we obtain an estimate on the norm |[|vy ,,(¢)—vs,,(t)|| via Lemma 2.4:

W, d
[01,,(8) = v2,u (B[] < A;‘E(HHM — w2l + |21 — 2] * 5-,

ax [l —vall + 21— 2])] % 50, ) (4),
and passing to the limit as © — oo we obtain

o (6) = &) < A5 (o % [(lor = vl + 1 = =) 520 ) 0
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that becomes
fos(t) = vat)| < A(a [llor = wall + 122 = 2] ) (1)
= A [llor = o]l + llo1 = =[] ) (0)
— A (e [llon = vall + 111 = 21] ) 1)
= =LA (rw s [lloy = vl + 121 = 20 ) ).

Now since —%r_w is a completely monotone kernel, we can apply again Lemma

2.4 and we have
[o1(8) = w2 ()] < (—7a * Iz — 2]) (B),
where 7_, satisfies
Foa(t) + 2 (Fonxry)(t) = 2r_ (1)

Since —7_5(t) < —7r_(u+a)(t) for all t € Ry, we have

(4.4) 12(21) (1) = (22) (DI < (—r—sa) * 21 — 22]1) (£)-

from where we have that ® is continuous in the Lipschitz case.

Let us proceed to step two: we can approximate F' with its Yosida approximations
F,, so denoting with ®, the functional corresponding to ® in the (3.11) with F, in

place of F', we have:

[@(z1) — @(22)|| < [[@(21) — Palz1)]|
+ [[Palz1) = Palz2)]| 4 [[Palz2) — (22)]]-
As in the estimate (3.10) in Theorem 3.4, possibly choosing R’ > R, we have that for
all € there exists o small enough such that
[D(21) = Palz1)]| <€
[Pa(z2) = B(22)]| <€

for all 21, zo in the same bounded set of C'([0,7]; X). Now continuity of ® follows

from continuity of ®,,. O

Corollary 4.2. Assume hypothesis of Theorem 4.1 hold. Let W = I + ®, then ¥ is

continuous.

U Co([0;T); X) — C([0;T]; X) is the transfer functional related to (1.1), in
the sense that W associates to any trajectory of the stochastic convolution Wy the

corresponding trajectory of the generalized mild solution wu.
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5. LARGE DEVIATIONS

In the authors [2], we started considering abstract Volterra equations with addi-
tive noise, in the framework of equations in Hilbert spaces. The main technique is
the contraction principle; it requires the continuity of transfer functional W, which is

formally analogous to the one used for differential equations, see Fantozzi [13, 12].

Here, we are concerned with large deviations in a Banach subspace X of H. In the
case of stochastic differential equations with additive Gaussian perturbation it was
studied by Smolenski et al. [18], by applying Varadhan’s contraction principle, see
also Da Prato & Zabczyk [10, Theorem 12.15], and the problem was solved assuming
that the semilinear part F' is locally Lipschitz in X.

We consider (1.1) with B replaced by /2B, bringing up a family of solutions u..
We denote by v. the law of u. on the space C([0,T]; X), and we want to study the
LDP for this laws. First of all, we recall same preliminary results. For any € > 0, we
consider the laws of the processes v/eWs(-) on the space L*(0,T; H).

Theorem 5.1. Suppose that Hypotheses 2.1, 2.2 and 2.5 hold, and let i be the law
of the stochastic convolution process Ws(-). Then the family u. of laws of v/eWs(+)

satisfies a large deviation principle with respect to the rate functional I given by

e -1d 2
3 [ 1B E0) + (@ An@)f 0
0
()= for feR
+00 otherwise.

where R is the subspace of L*(0,T; H) defined as
t
R = {f e LX0,T:H)|3g € L0,T;H) : f(t) = —/S(t—ﬁ)Bg(ﬁ)dﬁ}.
0

For the proof of this result, based on the fact that Wg(-) is a centered Gaussian
variable in L?(0,T; H), see the authors [2, Theorem 3.4].

Under Hypothesis 2.6, we denote as before pu., for any € > 0, the laws of the
processes 1/eWs(-) on the space C([0,T]; X).

Theorem 5.2. Assume that Hypotheses 2.1, 2.2, 2.5 and 2.6 hold. Let u be the law
of the stochastic convolution process Wg(-) on the space Co([0,T]; X); then the family
pe of laws of \/eWs(-) satisfies a large deviation principle with respect to the rate

functional I given by

1

3 | B0+ @xan@)Pao

(5-1) ](f) = for f€ER

~+00 otherwise,
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where R is the subspace of Co([0,T]; X) defined as
= {f c C(0,7;X)]3g € L*0,T;H) : f(t) = —/tS(t — ¥)Bg(9) dﬁ}.
0

Proof. Since X is dense and continuously embedded in H, the same holds for C'([0, T]; X)
in L?(0,T; H).

We know that the Gaussian process Wg(-) has a Gaussian law on the space
L?(0,T; H) but, since from hypotheses it has support on the space Cy([0,T]; X), we
have that p is a Gaussian variable also on Cy([0,7]; X). So a large deviation principle
holds for the family p. on the space Cy([0,T]; X); by uniqueness of the reproducing
kernel, see Da Prato & Zabczyk [10, Proposition 2.8|, the rate functional is the same
as in Theorem 5.1. O

Theorem 5.3. Under the assumptions of Theorem 8.4, the family of laws v. sat-
isfies the large deviation principle with respect to the following explicit functional
J:C([0,T]; X) — [0; +00]

3| 1B @)+ ax ADO) =~ (ax PO as
400 otherwise.

where R is the subset of C([0,T]; X) defined as
(53) R {f e o([0, T7; ‘Elg eL2(0,T; H) : f(t) = S(t)x

+ 4 [y 80— 9) (ax F(N)@) W) + f3 5t - 9)By(d) dv}.

Proof. We have that v. = W o ., where from Theorem 4.1 the functional ¥ is contin-
uous. Thus, from Theorem 5.2 and [10, Proposition 12.3], the family of laws v. has
the large deviation property with respect to the functional J = I o U=, Eventually
the result follows since the definition of ¥ implies that J has the explicit formula-
tion (5.2). O

Remark 5.4. The rate functional J is related to the control system

h(t) = o — /Ot a(t — 9)[AhI() — F(h9(9))] 9 + /Ot Bg()dv, te[0,T].

This equation has a unique solution, so it is possible to give the following definition
for J in terms of g:

102) = 5 [ Lot v,

this formula expresses the minimal energy given by the forcing term to stay out of
the path of the deterministic system. To be more precise, it is possible to say that
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the probability for the system to remain in a given subset of trajectories, in the limit

for ¢ — 0, depends only on the smooth trajectory with minimal L?-norm.

This is the reason why the rate functional (5.2) resembles the one in the au-

thors [2]. O

[1]

REFERENCES

S. Bonaccorsi; M. Fantozzi: Volterra integro-differential equations with accretive operators and
non-autonomous perturbations. preprint U.T.M. 642, Universita di Trento, May 2003.

S. Bonaccorsi; M. Fantozzi: Large deviation principle for semilinear stochastic Volterra equa-
tions. Dynamic Systems and Applications, 13(2):203-220, 2004.

S. Bonaccorsi; L- Tubaro: Mittag-Leffler’s function and stochastic linear Volterra equations of
convolution type. Stochastic Anal. Appl., 21(1): 61-78, 2003.

Ph. Clément: LP-LY coerciveness and applications to nonlinear integrodifferential equations. In
Nonlinear problems in engineering and science—numerical and analytical approach (Beijing,
1991), pages 36—42. Science Press, Beijing, 1992.

Ph. Clément; G. Da Prato: Some results on stochastic convolutions arising in Volterra equations
perturbed by noise. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat.
Appl., 7(3):147-153, 1996.

Ph. Clément; G. Da Prato: White noise perturbation of the heat equation in materials with
memory. Dynam. Systems Appl., 6(4): 441-460, 1997.

Ph. Clément; G. Da Prato; J. Priiss: White noise perturbation of the equations of linear para-
bolic viscoelasticity. Rend. Istit. Mat. Univ. Trieste 29(1-2): 207220, 1998.

M. G. Crandall; J. A. Nohel: An abstract functional differential equation and a related nonlinear
Volterra equation. Israel J. Math., 29(4):313-328, 1978.

G. Da Prato: Applications croissantes et équations d’évolution dans les espaces de Banach.
Academic Press, London, 1976.

G. Da Prato and J. Zabczyk: Stochastic equations in infinite dimensions, volume 44 of Ency-
clopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.
A. Dembo and O. Zeitouni: Large deviations techniques and applications, second edition, vol-
ume 38 of Applications of Mathematics (New York) Springer-Verlag, New York, 1998.

M. Fantozzi: Large deviation for semilinear dissipative equation on Hilbert spaces. Dynam.
Systems Appl., 11(3):347-358, 2002.

M. Fantozzi: Large deviations for semilinear differential stochastic equations with dissipative
non-linearities. Stochastic Anal. Appl., 21(1):127-139, 2003.

M. I. Freidlin; A. D. Wentzell: Random perturbations of dynamical systems. Springer-Verlag,
New York, 1984. Translated from the Russian by Joseph Sziics.

A. Friedman: On integral equations of Volterra type. J. Analyse Math., 11:381-413, 1963.

G. Gripenberg: Volterra integro-differential equations with accretive nonlinearity. J. Differential
Equations, 60(1):57-79, 1985.

J. Priiss: Evolutionary integral equations and applications, volume 87 of Monographs in Mathe-
matics. Birkhauser Verlag, Basel, 1993.

W. Smolenski; R. Sztencel; J. Zabczyk: Large deviation estimates for semilinear stochastic
equations. In Proceedings IFIP Confereence on Stochastic Differential Systems, number 98 in
LNiCIS, pages 218-231. Eisenach, 1986.

S. R. S. Varadhan: Asymptotic probabilities and differential equations. Comm. Pure Appl.
Math., 19:261-286, 1966.



