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ABSTRACT. Some results on the existence of bifurcation at multiple eigenvalues for abstract sys-
tems concerning Lipschitz continuous mappings in Banach spaces are proved. The obtained results
improve some well-known bifurcation results by Crandall and Rabinowitz, McLeod and Sattinger,
Tan etc, in the case involving Lipschitz continuous mappings. An application to a system of partial

differential equations will be given.

AMS (MOS) Subject Classification. 46B99, 47A10, 47A12, 47A30.

1. INTRODUCTION

Bifurcation problems play a very important role in different areas of applied
mathematics and have been intensively studied in the literature. Several methods
have been used, for instance, variational, topological, analytical and numerical meth-
ods ete, (cf [1, 2, 3, 4, 9, 10, 11]). In general, the bifurcation problem consists in
determining bifurcation points of equations depending on a parameter in Banach

spaces of the form
(1.1) F(\v)=0, (\v)€EAxXD

where A is a subset of a normed space, D is a neighbourhood of the origin in a Banach
space X with the closure D and F is a nonlinear mapping from A x D into another
Banach spaces Y with F'(A,0) = 0 for all A € A. A point (A,0) is called a trivial

solution.

Definition 1.1. A point (\,v) € A x D is said to be a bifurcation point of the
equation (1.1) if and only if

(A 0)ec{(N\v)eAxD,F(\v)=0andv#0},
where clA = A, the closure of the set A.
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In the case the mapping F' is differentiable, using the Implicit Function Theorem
one can easily verify that (), 0) is a bifurcation point of (1.1) only if A belongs to the
spectral set of F, (), 0), i.e, F.(\,0)ug = 0 for some ug € X, ug # 0.

The purpose of this paper is to study the existence of bifurcation points of the
system (1.1), with F of the form

F(\u)=-Tw)+L\u)+H\u)+ K(\u), (A u) €A x D,

T = (11,Ty), L = (L, Ly), H = (Hy, Hy) and K = (K, K,), where A is an open
subset of a normed space Z with the norm defined by |-|,, D is a neighbourhood of the
origin in a Banach space X. For any fixed A € A and for any i = 1,2, T}, L; (A, ) are
linear continuous mappings from X into another Banach space Y;, H; (), ), K; (A, ")
are nonlinear Lipschitz continuous mappings of “higher order term” from D into Y;
with H; (A\,0) = K; (A,0) = 0 and H; (), ) satisfies an a;-homogeneous condition to
be described later with a; > 1.

Let A € A be a characteristic value of the pair (T,L) (i.e T (v) — L(\,v) =

0 for some v € X,v # 0) such that the mapping 7" — L (X, ) is Fredholm with
nullity p and index zero. We shall prove, under some sufficient conditions, that (X, 0)
is a bifurcation point of the system (1.1) with F' as above, using the Lyapunov-
Schmidt procedure, the Banach Contraction Principle and the topological degree
theory. Furthermore, we also describe parameter families of nontrivial solutions of the
system (1.1) in a neighbourhood of (), 0) in analytical form. Our result in Section 2
generalize some well-known results obtained by Crandall and Rabinowitz [7], McLeod
and Sattinger [12], Buchner, Marsden and Schecter [5], Tan [13]. They always need
the differentiability conditions on those mappings. Lastly, in Section 3, we apply the
obtained result to investigate the bifurcation points of the system of equations of the
form

—Au=nv+u|uw| in G

—Av =pu+vlul” in G

uw=wv=0in 0G,

where (7, 1) € R?,0 > 2,G =10,1] x [0,1] x [0,1], (u,v) € X = H}(G) x H}(G).

2. THE MAIN RESULT

2.1. Notations. Throughout this paper, X, Y; and Y, are always supposed to be
real Banach spaces with duals X*, Y[* and Y., respectively, ¥ denoted the product
space Y7 X Y, with dual Y*. A is an open subset of a normed space Z. The norm and
the pairings between elements of X, X*; and Y, Y™ are denoted by the same symbols
||l and (-, ), respectively. The norm of the normed space containing A restricted to

A is denoted by |-|,. In this section we consider the existence of bifurcation points
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of the system (1.1) with F' mentioned above. This means that we investigate the

existence of bifurcation points of the system

(2 1) Tl(’U):L1(>\,U)+H1(>\,U)+K1()\,’U), ()\,U) EAXE
' Tr(v) = La(A,v) + Ha(A, v) + Ka (A, v), (A\v) € Ax D,
where the mappings T}, L;, H;, and K;, © = 1,2 are as in the introduction.

Now let A € A be a characteristic value of the pair (T, L) with multiplicity
p,p > 1, such that the mapping T'— L (X, ) is Fredholm with nullity p and index zero,

where T' = (T,T3) and L = (Ly, Ls). It follows that the null space ker(T" — L(A\,-))

is p-dimensional. We assume

(2.2) ker(T — L(X, ) = [o1, ..., v,

where the right side is the subspace of X spanned by vy, ..., v,.
By (T — L(),-))* we denote the adjoint mapping of the mapping 7 — L(}, ),

defined on Y*, and assume

(2.3) ker(T — L(X,)* = [, ..., 0.

Given j € {1,...,p}, we define ¢ : Y1 — R and ¢ : Yo — R by (y,4]) = ¥;(y,0)
and <y,¢§.> =1;(0,y).
By the Hahn-Banach Theorem one can find p functionals 74,...,7, on X such
that
(Vs Yn) = Omn, m,mn=1,....p.

and 2p elements, z{,...,z in Y;,i = 1,2, such that

<zin,wfl>:5mn, m,n=1,...,p,

with 9d,,, denoting the Kronecker . We set

X0 =[vg,...,0p),
Xt={zeX {(x,m)=0k=1,...,p}

For j =1,...,p, weset z; = (2j,2}) and

Yoz [217..-,Zp],
Y'={yeY () =0,k=1,..p}

It can be seen that Y = Y° @ Y'! and the restriction of the mapping T— L(X, -) on X!
is a one-to-one linear continuous mapping onto Y!. The projections Px : X — X,
Qx: X - XY Py:Y -Y%and Qy : Y — Y, are defined by

p

Px(z) =) (z,y)vn, Qx(x)=xz—Px(x), z€X,

k=1
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p

Py(y)=> (v, v 2z, Qvy)=y—Pr(y), yevy.

2.2. Hypotheses. Concerning the main results in this paper we impose the following
hypotheses on the mappings T;, L, H; and Kj;:

(H1) : There is a real number b such that aL(X,v) = L (a’X, v) holds for all a € [0, 1]
and v € D.

(H2) : There exist two real numbers a; > 2 and two real increasing function p; : R — R
with (lsiir(l) pi(0) = 0 such that,

i) The mappings H;,i = 1,2 are k;—Lipschitz.

ii) H;(\ tv) = t%H;(\,v) holds for all t € [0,1], (\,v) € A x D.

iii) a““PyKi(m, av) tend to zero as a — 0, uniformly to v € D, where b
T

is from Hypothesis (H1).
i) [[Ki (A 0) = KX 0) | < pil[A = N+ flo = VDA = Ny + [lv = 2']]), holds for
all (\,v),(V,v") € A x D.

Further, we put
(2.4) a = min(ay, az)

and for i = 1,2, we define the mapping A; : R? — RP, A;= (A},... A?) by
(2.5)

p p
Af(![’) = <T‘Z(Z Z’jvj) — CiHZ'(X, ijvj),@/),i> , & = (I‘l, e ,l’p), k= 1, .o P,y
j=1 7=1

1if a; = a,
C; =
0 if not,

and make the following hypothesis:

with

(H3) : There is a point T € R? and an open neighborhood U* of T not containing
the origin in R?, such that the topological degree deg(A; + .4z, U*,0) of the mapping
A; + A, with respect to U* and the origin is defined and different from zero.

2.3. The main result. We have the following result:

Theorem 2.1. Under hypotheses (H1)-(HS3), (X, 0) is a bifurcation point of the system
(2.1). More precisely, to any given 6 > 0 there exists a neighborhood I of zero in R
such that for each o € I, # 0, we can find x(a) = (x1(a),...,z,(a)) € U* and a
nontrivial solution (A(«),v()) of the system (2.1) with

A
(L+[a* )’

v(e) = Z|a|$j(a)vj+0(|a|),

Ma) =
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satisfying
‘)\(oz) — X‘A <0 and 0 < ||Jv(a)]| < 0.

The proof of this theorem will be done in two steps. In the first, we will give three
lemmas which will reduce the resolution of the system (2.1) to a finite dimension. In

the second step we will solve this finite dimensional problem.

The system (2.1) can be written as (2.6).
(2.6) T(v) = LA\, v) + H\v) + K(\, ) (A, v) € A x D.
Let us fix A satisfying (H1)-(H3). Let I, be a neighborhood of zero in R, I, C [-1,1],

A
such that m € A holds for all « € I, where b is from hypothesis (H1) and let
a

Uy = U(0,r1) be an open ball with the center at the origin in R? and the radius r; > 0,
p

such that Y x;v; € Px(D) for all (z4,...,z,) € U;. Without loss of generality we may
i=1

assume that |a|*”" € Iy, |a|z € Uy hold for all a € I,z € Uy. Setting Dy = Qx(D)

and by choosing D’ smaller if necessary, we may assume that D; = D;(0,ry), the

open ball with the center at the origin in X! and radius 7, > 0.

We define the mapping G : I; x U; x D; — X! by

G(a,e,w) = =SQy{|a] T(Z v +w)— (1+ |04])M((1+7>\‘a|)b, Zeivi +w)},

i=1
where M = (Hy + K1, Hy+ K3) and S is the inverse of the restriction of the mapping
T — L()\,-) on Y! onto X!

2.4. Lemmas.

Lemma 2.2. Let hypotheses (H1), (H2) be satisfied and let I,Uy, Dy be as above.
Then there exist neighborhoods I of zero in R, Iy, C I, Dy of the origin in X' such
that for any (|a|*™", |o|z) € I, x Uy one can find a point w = w(|a|*™",|a|z) € D,
satisfying

Gl lalz,w) = w.

Proof. For fixed t € [0,1], we set I(t) = tI; and D(t) = tDy. Then, any a €
I(t),w € D(t) can be written as a = to/,w = tw' with o/ € I,w" € D;. Now, let
(J® " |a| 2) € I(t) x Uy. We will prove that there exists

(2.7) to € (0, 1]

such that the map G(|a|*™", |a|z, ) is a strict contraction from D(to) into D(t).

Let us write a = ta/, w’ = tw"” for any w? € D(t),7 = 1,2, and set

(2.8) 7= [15Qy |
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and
A =[|G(la" o] z,w") = G(la* " o] 2, )]
Then, by the definition of the map G, we obtain

)
A = |SQy{la"tT(W?) — a| M (" W}
[SQy{la[*" T(W?) = (1 +|a[") ((HXMG_ W )}
SQy{|a|" " T(W?) - a| M (T W
Qy {lal™ TW?) = (1 + |af") ((1+Ia\“‘ W )HI

with W7 = Zp: || miv; + w? for j =1,2.
By (2.8), thleziypotheses (H2i), (H2ii) and (H2iv) we deduce

A < Al T fJw! = P[]+ 26 (R + ko) [ — o +

2o+ )t — ) ! — )
Since p; and p, are increasing functions and |Jw! — w?|| < 2ryt , then
A < Ao T + 2t (kg + ko) + 2(p1 + pa)(2rat)} le - w2H .
Therefore, setting
Gi(t) = Y{lel" " IT | + 2t (ky + ka) + 2(p1 + p2)(2rat)}

and since |a|*”" € I(t) = tI;, we can see that

(2.9) lim G, (£) = 0.

t—0
Further for w = tw’,w’ € D, we have similarly as above
|G (ll™™ [ala,w)|
[t |"HNT) (x| + [[t]]) + 26 (kr + ko) (/2] + o)) +
2t(pr + p2) (|| + [|'[])) (o2 + [w'l])}
ty{ [t |* T + 2697 (ky + K) +
2(p1 + p2)(t(r2 +711)) }(r2 + 71).

IN

IA

Setting
G (t) = tr{[ta’|" ||| + 267 (ks + ko) + 2(p1 + p2) (t(r2 +71))},

we can see that

(2.10) lim 200

t—0 t

= 0.

Consequently by (2.9) and (2.10), we deduce the existence of a real ¢y € (0, 1], such
that, 0 < Gl(to) < 1 and Gg(to) < toro. Putting I, = toli, Dy = tQDl, then

the mapping G(|04]a_1 ,la|z,-) is a strict contraction mapping and it maps Dy into
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itself. Applying the Banach Contraction Principle, we conclude that G(|a|*™", |a| z, )

possesses a fixed point w(|a|*™", |a|z) in Dy, ie,
G(lal"", Jalz,w(la" ol 2)) = w(la*™" al2).
U

Lemma 2.3. Under the hypotheses of lemma 2.2, there exists a constant k > 0 such
that for any |a|*™" € I, |a| 2" € Uy, |a|2® € Uy, we have

[w(la|® ", |af2h) —w(la]™ ! |a]2?)|| < k|lat — 22|

In particular for all o € 12,(4)(|Oé|a_1 ,|a].) is a continuous mapping with respect to
x e Ul.

Proof. Let to and ~ be given by (2.7) and (2.8), respectively, and let w(|or|*™", |a] 27) =
tow'(|a|*™", Ja| 27), 7 = 1,2. Then by lemma 2.2, the definition of the map G and the
hypotheses (H1), (H2), we obtain:

w(lal™™ lala) —w(lal™", o] )|

=[|G(lal" Jal 2 (|l Jal2") = G(lal*™ fala?, w(lal* ol 2?))||
< eIl (laf llz" =22 + [lo(la ™, lal ') = w(lal™", o] )|+
2657 (k1 + k2)(lof [l — 2| + [Jw(lal™" ol at) — w(lal*™" ol 2?)])+
2(p1 + p2)(|al 2" —2?(| + [Jw(la*™" ol ") = w(la*™" ol 2?)])

(Jal fl* = 2]+ [lw(lal ™" s ol 2') = w(lal*™" ol 2?)[)}

< A{to [IT] + 265" (kr + k2) + 2(p1 + p2) (2(r1 + 12)to) (2! — 22| +
lw(la™, o 2") = w(la™, o] 2%)]))

Setting
B(to) = v{to IT|| + 265" (k1 + k2) + 2(p1 + p2)(2(r1 + r2)t0)}

and choosing to rather small, one can suppose that 0 < (ty) < 1. Hence we obtain

Y

(ol ) = w(lal” " Jal )] < {20 ot -

B(to)

and then, we take k = ———.
1 — B(to)

2.5. Proof of the main result.

2.5.1. Reduction of the resolution in finite dimension. Let I, Uy, D1 be from Section
2.3 and let 6 > 0 be given. Using lemma 2.2, we conclude that there is a neighborhood
I of zero in R, Iy C I, such that for a € I, v # 0,|a|z € Uy we can find a fixed
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point w of the mapping G(|a|*™", || z, -). Moreover
p
w = —SQY{\a\“_IT(ZM\merw)_
1+ |al*? , al zv; + w)
(ol M (o |all,ZH
Applying S~ =T — L(}, ) we obtain realizing S™'w = Qy S~ 'w that
Qv{T(w) = L\, w) + |a]* Z\a\xzvﬂrw
1+ o) ol zv; + w)
(L+ ol )M <(1+||a1 Z||

Together with (2.2), we have

p p
T lalzivi) = LX) o ziv;) =0
=1 =1
Then
Qv {(1+|a*™ Z|a\xlvl+w L(\ Z|a|xlvl+w

(2.11) (1+ o] )M ((1+‘ Z|a|Iv,+w

By multiplying (2.11) with 1/(1 + |a|*"") and by using hypothesis (H1), we deduce

— b,Z|a|va—|—w)

viT ol v +w) — L(————————
QAT ol +) <(1+||

2.12 M al zv; +w)}
212 (o ZH

for all & € Iy, # 0, |a| x € Uy, which reduce the resolution of the system (2.1) in

finite dimension. By shrinking I, and D, if necessary, we may assume that :

A A

A eN|— ]
(L+ a7y (1+ laf*™h)®

< 6 and aU* C U* for all a € Is.
A




BIFURCATION AT MULTIPLE EIGENVALUES 577

2.5.2. Resolution in finite dimension. For each (t,a, ) € [0,1] x [y xU*,t # 0, a # 0,

A
k=1,...,p, we put w(t) :=w(|ta]", [ta| z), (o) = ——— and
pove it w(t) = wlfal” !t 2) M) = T2

glk(t7a7x) = <T(szvz+iof>)v¢k>

i=1

go, (t,a,x) = — <(1 +t || |ta| " H(A\ (), Z [tar| 2505 + w(t)),wk>

g3, (t,a,z) = — <(1 +t \oz|“_1) [ta| ™ K(\(«), Z [ta] zv; —i—w(t)),djk> ,

and for each a € I, we define the function A, : [0, 1] xU* — RP, A, = (Aq,, - .-, Aq,),
by
3
> Gy (ta,z) if t #0and a # 0
m=1
(A¥ + A5)(z) if t =0 or a =0,
where k =1,...,p, A¥(x),i = 1,2, are from (2.5).

By lemma 2 in [13], we have

A, (t,2) =

(2.13) lw(la*™" lal2)|| = o (o))
as a — 0 uniformly in z € U;. Then

tal®t It
(2.14) i, 2Utl™ . [t 2)

ta—0 to

=0

uniformly in z € U;. By using the hypotheses (H2ii) and (Hz2iii) it follows that for
k=1,...,p, we have

(2.15) lim A, (t,2) = (A" + A5)(2).

ta—0

By (2.15) and lemma 2.3, we conclude that A, is a continuous mapping from [0, 1] xU*

into RP. Now, we claim that there is a neighborhood I of zero, I C I5, such that
(2.16) Ao (t,z) #0 V(t,o,x) € [0,1] x I x 9U™.

Indeed, by contradiction, we take the sequence {I_n} of neighborhoods of zero, 1,1, C
I, C I,nI, = {0} and assume that for any n = 3,4,... there are (t,,a,,x,) €
[0,1] x T,, x OU* with A,,, (tn, z,) = 0. By extracting subsequences if necessary, we
may suppose (t,, G, ) — (t*,0,2%), (t*,0,2%) € [0,1] x I x U*. Tt implies from
the continuity of A, that A,, (t,,r,) tends to (A; + As)(z*) and (A; + As)(2*) = 0,
which contradicts (H3). Thus we have the proof of (2.16). It then follows that for
any fixed @ € I the mapping A, (1,-) is homotopic to A, (0,-) = A; + Ay on U*.
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Therefore by the basic theorem on the topological degree of continuous mapping in a

finite dimensional space and by the hypothesis (H3), we deduce
deg(Aq (1,-),U*,0) = deg(A; + Az, U*,0) # 0.

Therefore, we conclude that for each o € I, # 0, there is a point z(«a) = (z1(a), . . .,
xp(a)) € U* such that

A, (1, z(a)) = 0.
By the definition of A, (1,-) we obtain

@11 (T - el ol M@, o), ) =0,
forall k=1,...,p, where
v(a) = Zlalxi(am+w(lal“‘1,|ala:(a))
= Z|a\xi(a)vi+o(|a|) as |a| — 0.

Multiplying both sides of (2.17) with |«|*, we obtain
(2.18) (la]* " T(v(a)) = (1 + |a|" ) M(A(a), v(@)), i) = 0,
forall k=1,...,p.

Together with the fact that

(T(v(e)) = L, v(@), ) = (v(e), (T = LX) )

and by (2.3), we have
(2.19) (T(v(@)) = L\ v(@)), 4) = 0,
forall k=1,...,p.

Adding (2.18) and (2.19) we obtain

(2.20) (L + ]| T (v(a)) = LA, v(a)) = (1 + |a|")M(A(a), v(a)), i) = 0

forall k=1,...,p.
Dividing it by (1 + |o|*™") we get

A
(2.21) <T(U(Oé)) - L(W, v(@) = (M(Aa), v(@)), ¢k> =0
forall k=1,...,p, therefore

A
(2.22) Py (T(v(a)) — L(W’ v(a)) = M(Aa), v(a))) = 0.

This together with (2.12) finishes the proof of Theorem 2.1.
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3. APPLICATION
In this section, we are interested in studying the bifurcation points and bifurcating
solutions of the system of equations :

—Au=nv+uw| in G
(3.1) —Av =pu+vul” in G
u=wv=0on JdG,

with (9, u) € R?, 0 > 2,G =10,1] x [0,1] x [0,1], (u,v) € X = HG) x H}(G).
We define the norm ||| in X by

1/2
ol = ([ 1waPac+ [ [9oa6) e x
G G

and the inner product (-, -) by
((u1,v1), (ug,v9)) = / Vu1Vu2dG—|—/ VuiVuadG,  (uy,v1), (uz,v2) € X.
G e
Definition 3.1. We say that (1, u, u,v) € R* x H}(G) x H}(G) is a solution of the
system (3.1) if

u=nA"v+ A (u|uv|) in G
(3.2) v=pAu+ A (v |ul”) in G
u=v =0 on 0G,

where A1 is the inverse of —A.

Remark 3.2. Evidently, for any (n,u) € R?, (n,u,0,0) is a solution of the above

system.

Next, we define the mappings L : R? x X — X, and H : R? x X — X by
L) = (L (A y0) Ly (A, 0) = (nA~"o, 5 A1)
H (A u,v) = (Hi (A u,0), Hy (A u,v)) = (A7 u uv]), Ao [u]%))
for any X := (n,u) € A :=R? and (u,v) € X. Then (3.1) can be written as

{ (u,v) = L (1, pt, u, v) + H (0, g, u,0) in G,

(3.3) (u,v) =0 on JG.

The space Hy(G) is a Hilbert space with respect to the inner product (-, ), given
by

(u,v>0:/VqudG,
G

and the system of functions

22

Wini(2,y, 2) = sinmmr sinnmysinlrz, m,n,l =1,2,...
m(m?+n?+ 12)1/2
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forms an orthonormal system in H}(G). Further if we denote by S (L) the set of all
characteristic values for the pair (id, L), we can see

S(L)={(n,p) € R, nu == (m* +n*+1?) for some m,n,l=1,2,...}.

In the sequel, we assume that (77,7) € S (L) be fixed. Let (my,ng, Iy, p) € N*
such that the set {(my, ng, lx),k = 1,...,p} be the set of natural numbers satisfying
= m*(mi +ni +(3). We suppose that

(3.4) my = gggp {muge, e, I}

We can easily verify that the couples (wy, W),k =1,...,p, with

Wi = Wy ny,lk

. 1
W = ZWg

are eigenfunctions associated with (77,7z) and dim ker(id — L(7, T, -, -)) = p. Further,

by a simple calculation, we obtain

(id — L(7.Ti.-))" = id — L*(7.75.),
with

L*(m,m,u,v) = (ﬁA‘lu,ﬁA_lv)
and

ker(id — L(7,75,-))" = [¢1, -, 1]

1
<wk, :wk). Let us denote
n

where 1, = (@bf,wé“)

— —\3

d:%m:@ and 7 = (7,0,...,0) € R
1

We have :

Theorem 3.3. (7,7,0) is a bifurcation point of the system (3.1). More precisely,
there exists an open neighborhood U* of T not containing the origin in R, to any given
0 > 0 there exists a neighborhood I of zero in R such that for each o € I, v # 0, we can
find z(a) = (z1(), ..., z,(c)) € U* and a nontrivial solution (n(a), p(a), u(a), v(a))
of the system (3.1) with

(n(e),p(e)) = (—1—, —E .

14+a2’ 1+ a2
(u(a),v(a)) = (Z |a|9€j(a)wj,z | z;(a)w;) + of|a]),

satisfying
[(n(@), pla)) = (@, )] <0 and 0 < ||(u(a),v(a))| < 0.
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Proof. Here we can take D = X = H}(G) x H}(GQ),Y; = Yy = H}G),A = R?
Ty =T, =id and K; = Ky = 0. We verify (H1)-(H3) and apply Theorem 2.1.
Hypothesis (H1) :

It suffices to take b = 1.

Hypothesis (H2) :

We take a; = 3 and as = o+ 1. Then it suffice to prove that H; and H, are Lipschitz.
Let (uy,v1), (ug, v9) be two elements of the unit ball of X and let (1, u) € R?, then

[ Hy (1, gy ur, 01) — Hy (1, s i, U2)||H5(G) = HA_l (w1 [urvr| — ug |U2U2|)HH&(G) :
Hence there exists a constant k& > 0, such that
[ H1 (1, g, w, v1) — Hi (1, M7U2>U2)||H5(G) <k lua [uavn]| —us |U2U2|||L2(G) :
It follows that

[Hy (1, uas v1) = Hy (1, pyuz, 02) || gaoy <0 K llun fuavn]| = ua fugvsl|] 12

+k |lur Jugva| — ug [ugvall| 12

< kflurvr — ugval| 2
+k [lur — ual| 2
< ko = vl 2

+2k [Jur — uallf2(q) -
Then, by using Poincare’s inequality, there exists a constant k; > 0, such that
[ H1 (n, gy ua, 1) — Hy (nvu7u2av2)”Hé(G) < ki |(ur, v1) = (2, 02| -

Hence H, is Lipschitz. By the same manner and by using that the map x — |z|” is
Lipschitz in R, we deduce that Hs is also Lipschitz and the hypothesis (H2) follows.
Hypothesis (H3) :

Following (2.5) and realizing a; < 1+ 0 = ay, we define the mappings A; : R? — R?,
Ai= (Al ... A), i =1,2, by

p p p
Af(z) = <Z vjw; — Hi(0, 7, Y wjw;, ij@j)>¢f> :
=1 =1 =1
p
j=1

with © = (z1,...,2,) and k=1,...,p.
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It follows that :

p p p
(AT + A5) (2) = <Z wjw; — Hi(, 1Y wjw;, » | w0;), wk>
j=1 j=1 j=1
p
+ <Z [L’j@j, w_k> .
j=1

By the orthonormality of the system (wy) it comes that :
p p
(A} + A3) (2) = 215 — <H1(ﬁ> i, ijwja ijwj)>wk> :
j=1 j=1
. _ 1
For j =1,...,p, we have w; = —w;. Then
n

(./4]1€ -+ .Ag) (SL’) = ka — % <A_1 ((éxjw])?’) ’wk>

= 2z — %fGV <A‘1 <(izjwj)3>) NwdG.

By Green’s formula it follows that

1 . ’
(3.5) (A + A% (z) = 224 — %/G (; :)sjwj) wdG.

It comes that :

(A + AS) (7) = 234 — %(Tl)?’/ wiwdG.
G

1 3
Using the formula sin0 = 500549 — 500529 + 3 Ve obtain

(3.6) /w;*dGz 27 S = 27_ o
] 8(m2(mi+ni+1)” 8(MNA)
then
. 2T _
3.7 Al 4+ Al = (2—7 ):0.
(3.7) ( 1 2) (T) =7 S(ﬁﬁ)?’xl

If & # 1 then (mg,ng,l;) # (mi,ny,1l;) and by using the formula sin®fsinw =
1
S (cos(30 + w) — cos(30 — w) + 3cos(d —w) — 3 cos(f + w)), we obtain

/ wiwpdG = 0.
e

Therefore

(3.8) (AF + AN () = 0.
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In the other hand by (3.5), for ¢ = 1,...,p, we have

2

3 P .

(A + Ab) 2 (jzlxjw”> wide g ="k,

@y

—5 o rjw; | wwrdG if not.
j=1

It follows that
371 p 5 oo
— = —2
Oz —@ Jo wiwawedG  if not.
n

By (3.6) we have

O(A} + Ad) _
3.9 ————=(7T) = —4.
(39 ) @)
If ¢ =k # 1 then (mg,ni,l) # (my,ng, 1), using the formula sin?fsin®w =

1
— (cos + w) + cos —w)—2cos20 — 2cos2w + 2) and by a simple calculation
3 2(0 2(0 2 20 — 2 2 2 d b impl lculati
we obtain :
(A} + Ab) O(Af + A%) 2

Oz, @) o Oz, @) 9

If ¢ # k then (my, ng, lx) # (Mg, ng, l,), using the formula

(3.10)

sin?fsinwsing = %(008(20 +w+¢) +2cos(w — ¢) + cos(20 —w — @)
—2cos(w + ¢) — cos(20 + w — ¢) — cos(20 — w + ¢))

and the supposition (3.4), we can easily seen that

/ wiw,wpdG = 0,
G

then
O(A} + A5)
(3.11) T(w) =0.
Using (3.10), (3.9) and (3.11) it follows that
k k p—1
(3.12) | det (M(T)) 1> 4 (2) :
axj k,j=1,....p 9

Finally by (3.8), (3.7) and (3.12) it comes that :

(AT + A5)(T) = 0,
o k k
det <M(T)) £,
Ox; Ej=1,...p
which gives the hypothesis (H3) by the definition of the topological degree (cf [8]).
Then by theorem 2.1 we deduce theorem 3.3. O
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