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ABSTRACT. A new model of Hopfield-type neural network of neurons with crisp somatic activa-
tions which have some fuzzy synaptic modifications is formulated which incorporates a Hebbian-type
unsupervised learning algorithm. A set of sufficient conditions are derived for the existence of a glob-
ally exponentially stable steady state; the exponential convergence of the learning algorithm is also
considered. Our model will reduce to one of fuzzy neural networks considered by others when the
learning component is absent; when the fuzzy synapses are absent, our model will reduce to the well

known Hopfield-type network
AMS (MOS) Subject Classification. 92B20, 34K20

1. INTRODUCTION

A neural network known as the Hopfield-type and several of its generalizations
have been intensively investigated by numerous authors from the areas of mathe-
matics, physics, engineering, computer science etc. Earlier work on neural networks
can be traced to the neuron model known as McCulloch-Pitts model (McCalloch and
Pitts [19]). Many applications of neural networks have been known in diverse ar-
eas such as optimization, signal and image processing, pattern recognition, control
system etc. These applications are based on the existence and stability of equilibria
of the network models. The neuron models in these networks have been based on
the McCalloch-Pitts neuron and those derived form it while the mathematics of the
analysis used has been based on usual bivalent logic of set theory. It has been rec-
ognized (see Lee and Lee [15]) that neuron models based on the McCalloch-Pitts or
those of the Hopfield-type fail to appropriately “reflect the fact that the behaviour
of even the simplest type of nerve cell exhibits not only randomness but more impor-
tantly a type of imprecision which is associated with the lack of sharp transition from
the occurrence of an event to its non-occurrence” (Lee and Lee [15]). Furthermore
neural networks, biological or artificial have to analyze, process and resolve certain
ambiguities different from those of randomness of probability theory. Phenomena of

the type such as associative memories, images, perceptions become targets of certain
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neural networks. The mechanism of fuzzy logic based on multivalence rather than
bivalence may be another alternative (see Zadeh [29], Kosko [14], Rao and Rao [22],
Chen and Pham [3], Kaufman and Gupta [12]) to build a class of “fuzzy neurons”
and associated neural networks to model the phenomena related to human thinking,
perception, memory etc. A simplistic characterization of a biological neuron is that
it has four major components namely its soma, axon, dendrites and synapses; it is
at an immediate neighborhood of the soma that computations are done whose result
is transmitted through its axon to its synaptic fan close to the dendrites of other
neurons; synapses themselves can do some preprocessing of the information they re-
ceive before information carrying signals are delivered by a chemical transfer to the
dendrites of other neurons. In this respect we can say that if a neuron does not
follow the crisp logic and related computations, then it can become a “fuzzy neu-
ron” in the sense that its somatic computations can become “fuzzy” by following a
set of “if-then” rules or the synaptic processes can become “fuzzy” in the sense that
the usual process of multiplication and addition are replaced by operations of fuzzy
logic namely “min” and “max” operators respectively. Thus neural networks can
merge with fuzzy logic leading to the concept of “fuzzy neural networks” (see Kosko
[14]) which is believed to have considerable potential for applications in the areas
of image processing, medical diagnosis, control system, pattern recognition, anti-lock
brake systems, automatic transmission, smart elevators, auto-pilot systems and many
other house-hold appliances. It is well known that classical control theory is based
on the theory of differential equations; however as it has been noted by Haykin [5]
that “intelligent control is largely rule based because the dependencies involved in its
development are much too complex to permit an analytical representation. And to
deal with such dependencies, it is expedient to use the mathematics of fuzzy systems
and neural network”. This is largely due to the ability of fuzzy systems in quantifying
linguistic inputs and formulate a workable approximation to the complex problem.
Neural networks can learn or adapt themselves to new environments and there is a

natural “synergy neural networks and fuzzy systems” (see Haykin [5].)

More recently there have been several publications on the theme of neural net-
works where fuzzy logic is used; Yang and Yang [24, 25| and Yang et al. [26] have
proposed a fuzzy cellular neural network to include and analyze the ambiguity or
vagueness inherent in the inputs and outputs of neural networks; we can say that in
these networks the somatic operations are crisp while some of the the synaptic opera-
tions are not crisp and are from fuzzy logic. Further analysis of this type of networks
can be found in the works of Yuan et al. [28], Liu and Tang [17], Huang and Zhang
[10], Huang [7, 8], Chen and Liao [2]. This author could find only one publication
which considers a network of fuzzy neurons which use fuzzy logic in their somatic

computations (see Huang et al. [9]). There are many other publications where rule
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based fuzzy dynamical systems have been considered (see Kosko [13, 14], Johnson et
al. [11], Yang et al. [27], Tian and Peng [23]).

The mathematical operations in a network of crisp neurons are defined by means
of the usual multiplication and addition of signals at the synapses; the learning and
adaptation are also based on the crisp logic of bivalence. In the case of synapti-
cally fuzzy networks, the synaptic computations are carried out by fuzzy operators
of “maximum” and “minimum”. It is the purpose of this article to propose a system
modelling the dynamics of somatically crisp and synaptically fuzzy neurons with a
learning component incorporated in the network to learn a set of crisp weights when a
crisp external signal is presented to the network. The network can learn a set of crisp
synaptic weights. The network is fuzzy in the sense that the operations include those
of fuzzy logic namely “max” and “min” in addition to those of the bivalent addition
and multiplication. We suppose that the learning component in the network is based
on the crisp logic and is similar to the Hebbian based learning rule with a forgetting
term included as proposed by Amari [1]. We obtain sufficient conditions for the ex-
istence of a unique equilibrium and its global stability in a network of synaptically
fuzzy neurons. While various types of time delays can be included, we have not done

this aspect in this article.
We recall that the well known and widely studied Hopfield-type neural network
can be described by the system of equations
dx;(t)
dt

= —a;wi(t) + Y ai fi(x;(1) + Jiy i = 1,2, n, £> 0
7j=1

in which x;(t) denotes the state of the neuron i at time ¢, a; denotes a resetting time
constant, a;;, (¢,7 =1,2,---,n) denotes the synaptic weight associated with the j'th
synapse of the ¢'th neuron; f;() denotes the activation function of the j'th neuron and
J; denotes the external input directed to the neuron ¢ from outside the network. The
literature on neural networks contains a large number of extensions, modifications
and variations of the above type of the model system. A predominant theme in the
mathematics of the above system and its generalizations is to find conditions for the

existence of a unique equilibrium and its stability characteristics.

2. MODEL FORMULATION

It is widely believed that information and knowledge are stored in the synaptic
weights and while a neural network learns, the synaptic weights change. We consider a

class of networks of somatically crisp neurons with fuzzy synapses which has learnable
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synaptic weights described by the following system of equations
(2.1)

duéit) = —au;(t) + ; ai; fi(u;(t)) + B; ; my; (t)p;

+b; \/ big £i(ui(8) + i [\ cip fi(us(8) + i
j=1 Jj=1 ’Z’:1727...,n,t>0
dm,j(t)

90— 1) + [@fxui(m s N\ s (s (1)

i=1

+06: \/ 01 (Uj(t))] pj

Jj=1 )
in which w;(t) denotes the state of neuron i at time ¢, a; denotes the passive negative
stabilizing feedback of neuron i, a;j, bsj, ¢;j,7Vij, 0;; denote the denote the synaptic
weights of the various fuzzy and non-fuzzy synapses of neuron ¢, B;, b;, ¢;, 3;, i, 0; are
disposable constants, m,; denotes a learnable synaptic weight of neuron when it is
presented with a constant input signal vector p = (p1, p2, p3, - -+ , Dn); the external bias
to the network is denoted by the constant vector J = (Jq, Ja, - -+ , J,). The operators
\/ and A appearing (2.1) denote respectively the “max” and “min” operators used
in fuzzy logic. The learning equation or algorithm in (2.1) is based on the Hebbian-
type (Hebb [6]) unsupervised algorithm modified by the introduction of a forgetting
term as proposed by Amari [1]; such learning models have been recently discussed by
Lemmon and Kumar [16], Lu and He [18], Meyer-Baese et al. [20, 21]. It is well known
that neuronal activations are fast in comparison with the synaptic modifications of
weights and it may be appropriate to consider the combined dynamics of neuronal
activations and synaptic modifications with two different time scales and possibly
by singular perturbation methods. In our analysis below, we do not consider the

difference in time scales.

The dynamics of neural networks neurons with fuzzy synapses described by (2.1)
without the learning component has been discussed by several authors recently (see
Yang and Yang [24], Yang et al. [27], Liu and Tang [17], Yuan et al. [28], Huang [7, 8],
Chen and Liao [2]). Our model becomes one of fuzzy neural networks in the absence
of the learning component; in the absence of fuzzy synapses, our model reduces to the
most commonly studied Hopfield-type neural network. To analyze the system (2.1)

further we introduce auxiliary variables v;,7 = 1,2, -+ ,n defined by

(2.2) vi(t) =Y mi(tp,  i=1,2,-,n,t >0
j=1
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so that the system (2.1) becomes

(2.3)
dudiit) = —a;u;(t) + Z_:a,-jfj(uj(t)) + B;ui(t)
+b\/bufj (u; (2 ‘|‘Cz/\cwfj (u;(t) + J;
d i=1,2,--- ,n,t>0
Udzit) = — 'Uz( ) |:/62fz(uz ‘l"}/z /\’Yz]f] uj ))
7j=1
#80 us0)]e
j=1

J
in which ¢ = 7%, p;. We are interested in the derivation of sufficient conditions
for the existence of a globally stable equilibrium solution of (2.3). The following
preliminary result from Yang and Yang [1996] will be useful in our analysis of the
system (2.3).

Lemma 2.1. Suppose v = (x1, 29, ,2n), ¥y = (Y1,Y2, "+ ,Yn) be any two vectors in
R™. Then
n n n 3
N\ i fi(x;) — /\ i fiy) | <D laul 1£5(x5) = f(w)))
j=1 j=1 j=1

(2.4)

3

\/ﬁijfj(% \/ B3 fi(y;)
j=1

<D 1811 fi(es) = fi(y)]
- =1

Vs

Proof. Suppose there exist indices p and ¢ such that
N ciifi(@;) =i, N\ iifi i) = qigfa(yg)-
j=1 j=1
Then it will follow that
< max {

() — /\ i f5(y;) ipl fo(@p) = fo(yp)]|;
< Z gl [ f5(x5) — f3(y5)]

Qig[fo(q) — fo(yg)]

|

J=1

and hence (2.4) follows. The proof of the second of (2.4) is similar and is omitted. O

3. EQUILIBRIUM EXISTENCE

We will derive sufficient conditions for the existence of a unique equilibrium of

the system (2.3). Note that (z*,y*) = (z], 5, , 25, y7, 93, -+, y)) is an equilibrium
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of (2.3) if (z*,y*) satisfies the system of equations

a;x; —Zawfj )+ Biy; +b; /\bljfy )

7j=1

m@zpwx>+%A%mm@+&V@mmﬂc
k=1 y,

k=1
which simplifies to the system of equations
(3.2)

Cl,il';-k = Z Cl,ijfj(ll';) + bz /\ szf](l';k) + ¢ \/ Cijfj(l']) + J,
= =1 =1

" ,i=1,2,---,n
+o— [ﬁzfz ) + i /\ vii fi(5) + 6 \/ 6,-jfj(:):j)}
j=1 )
We can simplify (3.2) further as follows: we let
(3.3) wrt =X, i=1,2,--,n
so that
(3.4 o
Za”f]< )+b /\b,jf]< )—l—c,\/c,jf]< >+J
,i=1,2,---,n

() e fn () sy s () |

Theorem 3.1. Suppose the activation functions f;, 7 = 1,2,---,n satisfy global

Lipschitz conditions so that
If

n )
L;
i TS (laal 0 + e
J

B; -
w2 (114 3 { bl + 15951}
7 1

then the system (3.4) has a unique solution.
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Proof. Define a map F' : R" — R" as follows:

(3.7)
F(z) = {Fi(z), F>(z),- -+, Fa(z)},

=S (2) s (2) ()

reR"?

) U= 1727
+Ca_:|:6zfz<z_:)+fyz/\72jfj< )+5 \/&jf]( ):|
We have from (3.7) and for any x, y € R" that
) - Bl = | a1 (2) - (L)
o L j i/ ]
j/:\l _f <aj / a5/ |
ra V() -5(2)
(3.8) =t =12 n
B; Ly Yi
+ C—{ﬂi fi<_) - fi<_)
Q L 7 Q;

j=1
raVals(G) o J)H\
j=1
We can estimate the right side of (3.8) by using (3.5) and Lemma 2.1 so that
(3.9)
|Fi(z) — Fi(y)| < Zaij;m — i+ bl D> b lai =yl
=1 il =1 J

|B|
+|CZ|Z‘CU‘ ]‘xy —Y; W@|_|$z yil
7j=1

1l S bl ﬂm ul + 150 1o Jm y]\}
J

Jj=1 Jj=1

663
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we have directly from the above,

Y IR@ - AWl <Y [Dame sl + 3l

=1 - j=1

(3.10) {w i Z ST Z 5, ||6ﬁ|}] e —
< PZ |$z - yi|
=1 )
where
L‘ n 3\
p= max [—(Z {lasl + sl + el
(3.11) ” .

B; n
+ C|a.| {|ﬁi| + Y (Pl + |5j||5ji|})}
7 i J

By hypothesis p < 1 and therefore it follows from (3.10) that the map F : R"™ — R”
is a contraction and by the contraction mapping principle, there exists a unique fixed
point of the map F say u* = (uj,ul, - ,u}) so that u* = F(u*) or equivalently that
(3.12)

uf:iamfj< )—l—b /\bwf]< )—i_cl\n/clﬂfJ(Z*)—i_J

j=1 j=1 J

el (1) o foun () +8V a0n (2)

If we now define
{@fz( )w/\%fj( )+5 \/m( )}

then (ajuj, agul, -+, a,ul, vf,- -+ ,v}) is an unique equilibrium solution of (3.1) and

this completes the proof. O

4. EXPONENTIAL STABILITY

If (uj,ub, -, ul, 0,03, -+ ,v%) is an equilibrium of the system (2.3) then we

have from (2.3)
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(4.1)

9 utt) ] = —au®) ~ ] + 3 o [ 00) 500

+ B; [v,-(t) — vﬂ +0b; /\ bij [fj(uj(t)) - f](uj)}
+Ci\/cij [fj(uj(t)) —fj(U;)} 7

LTt = 0] = —aufnlt) = 7] + {@- [Fiuat) — )]

where i = 1,2,--- ,n, t > 0. By using the upper right derivatives, the Lipschitzian

nature of the activationss f;,j = 1,2,--- ,n and the Lemma 2.1 it is not difficult to
derive that
(4.2)
d * * - * *
7 wi(t) = u| < —a;ui(t) — w| + > lai|Lilu;(t) = wj| + | Bl Lilvi(t) — vy
j=1
bl > (b Lyl (8) = wl] + feal > leq| Lylug(8) —
j=1 Jj=1 >
d
7 vi(t) — v | < —ay|ui(t) — v | + |BileLilui(t) — uf]
+ile > g Ll () — il + 16l > |03 Lyl () — )
j=1 j=1 /
where ¢+ = 1,2,---,n, t > 0. We can now formulate our result on the exponential

stability of the equilibrium (uf,v}), i =1,2, -+, n.

Theorem 4.1. Suppose the activation functions f;, 7 =1,2,---,n are globally Lip-
schitzian with constants Lj,j =1,2,--- ,n respectively. If furthermore,
(4.3)

a> Li{ > (|Clji| + 105]b5:] + |Cj||Cjz'|) + {|ﬁi| + <|%||7ji| * |5j||5ji)} C}
=1

Jj=1 )

where i = 1,2,---  n; then the system (2.3) has a unique equilibrium (u},v}) which

is globally exponentially stable in the sense that if (u;(t), v;(t) is any solution of (2.3)
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then there exist positive numbers K and p such that

n

(4.4) > <|ui(t) — |+ |ui(t) —v;-k|) < Ke ™ >0

i=1

Proof. The inequalities in (4.3) together imply that

a; > Li{ > <|ajz'| + bsl|bji + |Cj||0ji|)
=1 .
(4.5) ) - S i=1,2,.n
+ 3 (ullal + 1365 )+ L21L
Jj=1 ! J

and hence it follows from Theorem 3.1 that the system (2.3) has a unique equilibrium.
Let

p=gmin o= £ 3 (sl + Iyl + el

j=1

(4.6) Lda+ Y (m—um i |5j||5j,.|)c}]
j=1

(4.7) q= 1r£ii§nn [ — |Bi]].

Let

(4.8) r = min{p, ¢}

and note that there is a positive number say A such that 0 < A < r. We consider a
Lyapunov function V' (¢) = V(z,y)(t) defined by

n

(1.9) Vi)=Y {m(w ] 4 o) - v:|].

i=1
One can calculate the upper right derivative of V' along the solutions of (2.3) and

estimate it by using (4.2) to obtain

v wm[d L *
T =V S| o) il + )
V(D) + MY [— LY (w 1] + |cj||cjz-|)} ui(t) — ]
i=1 j=1

+|Billvi(t) — vle
(4.10)

n

LNy [— uluit) — o7 |+ {|@|Li 3 Pyl + |5j||6ﬁ|}L,-|ui<t> _ uﬂ]

=1 Jj=1

(4.11)

<20 =5 Y [t =i+ att) |
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(4.12)
< —(r—\V(t) <o.

It follows from the above that

V(t) < V(0)
and hence
(4.13) > [t = il + () il | < VOO, 00
i=1
and this completes the proof. O

We consider briefly the asymptotic behaviour of the learning dynamics governed

by the equation
dmi;(t)

= —aym;;(t) + {/Glfl(ul + /\ Bite fr(ur(t))

(4.14) + 5Z \/ %kfk(uk(t))]pj, 'i,j = 1, 2, e M, t > 0.
k=1

Under the conditions of the previous theorem, the equation (4.14) has a unique equi-

librium m;; given by

(415) m |:ﬁzfz _l"}/z /\ /szfk uk ‘I’CS \/ %kf] Uk ]p], ) ] 1, 2 © LN

We have from (4.14) and (4.15) that

i oy =i | = =m0 = | s [0 ~ i)

oy /n\ B (fk<uk<t>> )

(4.16) +6; \/M( fk(uk))} i, j=1,2-,n,t>0.
It is found from (4.16) that

s (t) = mi;| < —aulmis (1) — mi) + lpyl1Efu(t) — o

(4.17) + billps] Z Bl e (6) — ]+ 16, > Pl Ll (6) — )

k=1

< O‘Z‘mz (t) |

(4.18) +ip) (wL v |%|Z\@k|Lk+\5|Z\6M\Lk) (0 150,
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One can put the above equation in the form

d * * — ..
for some suitable positive constants @Q;;, 4,7 = 1,2,--- ,n. We note that 0 < A <r <

«; and hence it follows that
t
mij () — mi| < [mig(0) — myjle™ +/ e~ =) QuV (0)e ™ ds
0

< |mii(0) — mfle " + QyV(0)e™, i, j =1,2,--+ ,n, t >0

(4.20) < {|mij(0) —my| + QijV(O):| eMij=1,2-,n,t>0

Thus we can conclude that the time dependent and learnable synaptic weights con-
verge exponentially to the time independent weights m; encoding the signal vector

p = (p1,p2,- -+ ,n) in the sense that

t—o0

lim my;(t) = my; = j |:6ifi(ui>+7i /\ Yir fr(ur) +0; \/ 5ikfk(uk)}a =12 ,n
¢ k=1 k=1

5. CONCLUDING REMARKS

We have proposed a network of somatically crisp and synaptically fuzzy neurons
which learn an externally input signal vector by means of an unsupervised Hebbian-
type learning algorithm incorporating a forgetting term. The neurons are somatically
crisp in the sense that their intrinsic parameters such as the decay rate of its state and
its output are crisp while some of their synapses on receiving crisp signals produce
and send fuzzily computed signals to the neurons’ soma for somatic processing. The
other possibility is for a neuron to be somatically fuzzy so that their parameters are
rule based leading to rule based fuzzy systems. Such systems are considered recently
by Huang et al. [2005] where the relevance of the premise variables to the model is

not clear.

In our analysis we have derived sufficient conditions for the existence of a unique
exponentially stable equilibrium of the combined system of neuronal activations and
synaptic modifications. Our model is a generalization of other existing models in the
sense that if the learning component is removed, it will reduce to a fuzzy network and
if the fuzziness is removed, it will reduce to a non-fuzzy network. One can further
generalize our model by the incorporation of discrete or continuous time delays and
this can be done in routine way by using Lyapunov functions or functionals. A
physiological interpretation of our sufficient condition is that the self-regulating and
stabilizing effect of the neurons have to dominate other effects in the dynamics of
the neuron and the forgetting coefficient should be strong enough to quickly learn (or
converge) to an equilibrium and a failure to do so will imply inability to learn or slow

learning. One can incorporate some time delays in our model and if there are no time
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delays in the stabilizing negative feedback terms, then our stability conditions should

be robust to provide stability under time delays in processing and transmission.
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