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K. M. RAMACHANDRAN

Department of Mathematics, University of South Florida,
Tampa, FL 33620-5700 USA

ABSTRACT. In this work, we consider the fluid approximation of Nash equilibria in N-player
stochastic differential games with wideband noise perturbations. We present conditions under which
the games perturbed by noise converges to the deterministic games. It will be shown, under appro-
priate conditions, that applying the near optimal policies of the limi game to the stochastic games

are near optimal for the stochastic games. Weak convergence methods will be utilized.

1. INTRODUCTION

Consider an N-person noncooperative dynamic game problem where the evolution

of the system is given by the following deterministic ordinary differential equation:

(1.1) do(t) = [a(a:(t))—i—Zbi(x(t))ui(t)]dt

z(0) = zo
where z(t) is controlled deterministic process, u;(t),i = 1,2,..., N, are deterministic
controls for each of the N-players. Let U;,i = 1,..., N, be compact metric spaces (we

can take U; as compact subsets of Rd). Let U=U; x---xUpy. Anu € U is called an
N-dimentional strategy vector. We denote u;(t) € U; as the ith component of v and
u_; denotes the N — 1 dimentional vector obtained by removing the ith component

(1=1,2,...,N) of vector u. Define payoff to player k by

(1.2) Je(ug, ..., un) = /[gk(x(t)) + pr(ur(t), ... un(t))]dt + ri(x(T))

where T < oo is the fixed terminal time for the game. An N-tuple of strategies

u* = (uj,...,uy) € U is said to be equilibrium (in the sense of Nash) if for each

k=1, ... N,
Jelu®] > Jelu®y, ug]
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for any uy € U,. That is, it is not beneficial for player k to deviate from the equillib-
rium. The following concept of d- equilibrium is important in the theory of approxi-
mations. Fix a k € {1,..., N}. An N-tuple of strategies u® = (ud, ..., u%) is said to
be a d-equilibrium if for any k=1,... N,
Je[u®] > sup Jp[u’, ug] — 6.
u €U
Since most of the physical systems are stochastic in nature, the deterministic
models are only approximations to the real systems. Now consider a more realistic
physical model for an N-person game problem described by a family of stochastic

equations parametrized by a small parameter € (e | 0), with dynamics
N

(1.3) dX(t) = [a(X(), (1)) + Y b X(8))us (t)]dt + dM(¢)
i=1

and with initial condition X(0). Here X = (X<(¢)) is the controlled state process,
& = (&(t)) is the contamination process affecting the drift of X¢ and M = (M*(¢))
is the process representing the noise in the system. Also u{ = (u§(t)),i = 1,..., N,
are controls for each of the players. Given a finite horizon 7" > 0, with each strategy

vector u® = (uf,us, ..., u5), we associate the payoff to player k by

(1.4)  Ji(ug, u, . . uy) = E{/[Qk(Xe(t)) +pe(ui(t), - uiy())ldt + i (X(T))}

where g;(z),pi(u1,...,uy), and r;(z), i = 1,..., N, are nonnegative functions on the
real line referred to as holding cost, control costs, and terminal cost functions, respec-

tively. Nash equilibrium and d-equilibrium are defined analogously. Our objective is

to find an N-tuple of strategies u®™ = (uj*,...,u5) that is in an equilibrium for each
k=1,...,N, and the corresponding value function V', that is,
(1.5) Vi = max J (up, u™y).

uf, €Ay

The value of the game can be defined as the vector Ve = (Vf,...,Vg). The sets A,

Ag, ..., Ay will be defined in the next section.

The process £¢(+) is said to be ezogenous or state independent if for each ¢ and
for the set B in the o—field o(£°(s), s > t),

P{B|&(s),s <t} = P{B|£(s), X(s),s < t}.

In order for desired convergence to occur, the ‘rate of fluctuations’ of £¢(-) must
increase as ¢ — (0. We consider the case in which the ‘intensity’ of the random
noise disturbance M*® becomes very small with ¢, while the ‘contaminating’ process
&° fluctuates with increasing speed. In this work, we assume that the controlled state

process X is completely observed.
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It is very hard to obtain optimal strategies and values satisfying (1.3) and (1.5),
in such generality. It is well known that only few stochastic differential game or
stochastic control problems can be solved in closed form. For practical purposes one
may just as well be interested in finding a near optimal or an asymptotically optimal
strategy vector. Considerable effort has been put into developing approximation
techniques for such problems. Omne such approach used in the stochastic control
literature is, in lieu of the original model, a model where the underlying processes are
replaced by simpler ones, ([2], [4], [6], [7], [9]). In stochastic game problems such an

effort was made in [11] using diffusion approximation techniques.

In the present work, deterministic approximation techniques (i.e., the simpler
model is deterministic) to an N-person non-zero sum differential game model will
be developed. To this end, we will now introduce a deterministic model, which we
will show to be the limiting model corresponding to (1.3) to (1.5) under appropriate

conditions introduced in the next section.

These type of results has two major benefits. From the theoretical point of view,
one obtains a stability result for the optimal strategy pair of a deterministic system
in the sense that this strategy vector is asymptotically optimal for a large class of
complicated problems of stochastic differential games. From a practical point of view,
when a direct approach would be impossible, these results allow one to compute an
asymptotically optimal strategy vector for a variety of stochastic differential game

problems under quite general conditions.

In the next section various definitions, assumptions and some standrad prelimi-
naries on the weak convergence are described. In section 3, we will state and prove
the main convergence result. Also in this section, we will present results on the con-
vergence of payoffs and near optimality of strategies. In section 4, we will give a

L?-convergence result. Some concluding remarks will be given in section 5.

2. PRELIMINARIES

Let F© = {3 }+>0 denote the minimal o-algebra over which {X*“(s), £(s), M(s),
s <t} is measurable. For each ¢, let (Q,J, F%, P) be a fixed stochastic basis, where
(2,3, P) is a complete probability space. Let Ef denote the expectation conditioned
on ¢ Let Uy, Uy, ..., Uy are compact metric spaces with metric d;(-). The control

process uS(t) with values in U; is said to be admissible strategy for the i'" player
T

if it is Q¢ adapted and [ |uf(s)|ds < oo a.s. Let A;;i = 1,2,..., N denote the
0

set of admissible strategies. Let A = A; X Ay X --- x Ay. Similarly define the

admissible control space in the deterministic game by ﬁ, = {w; : u; is measurable and

T ~ ~ ~ ~ ~
[ |ui(t)|dt < oo} and A = Ay x Ay x -+ x Ay. Note that A C A.
0
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Now we will give some weak convergence preliminaries. Let D]0, c0) denote the
space of real valued functions which are right continuous and have left-hand limits

endowed with the Skorokhod topology. Following [3] and [4], we define the notion of

‘p—1lim’ and an operator A as follows. Let M denote the set of real valued functions

of (w,t) that are nonzero only on a bounded ¢— interval. Let
M ={fc M; sng |f(t)] < oo and f(t) is Jf measurable}.
For each A > 0, let f(-), f2(-) € M". Then we say that f = p—lima f* if and only if
sup [f2#)] < oo,
and limAﬁof? |f(t) = f2 )] = 0, for egach t. A function f(-) is said to be in the

domain of A | ie., f(-) € D(A),and A f =g, if

(B =10 )

p — lim
A—0

If f(-) € D(A ), then
¢ ~ €
f(t) — /A f(u)du is a martingale,
0
and

t+s ~ €
Ef(t+s)— f(t) :/t E;A f(u)du, w.p.l.

Let $% denote the minimal o—algebra over which {£(7); s < 7 < t} is measurable.
The following result from [4] tells us the type of process that can be used for £(-) in
(1.3).

Lemma 2.1. Let £(-) be ¢p—mizing process with mizing rate ¢(-), and let h(-) be a
function of & which is bounded and measurable on I7°. Then, there exist K;,i =1,2,3
such that

|E(h(t+5) | Sb) — Eh(t + s)| < Ki¢(s).
Ift <u<w, and Eh(s) =0 for all s, then,
(2.1) ‘E(h(u)h(v) | L) — Eh(u)h(v)’ <

Kyp(v —u), u<t<w
Ksp(u—t), t<t<u’

where St = o{&(s); 7 < s < t}. (2.1) is bounded by max(Ky, K3)¢'/?(v—u)p/?(u—t).

The truncation procedure
The following K—truncation procedure will simplify the steps necessary to varify

the condition

lim limsupP(sup | X“(t)] > n) =0, for each T' < o0,

n—00 -0 t<T
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that is necessary in proving convergence results in this work.

For each K > 0, let
Sk ={x:|z] < K} be the K — ball.
Let X%(0) = X<(0), X5 (¢) = X(t) up until first exit from Sk, and

lim lim supP(sup | X" (¢)| > n) =0 for each T < oo.

n—00 -0 t<T

XeK(t) is said to be the K— truncation of X¢(-)Let

1 for x € Sk
¢~ (z) = 0 for v € R* — Sk4
smooth otherwise.

For any funtion a(z,a), define ak(z,a) = a(z, )¢ (z) . Let X4X(-) denote the
solution of (1.3) corresponding to the use of truncated coefficients. Then X% (.)is

bounded uniformly in ¢ and € > 0.

Let

Define the operator A as follows
A" f(z) = fol@)[alz) + bz, u)
We will use following result from [4] for the proof of Theorem 3.1.

Theorem 2.2. Let the martingale problem corresponding to the operator A have a
unique solution x(-) in D]0,00) for each initial condition. Suppose that for each T <
0o and f(-) € C1, a dense set (in the sup norm sense) in Cy, there are f<(-) € D(A?)
such that

(2.2) p = m[f(-) = f(X())] =0
and
(2.3) p— lign[ﬁﬂff(-) — Af(X(-))] =0 for each t < T,

Then X¢(-) = x(-), the solution of the martingale problem for the operator A

3. CONVERGENCE RESULTS

We will now present the main results of this work. We will use following general

assumptions.
(B1) &(t) = &(t/e), where £(+) is a stationary process which is strong mixing,

o
right continuous and bounded with mixing rate function ¢(-) satisfying [ ¢(s)ds < co.
0
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(B2) b;(+), 1 =1,2,...,N are bounded and Lipshitz continuous. a(-,-) and its
gradient a,(-,-) are continuous in (z, &) and satisfy uniform Lipschitz condition with

same constant.

(B3) There is a continuously differentiable function a(-) such that for each t < T

and z
T

[Erala, () ~ato)ds -0
t
in probability as € — 0.

(B4) The cost functions k(-) and r(-) are continuous nonnegative satisfying

fl(x)7rl(x) < CO(l + |$"y)7607’y > 07 = 1a B 7N'

N
Also, pi(uy(t), ..., ui(t)) > o3 | "2), 2,72 > 0, and p;(uy(t), ..., us(t)) are non-
i=1

negative convex.

(B5) The process M€ = (M<(t)):>0 is a square integrable martingale with paths in
the Skorokhod space D[0, co) whose predictable quadratic variations (M€) () satisfies

() 1Y 1) = € [ m(5)ds

with bounded density m<(s). That is, there exists a constat ¢; such that

(ii) m(t) < c; t <T, P—a.s.

The jumps AM(s) = M<(s) —13%]\/[6(5) are bounded, i.e., there exists a constant
K > 0 such that

(iil) |AM(t)| < K;t < T, e € (0,1].

(B6) p — limX<(0) = zg, 9 € R.

e—0

Note: These assumptions are general enough, but need not be most general. For
instance, assumption (B2) could be relaxed to say that the system 1.1 has a unique

solution.

Theorem 3.1. Suppose that (B1)-(B6) hold. Let X§ = x¢ and u(:) = (uf(-), us(-),
Suy) = uls) = (ur(4),u2(s),. .., un(+)), where u(-) is an admissible strategy vector
for (1.1). Then (X°(-),u(:)) of (1.3) converges weakly to (x(-),u(-)) where u(-) is

measurable (admissible) and satisfies

(3.1) dz(t)

Il
Qf
—
8
—
~
S~—
SN—
+
s@‘
/-\
S
—~
~
SN—
SN—
£
—~
~
P
QL
=

Also

(3.2) Jor (it g, uy) — Ji(ug,ug, . un).
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Proof. Define a process X<(-) by
(3:3) Xe(t) = X°(0) + /[G(XE(S), E(s)) + D b X(9))uj(s)]ds

Let Y¢(s) = sup

s<t

X<(s) — 5(6(5)‘. Then by (B2),

Y()<K[/Yf Jds + V(s Z/\u ) du] +sup M) ¢ T,

110

where K is the Lipschitz constant. By the Gronwall-Bellman inequality we get

s<T

N T
Ye(t) < Ksup |M(s)| exp{ K[T' Z/ w)| dw]}.
=179

By (B5) (see [9] ), sup |M*(s)| — 0,e — 0, in probability and by (B2) and (B4)

s<T

limlimsupP(  sup / |u;(w)| dw > n) = 0.

=0 -0 t,s<T:|t—s|<8

Consequently Y¢(T') — 0,e — 0, in probability and the theorem remains true if its
statements are proved only for (X<(-),u(-)). We will prove the weak convergence
for the process (X<(-), u(-)) using the so called perturbed test function method. For

notational convenience we will use (X<(-), u(+)) for (X(-), uc(-)).

Define the perturbation ff(t) = ff(X*(t),t), where

3.0 fitet) = [ L@)lEiale. () ~a(o)lds

It is important to note that (3.4) averages only the noise, not the state X¢(-). The

state x = X(t) is considered as parameter in (3.4). Now

T

[l t) = /ﬂmefown—mwus

T/e

- /fx VEfa(x, £(s)) — a())ds

t/e
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In view of Lemma 2.1, (B1) and (B2), for some L > 0

sup [fit)] = esup /fx(ﬂi)[Efa(xaﬁ(S))—ﬁ(x)]—[Ea($7§(8))—5(17)]d8
h /e

< Lesup( / o(s — D)ds)
t<T €
t/e

= O(e)
Hence

(3.5) limsupF |fi(t)] =0

€ i<T

Write a(z, ) = f.(z)(a(z, &) —a(z)). We have

Afi(t) = —a(X (1), £°(1)) + /(Ef'd(XE(t),66(8)))90X€(t)d8 +o(1)

t

where p — lim. o(1) = 0 uniformly in ¢. Define the perturbed test function f€(¢) =
F(X<(t)) + fi(t). For simplicity write x for X(¢). Then

(36)  AY() = fulz Z
(3.7) ~ f(@)(ale, ) — alx)
/ (Bza(w, €(5))elalm €(0) + 3 bilayus(t)ds + o(1)
= L(@)ate) + 3 ble)u(e)
T/e . N
e / (B, €(5)))elalz, €(1) + 3 bulw)us (1)]ds + o(1)
t/e =1

Under (B2), the second term in (3.6) is o(1) where o(1) terms goes to zero in p-limit

as € — 0. Then (3.5) and (3.6) imply that
p = lm[f(-) = F(X*(-))] = 0
and
p = Um[Af() = A"f(X°())] = 0 for t <T.

Hence (3.1) is proved.
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By the above methods,

(3.8)

Also,
Tk(XE(T>) :>Tk($<T))7 k=1,...,N.
By (B2), each moment of X“(¢) is bounded uniformly in € and ¢t < T. By (B2) and

(B4), the left hand terms in (3.8) are uniformly (in €) integrable and the convergence
in (3.2) follows. O

Remark 1: The condition in the theorem stating that u°(-) = wu(-) is a rea-
sonable one. This follows, if p;(uy(t),...,u1(t)) > co(3om, Juwi|'™), 2,7 > 0, and
pi(ui(t),...,ui(t)), 2 =1,..., N are nonnegative convex, then mimicking the proof of
Theorem 5.1 of [9], we can obtain the weak convergence of theorem 3.1. The analytic
method used in [9], under their conditions, could also be adapted to prove Theorem

3.1, however, our conditions are general.

Remark 2: In order to obtain (3.5), in lieu of Lemma 2.1, we could use the
following differential inequality assumption:

(B3') Set Ef[a(x,£&5(s)) —a(x)] = Ve(t,z), s >t >0. Let

ove  ove al
o+ o (a(:c,és(t))jt;biuf(t) < g(t, Vo).

Let u®(t) be the solution of
uf = g(t,uf), uF(0) = g(0,V=(0, X5(0))
The funtion u®(t) € L;1(0,00). Under this assumption, we have | Ef[a(z,£°(s)) —
@ (t)] |< w®(t). This in conjunction with (B1) and (B2) implies (3.5).
Remark 3: Combining the procedure used in the Theorem 3.1 with the relaxed

controls set up in [12], we could easily generalize the convergence proof to more general

nonlinear control policies in system (1.3).

Following result states that the optimal strategy vector for the limit deterministic

system is near optimal and asymptotically optimal for the stochastic system.

Theorem 3.2. Assume (B1)-(B6). Let (uf,u, ..., uy) be the unique optimal strat-
egy vector for (1.1)-(1.2). Then {X°(-),u},us, ..., uh} = (z(-),uj,us, ..., uly) and
the limit satisfies (3.1). Also

(3.9) Je(uy,uyy .o uy) — Je(ui,us, oo uy), E=1,2,... N
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In addition, let ul, k = 1,2,...,N be a —optimal strategy vector for each player k
with X<(+) of (1.3). Then

(3.10)  liminf | sup J(u,us, ..., uy) — Jo(uj,us, ..., uny)| <0, k=1,2,...,N

€ ufEUi
Proof. By Theorem 3.1, the weak convergence is straight forward. By the assumed
uniqueness, the limit satisfies (3.1). Also, by this weak convergence and the fact that

T < o0, by the bounded convergence,
g k) = T s, )

Now to show (3.10), repeat the procedure with admissible strategies u§,i = 1,2,..., N.
The limit (uq,us, ..., uy) might depend on the chosen subsequence. For any conver-

gent subsequence, we obtain,

ezleinlOJ,j(ui, uy . uy) = Jk(ug, ug, ... uy).
Now by the definition of §—optimality, (3.10) follows. O

Note: If (uj(t),us(t),...,u’) is the optimal strategies for (1.1) and (1.2), then
{Xe(t), ui(t),us(t),. .., uk to<t<r is the process associated with policies (u§(t), u$(t),
coouy () = (ui(t),us(t), ... ui(t)). Since (uj(t), us(t), ..., ux(t)) is deterministic,
corresponding (u§(t), us(t), ..., u5(t)) is admissible control for the systems (1.3)-(1.5).

If for each €, and for each player, there is a value for the stochastic game, then
the following result shows that they converge to the value of the deterministic game.
To prove this we will now introduce a new game through which we will connect the

values of stochastic and deterministic games.

Define a continuous map ¢ by
¢ A — Asuch that if u = (u, us, ... ,UN) € A, then o(u) = u.

Note that example of one such map is ¢(u) = Eu for u € A. Clearly, if u € ﬁ,
¢(u) = Eu = u. Define the map Ly : A — A by letting Lyu_y (u_, € A_g) to be:
Je(Lgtu_g,u_g) = sup Je(Ug, u_g), u_y € A,
up €Ay,
We will now make following simplifying assumption.

(B7) Ly, k = 1,2,..., N are continuous, that is, for any sequence {u_;} of
admissible controls in A_j such that u_p; — u_y € A_y, Ly(u_g;) — Lg(u_g), in
Ly(0,T) norm.

Remark: The continuity of L, may be justified by the fact that the controls uy

are state dependent feedback controls.
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Following result states that if the value exists for the stochastic game for each e,
then asymptotically (as ¢ — 0) they coincide with the value of the limit deterministic

model.

Theorem 3.3. Assume (B1)-(B7) and that for each €, value ezists for the stochastic
game (1.3) to (1.5). Also value for the deterministic game (1.1) to (1.2) exists.
Thenlirr(l)vk6 = vy, where

v = max Ji(ug, u’ ).
uR €A

Proof. For the proof, we introduce following game which is played as follows. All play-
ers except k choose their controls first, say u®,, which is known to player k. Then
player k chooses the control Li(¢(uc ). Define u, be optimal strategies for all play-
ers except player k with corresponding payoft for player & being J¢(Ly1p(uc ), uc ).
By relative compactness, u°, — u*, € Z_k. By continuity and by the definition of ¢
and Ly, we have Li(¢(u®,)) — Li(é(u*,)) = Li(u* ). Now using (3.9),

limV}f = V.
e—0

Following result is direct from Theorem 3.2 and Theorem 3.3.

Theorem 3.4. Assume (B1)-(B7). Let (ui(t),u(t),...,uy),0 <t < T be an op-
timal deterministic strategy vector for (1.1), (1.2), then (ui(t),us(t),...,uy) is as-
ymptotically optimal for (1.3), (1.5) in the sense that

(3.11) lim [ Ji(uf, 3, - uyy) = Vi = 0.

4. L2-CONVERGENCE

Consider a simpler physical system of the form (4.1).Now we will show how to
obtain an L?-convergence in lieu of the weak convergence of X¢ to x. Rewrite the
systems (3.3) and (1.1) respectively in the integral form:

¢ N
(4.1) X=(t) = X°(0) + /[G(XE(S), E(9)) + Y bi(X(s))uf (s)]ds
0 i=1
and

¢ N

(4.2) x(t) = xo + /[E(m(s)) + Z bi(x(s))u;(s)]ds
0 i=1
Note that using Theorem 3, it is enough to consider the system (3.3) instead of the

system (1.3). The conditions on a,b;,i = 1,2,..., N are same as (B3).
Define || X*(t)|| = sup {E(X5(t))?}*/2. Assume the following.
0<t<T
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(B8) (i) || X5(0) — zo|]| — 0 as e — 0.
(i) ||ui —uwi|| = 0ase — 0 (i=1,2).

(iii) E(a(z,&) —a(x))? < ¢(e, x), where ¢(e,2) — 0 as e — 0.
Theorem 4.1. Assume (B1), (B2), (B5), and (B8). Then
(4.3) [1X°(t) —2(@)]| = 0 as e — 0,

where X=(+) is the solution of (4.1) and () is the solution of (4.2).

Proof:

E|X® — x> < N{E(X%(0) — 20) + /tE la(X¢, &) —a(z)|* ds
(4.4) +i§;/tE|bi(X€)u§ — by(x)ug|* ds
(4.5) < N{E(X%(0) — )% + /tE|a(X5,§5) —a(x, &) ds
(4.6) +jE\a(x,§€) —a(x)]*ds
(4.7) +ii1/tE]bi(X5) — bi(2)|? |wi|” ds
(4.8) +Z§;/tE|bi(X€)|2 uS — u;)” ds}

Note that b;’s are bounded and Lipschtzian, and so is a. Hence

t

(4.9) EIX° — 2> < NK{E|X*(0) — mo|? + /E X% — 2> ds
T : ¢
(4.10) + [ E(a(z, &) —a(z))?ds + | E|X° —z*ds
/ /
N ot
(4.11) + Z/E(uf — u;)2ds}

=17
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Using the assumptions (B8) in (4.9) we get (for some K)

E|X®—z]® < KE[|X€(0)—xO|2+/¢(e,x)ds

0

i=1

(4.13) + [ BE(X(s)° — z(s))*ds]

o —

Using Grownwall-Bellman inequality

(4.14) EIX5(t) — a(t)P < KE[|X*(0) — 20> + /qb(e,x)ds

(4.15) +Z/E ui — u;)*dsle™T.

i=1
Equation (4.14) implies that

(4.16) sup E|X°(t) — z(t)]" — 0 as € — 0.
0<t<T
Hence || X® — z|| — 0. O
Once we have L2-convergence, we can obtain pathwise convergence using follow-
ing arguments. Suppose there is no pathwise convergence of X¢(¢,w) for w € A, with
P(A) = X > 0. Then there is a sequence {e,} — 0, such that for each ¢,, there is a
€ (0, 7] such that

| X (b, w) — z(tp,w)| >0 >0, weA.
Hence

0 < 52(5</|X€"—x\2dP§E|XE"—x|2

(4.17) < sup E|X* —zf

0<t<T
Since sup E|X —z|*> — O ase, — 0, this leads to a contradiction. The convergence

0<t<T
of payoffs and near optimality for this setup follows as in earlier sections.

5. CONCLUSION

From a practical point of view, when a direct approach would be impossible,
the results of this work allow us to compute an asymptotically optimal strategies

for a variety of problems under quite general conditions. These results could easily
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be extended, by combining the ideas of [11] and the methods used in this paper, to

other commonly used payoff criteria such as total discounted payoff, ergodic payoff

and payoff up to first exit time. In [5], such approximation techniques are utilized in

developing numerical methods for stochastic control problems. Due to the ode limit

here, we will be able to develop computational methods for the randomly perturbed

differential game problems in much simpler way. The details of numerical methods

for the system (1.1) will be discussed elsewhere.
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