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ABSTRACT. By means of the Riccati transformation techniques, we will establish some new
oscillation criteria for certain class of third order nonlinear neutral delay difference equations. Our
results extend as well as improve the well known oscillation results in the literature. Comparison
between our theorems and those previously known results are indicated throughout the paper. Some

examples are given to illustrate the main results.

AMS (MOS) Subject Classification. 34K11, 39A10.

1. INTRODUCTION

In recent years, the oscillation theory and asymptotic behavior of difference equa-
tions and their applications have been and still are receiving intensive attention. In
fact, in the last few years several monographs and hundreds of research papers have

been written, see for example the monographs [1, 2].

Determining oscillation criteria for third order nonlinear difference equations has
not received a great deal of attention in the literature even though such equations
arise in the study of economics, mathematical Biology, and other areas of mathematics
which discrete models are used (see for example [3]). Some recent results on third
order difference equations can be found in [4, 7-13]. In this paper, we consider the

third-order nonlinear neutral delay difference equation
(11) A(CnA (dnA(xn +pnxn—'r))’y) + an(xn—a) = 07 n > Ny,

where A denotes the forward difference operator defined by Ax,, = x,.1 — x, for any

sequence {z,} of real numbers, v > 1 is quotient of odd positive integers, 7 and o

e e}

are nonnegative integers such that 7 < o and the real sequences {c, }72,,., {dn}nZ,,

P}y tan e, and the function f satisfies the following conditions:
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(hl) {cp}22,. , {d,}>2, —are positive sequences of real numbers such

n=ng’ n=no
= /1 = /1
> ()= (7))~
n=no n=no

(h2) 0 < p, <1, g, = 0 and {g,};2,, has a positive subsequence;

(h3) f: R — R is a continuous function such that wf(u) > 0 for u # 0 and
fluw)/u' > K > 0.

By a solution of (1.1) we mean a nontrivial real sequence {z,} that is defined for
n = ng — o and satisfies equation (1.1) for n > ngy. Clearly if z,, = A,, for n =ny—o,
ng—o+1,...,n9 — 1 are given, then Eq. (1.1) has a unique solution satisfying the
above initial conditions.

A solution {z,} of (1.1) is said to be oscillatory if for every n; > ng there exists
n > ny such that z,z,,1 <0, otherwise it is nonoscillatory. Equation (1.1) is said to

be oscillatory if all its solutions are oscillatory.

A number of dynamical behavior of solutions of third-order difference equations
are possible; here we will only be concerned with conditions which are sufficient for
all solutions of (1.1) to be oscillatory or tends to zero as n — oo.

Our concern is motivated by recent results by Graef and Thandapani [4] and

Thandapani and Mahalingam [13].
In [4], the authors considered the equation
(1.1) Ay A(dpAxy))) + o f (Tn—ot1) =0, n > ny,
and supposed that:
(7) {cntplny 1dn}ie,, are positive sequences of real numbers such
= (1 = (1
Z (—) = Z (—) =o0, and Ac, >0;
Cn d,
n=no n=no
(77) ¢, = 0 and {q,}°2, has a positive subsequence;

n=ng

(7i1) f: R — R is a continuous function such that uf(u) > 0 for u # 0 and
(1.2) flu) — f(v) = g(u,v)(u—v), for u,v # 0 and g(u,v) > p > 0.

In the linear case when f(u) = u, the authors assumed that (7) and (z7) hold and
used the Riccati transformation techniques and established oscillation criterion for
Eq. (1.1) which is the discrete analogy of Philos’s type oscillation criterion for second-
order differential equations (see [6]). In the nonlinear case, the authors assumed that
(1) — (7i1) hold and established some new oscillation criteria for Eq. (1.2) by reducing

it to Riccati difference inequality.

In [13], the authors considered Eq. (1.1) when 7 = 1 and established some suf-

ficient conditions for oscillation. They, used the generalized Riccati technique and
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given oscillation criterion of the linear case which improves the result of [4] when
pn = 0. Also, they assumed that (i) — (ii7) hold and established another oscillation

criteria.

Our aim in this paper, by using the Riccati transformation techniques we present
some new oscillation criteria for Eq. (1.1) bypass the condition (1.5) and do not
require the condition A¢, > 0. Our results improve the results in [4] as well as
extend and improve the results in [13]. Some comparison between our theorems and
those previously known results are indicated throughout the paper. The paper is
organized as follows: In section 2, we will state and prove some lemmas which are
useful in the proof of our main results. In Section 3, we will state and prove our main
oscillation results. In Section 4, we present some examples to illustrate our main

results.

2. SOME PRELIMINARY LEMMAS

In this section, we state and prove some basic lemmas, which we will use in the

proof of our main results. We begin with the following lemma.

Lemma 2.1. Suppose that {x,} is an eventually positive solution of (1.1). Set
(2.1) Zn = Tp + PnTn_r-

Then there are only the following two cases for n = ng sufficiently large:

(I) z, >0, Az, >0, A(d,Az,)" > 0.

(I1) z, > 0, Az, <0, A(d,Az,)Y > 0.

Proof. Let {z,}be an eventually positive solution of (1.1) and there exists a
ny = ng such that z,,_, > 0 and z,_, > 0 for n > ny. From (2.1) and (h2), it is clear
that z, > 0 for all n > ny and from (1.1) A(c,A(d,Az,)Y) < 0 for n > ny. Then
{z.}, {Az,} and {A(d,Az,)?} are monotone and eventually of one sign. We claim
that there is ny > ny such that for n > ny, A(d,Az,)” > 0. Suppose to the contrary
that A(d,Az,)” < 0forn > ny. Since ¢, > 0 and ¢, A(d,Az,)” is nonincreasing there
exists a negative constant C' and n3 > ng such that ¢,A(d,Az,)” < C for n > ns.

Dividing by ¢, and summing from ns to n — 1, we obtain

n—1
1
(dnAz,)" < (dnyAz,) +C Y (C—) .
s=ns
Letting n — oo, then d,,Az, — —oo by (hl). Thus, there is an integer n, > n3 such
that for n > ny, d,Az, < d,,Az,y < 0. Dividing by d,, and summing from ny to
n — 1 we obtain

n—1
1
Zp T Rny S dn4AZn4 Z (d_) )

s=n3
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which implies that z, — —oo as n — oo by (hl), a contradiction with the fact that
zp > 0. Then A(d,Az,)” > 0. The proof is complete.

Lemma 2.2. Let {x,} be an eventually positive solution of (1.1) and suppose
Case (I) of Lemma 2.1 holds and set z, be as defined by (2.1). Then {z,} is a positive

solution of the inequality

(2.2) A(en A(dyAzy)) + Kgn(1 — pro)z)_, <0, n>ni,

for some ny sufficiently large.

Proof. From (2.1) and (h2) it is clear that z, is positive and from Lemma (2.2),
the case (I) implies that y, > (1 — p,)z, for n > n;. Then there exists ny > n; + o
such that y,—» > (1 — pp—o)2n—o. This and (h3) imply that (2.2) holds. The proof is
complete.

Lemma 2.3 [13]. Let {x,} be an eventually positive solution of (1.1) and suppose

Case (I1) of Lemma 2.1 holds. Then there exists nq > ng such that
Zn
2.2 n—r Z
(2.2) x T

Lemma 2.4. Assume that (h1)—(h3) hold and suppose that Case (I1) of Lemma
2.1 holds and the following conditions are satisfied:

(h4) 3onZng W) = O

oo 1 n—1 1 t—1 s —
(h’5> Zno % [Zno C_t no (1+psqfa+7')’yj| = o

Then every nonoscillatory solution {x,} of (1.1) satisfies

for n>n,.

2=

(2.3) lim (z,, + ppn_r) =0,
and if lim, oo p, = p* € [0,1) then lim,_ o z, = 0.

Proof: Let {x,} be a nonoscillatory solution of (1.1). Without loss of generality
we may assume that x,,_, > 0 for n > n; where n; is chosen so large that Lemma 2.1
holds. (The proof when {x,} is eventually negative is similar, since the substitution

Yn = —x, transforms Eq. (1.1) into an equation of the same form.) From Lemma 2.3,

(2.3) implies that there exists an ny > ny such that

Zn—(o—7)
2.4 neo = ———— = No.
(2.4) g 2 7, —— fornzm
From Case (II) since o > 7 and z, is decreasing, (2.5) implies that
z
2.5 Tpey = ———— for n>=no.
( ) 1+ Prn—o4r ?

From (h3), (1.1) and (2.6) we obtain
Kqn

(26) A(CnA(dnAZn)ﬁ/) + m

<0,

n > ng,
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Since {z,} is positive and decreasing it follows that lim, ...z, = b > 0. Now we
claim that b = 0. If not then 2z} — b” > 0 as n — o0, and hence there exists ny > ny
such that z) > b7. Therefore from (2.7) we have
Kaqn
Define the sequence u,, = ¢, A(d,,Az,)” for n > ny. Then we have
Kq,
(1+pnosr)?
Summing the last inequality from ny to n — 1, we have

(2.7) AleaA(dnAz,)Y) + b <0, n>n,

Y

Aung_

n—1

s

n < Uy, — K —_
Uny szml‘i‘ps O-J’_q—)

q B o . .
In view of (hy), since nz;l Ty = 00, it I possible to choose an integer ns

sufficiently large such that for all n > ng

n—1
PES~ 6
2 (1 + ps—a-i—’r)ﬂy ’

S=ng

Unp, S -
and hence

2 cn s=ng2 (1 _‘_ps_(ﬂ-T)’y7

Summing the last inequality from ng to n — 1 we obtain

bﬁ/Kn—l 1 t—1 q
d,Az,)" < (d,,Az,,) — —— — — = .
( Z) ( ’ 23) 2 ( Z(l_l_ps O’+7‘)

t=ns3 t S=na2

Since Az, < 0 for n > ng, the last inequality imphes that

(dpAz,)? s——z Z 1+p8 ET—l

or |
DK 1 [ex 1 ’
Az, < — —
o 2 dn LGz Cy SZ:nz 1 +ps J+7') ]

Summing from ng to n — 1 we have

1
bVK !
< — E E .
Zn > Zns = dl L Ct N 1 + Ps— o-+7—) ]
ns = s=n

Condition (hb) implies that z, — —oo as n — oo which is a contradiction with the

fact that z, is positive. Then b = 0 and this completes the proof.
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Lemma 2.5. Let {z,} be an eventually positive solution of (1.1) and suppose
Case (I) of Lemma 2.1 holds. Then there exists ny > ngy such that

On—_oC
2. A B Y 2 n—o+n
( 9) ( Zn O') (dn_g)fy

A(d,Az,)” for n>=mnq,,

L n—1 1
where 6, = [_ .

Proof: From Case (I) of Lemma 2.1 and Eq.(1.1) we have (d,Az,)” > 0,
cnA(dpAzy)Y > 0 and A(e, A(d,Az,)Y) <0 for n > ny. Hence

n—1 'y
210) (D) = (4 85,) + 30 SRR S L A,z 0z

Since A(c,A(d,Az,)?) <0, we have ¢, A(d,—Az,—»)? = ¢, A(d,Az,)7. This and
(2.10) imply that

(dn-oD2n )" = CooOpnoA(dn—oD2y )"
> 0o A(d,Az,)7, nZ=ng=n+o,
and then we have
(dp—oAzy o) = cn0n_oA(dyA2,)Y, 1 >ng=mn+o0.

The proof is complete.

3. OSCILLATION CRITERIA

In this section we establish some sufficient conditions which guarantee that every
solution {x,} of (1.1) oscillates or satisfies (2.4).

First, we use the Riccati transformation technique.

Theorem 3.1: Assume that (hl) — (hb) hold. Furthermore, assume that there

exists a positive sequence {pn}ne,,, such that,

. - (dio)" (Apr)”
(3.1) nh—{EO suplz: Kpq(l —p_q)" — B =T =00
=ngo

Then every solution {x,} of Fq.(1.1) oscillates or satisfies (2.4).
Proof: Let {x,} be a nonoscillatory solution of (1.1). Without loss of generality

we may assume that z,,_, > 0 for n > n; where n; is chosen so large that Lemma
2.1 to Lemma 2.3 and Lemma 2.5 hold. We shall consider only this case, because the
proof when z,, < 0 is similar. Define z, be as in (2.1), then z, > 0 and from Lemma
2.1 there are two possible cases. First we consider the Case (I): From Lemma 2.2,
we see that z, be a positive solution of the delay difference inequality (2.2). Define

the sequence {w,} by the Riccati substitution
A (d,Azy)7

Y Y
n—o

(3.2) Wy = Pn

ni.

\%

zZ,
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Then w,, > 0, and

n nA CnA dnAZn v
Awn = Cn+1A (dn+1AZn+1>’y A |:Z€ :| + P ( ( ) )

—0 n—o

This and (2.2), imply that

Ap, nCns1 A (1 Az q)Y A(2)
(33) Awn S _ann + i Wp41 — PrCnt1 ( ,Y—H ,YZ +1) (Zn O'>’
n+1 Zn—UZn—g+1

where @, := Kq,(1 — pp—r)?. From Lemma 2.1 Case (I), we have z,_,11 > z,_,.
Then from (3.3), we obtain

Apn pncn—l—lA (dn—l-lAZn—i-l)A/ A(Z’Y— )
3.4 Aw, < —p,Q, + Wyl — oz,
( ) p Q Dnit +1 Z?LZU_H

Using the inequality
P’ —qf 221_5(:c—y)6 forallz >y >0and g > 1,
we have
(3.5) A0 = s = 20 2 27 (s = 2
=27 (Az,_,)", v > 1.

Substituting from (3.5) in (3.4), we obtain

v v
(36) Awn S _ann + A Cn-i-lA (dn_i_lﬁzn_i_l) (Azn—a) .

Pn+1 Ap—o+1

From Lemma 2.5, we have

A A A T oCn A (dpANzy)?
(3.7) Awy < —puQu+ 2P0, — ptorLrCrr1 B Gn1Bznr) OuaenBdnBz)T
Pr+1 (dn—a)ﬁf ana—}—l

From (2.2) since A(¢,A(d,Az,)7) <0, then we have
(3.8) Cni1A (dpi 182, 11)" = i A(dA2,)7.
Then (3.7) and (3.8) imply that

Apn 1— Pn (Cn—i-lA (dn+1Azn+1)’y)2 6n—cr
Wp+1 — 2 v 2y .
Pn+1 (dn—0)" 2p ot

From (3.2) and (3.9) we obtain

A n 77/677/_0'
(3.10) Aw, < —p,Q, + —pwnH _glmr P 2

Wy,
Pn+1 (dn—a)w p?z—i—l i
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By completing the square, we get
(dn—s)’ (Apn)z
23_75n—0pn
[ /2570, o pn v~V (dn—o)"Apy
_pn-‘,—l (dn—a)ﬁf " 2 V 21_ﬁ{5n—crpn

2

' (da)” (Dpa)?
< _ann 23_76n_0pn
Then, we have
dn_0)” (Apy)?

Summing (3.11) from n; to n, we obtain

(dio) (Ap)?

—Wpy < Wpy1 — Wpy < — Z [pl@l B 23_75l—opl

l=n1

which yields

n

(3.12) 3 [plQl _ (o) (Apr)”

<c
25776101 b

l=n1

for all large n, and this is contrary to (3.1). If the Case (/1) holds, we are then back
to the proof of Lemma 2.4 to prove that (2.4) holds. The proof is complete.

Remark 3.1: From Theorem 3.1, we can obtain different conditions for oscilla-
tion of all solutions of (1.1) by different choices of {p,}. Let p, = n*, n > ny and

A > 11is a constant. Hence we have the following result.

Corollary 3.1: Assume that all the assumptions of Theorem 3.1 hold, except
that the condition (3.1) is replaced by

i sup Y | K1 = poeg) - el JE TS o

s=ng
Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).
Remark 3.2: If p, = 0, then Eq.(1.1) reduces to the nonlinear difference equa-
tion
A(cnA(dnA(zn))) + Gnf (Tn—o) =0, 1 > nq,
and (3.1) reduces to
n y 2
fim s 3 [Kplql - (d;i)val(_ig)

l=ng

Then, Theorem 3.1 improves Theorem 2 of Graef and Thandapani [4] in the sense that
we do not need the condition (1.5) and also our results do not require that Ac, > 0

for n > ny.



NEUTRAL DELAY DIFFERENCE EQUATIONS 557

Theorem 3.2: Assume that (hl) — (h5) hold. Furthermore, assume that there

exists a positive sequence {pn}pe,,, such that for every positive number A > 1,

m—1 2
1 n
(3‘13) nlbl—{noo Sup % Z(m - n)A [Kann(l - pn—a)’y - (941-1) Am,n = 00,
n=1 pn
where )
; - 21—7 pndn—o A S (Apn . )\(m e 1>>\_1)
" (dn—a)w mn Pn+1 (m —n)A

Then every solution {x,} of Eq (1.1) oscillates or satisfies (2.4).

Proof. Proceeding as in Theorem 3.1, we assume that Eq.(1.1) has a nonoscilla-
tory solution, say x,_, > 0 for all n > ng. Let z, be as defined by (2.1). Then z, is
positive and by Lemma 2.1 there are two possible cases. First, we consider the case
when Case (I) holds. From Lemma 2.2, we see that z, be a positive solution of the
delay difference inequality (2.2). Defining again {w,} by (3.1), then from Theorem
3.1, we have w,, > 0 and (3.10) holds. From (3.10), we have for n > n,

App p
(3.14) PnQn < —Aw, + —pwnH — %wiﬂ.
Pn+1 (pn—i—l)
Therefore,
m—1 m—1 m—1 Ap
Z (m—n)p,Qn < — Z (m —n)*Aw, + Z (m — n)’\p " Wit
n+1
n=ni n=ni n=mni
m—1 E
(3.15) =Y (m—n)Fwl,,.
n=n1 n+1
Now, after summing by parts, we have
m—1 m—1
Z (m —n)*Aw, = —(m — ny) w,, — Z Wy Ag(m — n),
n=ni n=ni
where, Ag(m —n)* = (m —n —1)* — (m —n)*. Then
m—1 m—1
Z (m —n)*Aw, = —(m — ny) wy,, + Z Woy1((m—n)* — (m —n —1)%).
n=ni n=ni

Using the inequality, 27 — ¢ > By?~1(z — y) for all z > y > 0 and 8 > 1, we obtain

m—1 m—1

Z (m —n)*Aw, > —(m —ny) Mo, + Z Moy i1 (m —n — 1)1

n=ni n=ni
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Substituting in (3.15), we have

m—1
Z (m - n))\ann
n=ni
m—1
< (m - nl) W, Z )‘wn-i-l(m -—n-—- 1>>\_1
n=ni
m—1 A m—1 -
+ 3 m =) P = Y (m = n) el
n=nj n+1 n=nj n+l
Then,
1 md m-—n
mA n nl(m n)"nn < m ) n,
m—1
1 On Ap,  AXm—n—1)>1
—— (m —n)* [Twi+l - ( - ( )\) Wn+1
m i 41 Pn+1 (m - TL)
m — nl
= W, mr Z
n=ni
2
Pri (Apn A(m —n - 1>H)
wn—i—l - - A
Pn+1 o Prn+1 (m —n)
L mz NC) (Apn Am —n — 1>H)2
A — 4pn Prn+1 (m - n))\ ’
which implies that
m —mny.y
m)\ Z —TL ann ( m ) Wn,y
Z Pn+1) ( tn, I A(m —n — 1>/\_1)2
= 4py, Pr+1 (m —n)A ’
or
2
Prs1 Ap,  AXm—n—1)>1
)\Z ann_( +)< _( )\>
m — Ny
< (M,
which yields
. 1 = by (pn+1)2
7,11_{%0 % Z (m - n) Kann(l - pn—U)PY - 4_ Am,” < o0,
n—ns Pn

which is contrary to (3.13). If the Case (I1) holds, we are then back to the proof of
Lemma 2.4 to prove that (2.4) holds. The proof is complete.
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As a variant of the Riccati transformation technique used above, we will derive
new oscillation criteria which can be considered as a discrete analogy of Philos’s

condition for oscillation of second order differential equations [6].

Theorem 3.3: Assume that (h1)—(h5) hold. Let {p,}°

meno D€ a positive sequence.

Furthermore, we assume that there exists a double sequence {H,, : m > n > 0} such
that (i) Hpm = 0 for m > 0, (ii) Hpyn > 0 for m > n > 0, (i) AoHpp =
Hpynir — Hpp <0 for m>n>0. If

m—1 2
(3.16) lim sup K Hypnpran(1 — po)? — (pnjl) Bpn| = 0,
m— o0 m,no o 4pn
where
Apn )2 - 1— pnan o AZHm n
an: hmn_ \/Hm7n ’ n_2 - ) hm,”:_ =
7 ( ’ Pn+1 g (dn 0)’y Hm n

)

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

Proof: Proceeding as in Theorem 3.1, we assume that Eq.(1.1) has a nonoscil-
latory solution, say z,_, > 0 for all n > ng. Let z, be as defined by (2.1). Then z, is
positive and by Lemma 2.1 there are two possible cases. First, we consider the case
when Case (I) holds. From Lemma 2.2, we see that z, be a positive solution of the
delay difference inequality (2.2). Defining again {w,} by (3.1), then from Theorem
3.1, we have w,, > 0 and (3.10) holds. From (3.10) we have for n > n,

n=ni n=ni n=ni n
- Z 2w2+1
n=ni ”+1)

which yields after summing by parts

m—1 m—1
Ap,

Z Hm nann < Hm nlwnl + Z wn+1A2 m,n + Z Hmn Wn+1
n=ni n=ni n=ni Pn+1

m—1 p

2
- Z Hmn . an+17
hence

m—1

Z Hm,nann S Hm,nlwnl Z hmn mnwn—i-l

n=ni n=ni

m—1

+ Z Hmn wn-‘,—l Z Hm,n(pinfwi.ﬂ

n=ni ” n=ni Prn+1
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2
m—1 /H -
m,npn n
= Hm,mwm - Z ——Wp41 + Pt Bm,n
n=mni Pr+1 2 \/ Hm,nﬁn

_‘_1 Z pn+1>2 h _ Apn\/T ?
A — m,n m,n .

n=n1  Pn Pnt1
Then,
- (pn11)’ A —
Z Hm,npnann - niﬂ <hm,n - “ Hm,n) < Hm,ngwng S Hm,Owng
n=ni 4pn Pn+1
which implies that
m—1 2 2
n A n
Z Hm,nann - (p i_l) (hm,n - P V Hm,n)
n=ng 4p,, Pnt1
ni—1
< Hpnng <wn1 + Z pnPnQn) .
n=no
Hence
m—1 2
lim sup Hypn@n — (pnfl) Bimn
m— o0 m,no o 4pn
ni—1
< (wm + ) pnann> < 00.
n=no

and this contradicts (3.13). If the Case (1) holds, we are then back to the proof of
Lemma 2.4 to prove that (2.4) holds. The proof is complete.

As an immediate consequence of Theorem 3.3, we get the following:

Corollary 3.2: Assume that all the assumptions of Theorem 3.3 hold, except
that the condition (3.16) is replaced by

m—1
Z Hm,npnqn(l _pn—o)ﬁf = 00,

n=ng

) 1
lim sup
m—0oo Hmvno

2=

m—1
1 2 (dn_y
lim sup i Z Pt ( )
m,ng

m—0o0 pn(sn—cr
n=ng

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

A 2
(hm,n _ Sfn \/Hmm) < 00.

Prn+1

Remark 3.3: By choosing the sequence {H,, ,} in appropriate manners, we can
derive several oscillation criteria for (1.1). For instance, let us consider the double

sequence {H,, ,} defined by

Hyppi=(m—n)*, A>1,m>n>0,
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or

m+1\"
Hmn::(log ) , A>1, m>n2>0,
’ n+1

or
Hypp=(m—-n)™ X>2 m>n>0,
where (m —n)® = (m —n)(m —n+1)---(m—n+ X —1) and
Ag(m —n)N = (m —n—1)WN — (m —n)N = —A(m —n)*.
Then H,,,, =0 for m > 0 and H,,, > 0 and AyH,,,, <0 for m > n > 0. Hence we
have the following results.

Corollary 3.3: Assume that all the assumptions of Theorem 3.8 hold, except
that the condition (3.16) is replaced by

m—1
1 2
lim sup —; E K(m —n)pngn(l — pu_y)? — p"_+10m_n = 00,
Mmoo m n=0 4pn

where

a2 Ap, 2
Con={(AXm—n)7 — (m—n)*) .
Pn+1
Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

Corollary 3.4: Assume that all the assumptions of Theorem 3.3 hold, except
that the condition (3.16) is replaced by

m—1 A
1 m+1
li —_— g loe —— | Kpngn(1 —ppy)”
ml_rgosulo(log(TrH—l))A —~ [(Ogn+1) podn(l = Pro)

Por1 [ A m+1\"2  Ap, m+ 1
— log - log
4p,, n+1 n+1 Pr+1 n+1

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

I
8

Corollary 3.5: Assume that all the assumptions of Theorem 3.3 hold, except
that the condition (3.16) is replaced by

m—1 2
1
nll—rgo Sup W E:(m - TL)()\) [Kann(l - pn—U)PY - pn_+1 Fmv" = 00,

where

A Apn\°
F, ., = _2f .
’ m—-n+A—1 py

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).
In the following we will use the generalized Riccati transformation techniques.
Theorem 3.4: Assume that (h1)—(h5) hold. Let {pn};2,,, be a positive sequence

Furthermore, we assume that there exists a double sequence {Hp,,, : m > n > 0} such
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that (i) Hpym = 0 for m > 0, (ii) Hpn > 0 for m > n > 0, (iii) AoHyp =
Hpyni1r — Hpp <0 for m>n>0. If

m—1 2
. 1 (d )PY (pn-i-l) 2
(3.18) lim_sup T > | Hpnl, — T 2| = oo,
n=ng
where
21798, 2 a2
\I]n = Pn |qun(1 - pn—a)ﬂy + (d ;_71 A(Cn—aan—l):| 5
A n dn—o 7 A Hmn
oy = — pn ) R = 2 m>n > 0.

_ ) N )
22 A{pnén—ocn—l—l—a \/ Hmm

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

Proof: Proceeding as in Theorem 3.1, we assume that Eq.(1.1) has a nonoscil-
latory solution, say z,,_, > 0 for all n > ng. Let z, be as in (2.1), then z, is positive
and from Lemma 2.2 we see that (2.2) holds. From Lemma 2.1 there are two possible
cases. First, we consider the case when the Case (1) holds. Define the sequence {W,,}
by

nA dnA n K
Wn = Pn |:C(fy—2) Cn—aan—1:| .
Then follows the proof of Theorem 3.1, we obtain
Apn 21_7pn6n—cr (Wn—l-l )2
_I'—Wn - — Cp+1-0Qn
Prn+1 = (dn—a)w Prn+1 i
+pnA(Cn o Olp— 1)
21 pn5n o 2
=y, - = Pl e
(d ) pn-l—l o
Therefore, we have
77/677/ ag
(3.19) Z HypWy, < — Z Hypn AW, + Z Hmn p) W2, .
pn-i—l
n=ni n=ni n=ni

The remainder of the proof is similar to that of the proof of Theorem 3.2 and hence
is omitted. If Case (/1) holds, we are back to the proof of Lemma 2.4 to prove that
(2.4) holds. The proof is complete.

Remark 3.4: Let f(u) = u, then K = 1 and v = 1. Then From Theorem 3.2
the condition (3.16) reduces to the condition (7) of Theorem 3.1 in [13]. Also it is
clear that Theorem 3.2 is satisfied when f(u) > Ku and this implies that Theorem
3.2 extend and improve the results in [13] in the sense our results do no require the

condition (1.5) and also correct the misprint of definition of v, in [13].

As an immediate consequence of Theorem 3.4, we get the following:
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Corollary 3.6: Assume that all the assumptions of Theorem 3.4 hold, except
that the condition (3.18) is replaced by

lim sup Z H npn
m— o0 mno
n=ng

2176, 2 a2

X |:KQn(1 - pn—cr>’y + (d ;:yl - A(Cn—cr057L—1> = 00,
m—1 9 v
1 dy—o
nll—rgo Sup Hm,no = an:olnESn_J ) h?n,n < 00

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

Remark 3.5: By choosing the sequence {H,,,} in appropriate manners as be-
fore, we can derive other several oscillation criteria for Eq.(1.1). Then from Theorem

3.3 we have the following results.

Corollary 3.7: Assume that all the assumptions of Theorem 3.4 hold, except
that the condition (3.18) is replaced by

1 & N (deo)?
lim sup P Z [ Prs1 (o) (m —n)*?| = oo.
—0

m—oo 23_7pn5n—0

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).
Corollary 3.8: Assume that all the assumptions of Theorem 3.4 hold, except
that the condition (3.18) is replaced by

1
lim sup ——————
oo 1 (log(m + 1))A

m—1 A A—2
m+1 Npiiq (dng)’ m+1
X Z [(log ] ) v, — S S log pa—y = 00.

n=0

Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).
Corollary 3.9: Assume that all the assumptions of Theorem 3.4 hold, except

that the condition (3.18) is replaced by

\Dn_pal(dn_o)”( A )2]:%

m—1

1
— )M
lim sup — —cy g (m —n)

m—00
n=0

2570006 \m—n+A—1
Then, every solution {x,} of Eq.(1.1) oscillates or satisfies (2.4).

Remark 3.6: If v = 1 then Corollaries 3.7 and 3.8 reduce directly to Corollaries
3.2 and 3.3 in [13].
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4. APPLICATIONS

In this section we present some examples to illustrate our main results.

Example 4.1. Consider the following third order nonlinear neutral delay differ-
ence equation

2 n+1 ! 2 2
(4.1) A [ nA (z, + gt +n°z, o1+, ,)=0, n>2,
n

where 7 =1, 0 =2, ¢, = 1, dy = n, ¢ = 7%, pp = 255 and f(u) = u(l +v?) > u
with K = 1. From this we have 6, = > _ ¢, = @ It is clear the conditions
(h1)— (hg) are satisfied. It remains to satisfy (h4), (hs) and the condition (3.1). From,
the definitions of ¢,, d,, p, and g,, we see that

n=no (1 +pn_a+7—)ﬁ/ n=2 (1 _I— n—-l-l) n=2 (2n + 1)

Then (hy) holds. Also

[e'e) 1 n—1 1 t—1 q %
Z d_n [ C_t Z (1 +ps—cr+7—>ﬁ/]

no no no
0o n—1 t—1 0o n—1 t—1
1 1 2 1 1 1
_Is! Chal] P o [ 32]
ne v 20 s ¢ +3 e 't |0 s—o
[e'e] n—1 t—1 (o9 n—1
1 1 1 1
S99 Ol EES o o)
2 =2 n Lt=0 s=0 ] 4 n=0 n t=0

1 =1
> —Y " —n?(n—3) = o0.
” 19 2 —n (n—13) =00
Then (hs) holds. Now, by choosing p, = n, we have

(ds—o)ﬁ/ (Ap8)2
23_755—005

nh_)IglO sup Z [KpSQS(l - ps—a)w -

s=ng

= Jm S“pi {828(1 - p ) - 2(s —(82)_(?— 1)5}

s=0

1
- dmew [t

Consequently condition (3.1) is satisfied. Hence, by Theorem 3.1, every solution of

Eq.(4.1) oscillates or satisfies lim,, (2, + Ziéxn 1) =0.
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Example 4.2. Consider the following third order nonlinear neutral delay differ-

ence equation

o NENENERINY

n+2)°

((n + 1>) Tho(l+2,) =0,  n=0,
where v = 2, ¢, = n, dy = Vn, ¢n = EZﬁ;z Pn = 55 and f(u) = (1 +u?) > o
with K = 1. From this we have 6, = >"'_ ¢, = n(";l) and pp_gqr = n%rl It is

clear the conditions (hy) — (h3) are satisfied. It remains to satisfy (h4), (hs) and the
condition (3.13). From, the definitions of ¢,, d,, p, and g,, we see that

iq—":i(n+2)3 1 :i(n+1)zoo
n=ng (1 “‘pn—a—l—r)ﬁf p— (n + 1)2 (1 4 %4-1)3 par .

Then (hy) holds. Also

no n no no o+T
00 1 [n—1 1 t—1 % 00 1 1n—1 %
ST S0 IR IES 9F:A ) SR
n=0 \?/ﬁ L t=0 t s=0 n=0 \S/ﬁ 2 t=0
=1 J1 o1 =
-y L _n<n+1>} L S e .
n:O% 4 4n:O

and this proves (hs). Now, by choosing p, = n and A = 2, and Q,, = K¢,(1 —pn—o)?,

we have

2 Apn _ A(m_n_l)A71 2
(Pnt1) (pn+1 (m—n)* >

m—1
. 1 \
lim sup — ,?:o (m—=n)" | puQn —

2
m—1 3 2 1 2(m—n-1)
) 1 (n + 2) 1 <n+1 (m—n)?
= 1 i —n)? 1—2) —
moo P 2 nz::l(m n)” x n(n +1)2 ( n) n(n—1)
1 m—1
: 2
> T}LET})OSUP ) ;(m —n)
" 1( +2)3(n—1)2 (m? — 4mn + 3n2 — 2m + 4n + 2)°
J— n —
n (n+1)* (n+1)*(=m +mn)"n(n—1)
m—1 2
1 24 3n? — 2 4 2
> lim sup—2Z(m—n)2 (n—l)z—(m mg&—i— n T—i_ n+?2)
m—oo M (n+1)"(—m+n)" n(n—1)

n=0
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m—1

2_ 4 2 _9m +4n + 2)?
> lim Supjz(m—n)z (n—1)2—(m mn + 3n m+ 4n + 2)

o (n+1)*(=m+n)'n(n-1)
m—1
> lim sup —; Z(m —n)*n —
m—oQ =0
C2 (m? — dmn+ 3n2 — 2m + 4n + 2)°
— lim sup — 5 5
m—00 m® e m+1)"(m—n)"n(n-—1)
1 1 1
= Wlbgr(lx) sup — (Em4 — ﬁmz)
, 1 2 (m? — dmn + 3n2 — 2m + 4n + 2)°
— lim sup — 5 5
m—00 m® e m+1)"(m—n)"n(n-—1)
= 0.
Since
m—1 2
1 24 2_2 4 2
lim SUP—QZ (m mn;r 3n 2m—|— n+2)
m—00 — (n+1)"(m—n)"n(n-1)
m—1
1 —n)t 4 A(m —n)? + 4(n + 1)}
< lim sup— (m —n) —i—2 (m ng +4(n+1)
m—00 m= = (n+1)"(m—n)"n(n-—1)
, 1 & (m —n)? 4
= lim sup — 5 + 5
m—oo = mE L= (n+1)"n(n—1) (n+1)"n(n-1)

[ 4(n+1)* }
5™ i 2 [0 17 (= )P (n— 1)
Then (3.13) holds. It follows from Theorem 3.2 that every solution of Eq.(4.2) is

oscillatory or satisfies lim,, (2, + #2%_1) = 0.

Open Problem.1: It would be interesting to study the oscillation behavior of
Eq.(1.1) when

EOO —1 < 0o and E‘X’ —1 < 00.
C, d,
n=no n=no

Open Problem 2: It would be interesting to study the oscillation behavior of
Eq.(1.1) when 0 < v <1 and

2 (2)-2 )~

n=no n=no

or . .
Z (ci) < oo and Z (di) < 0.
n=ng n n=ng n
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