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ABSTRACT. We introduce and investigate a new sort of stochastic differential inclusions given
in terms of mean derivatives of a stochastic process, introduced by E. Nelson for the needs of the
so called stochastic mechanics. This class of stochastic inclusions is ideologically the closest one to
ordinary differential inclusions. We consider three types of inclusions: with forward mean derivatives,
with backward mean derivatives and with current velocities (symmetric mean derivatives). These

types have different properties and physical meaning. Some existence of solutions results are proved.
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INTRODUCTION

The notion of mean derivatives was introduced by Edward Nelson (see [14, 15, 16])
for the needs of stochastic mechanics (a version of quantum mechanics). The equation
of motion in this theory (called the Newton-Nelson equation) was the first example
of equations in mean derivatives. Later it turned out that the equations in mean
derivatives arose also in the description of motion of viscous incompressible fluid (see,
e.g., [5, 6,9, 10]), in the description of Navier-Stokes vortices (see, e.g., [11]), etc. In
[7, 8] (see also [10]) investigation of the equations in mean derivatives as a special

class of stochastic differential equations was started.

In all above-mentioned cases the solutions of the equations were supposed to be
Ito diffusion type processes (or even Markov diffusion processes) whose diffusion sum-
mand was given a priory since the classical Nelson’s mean derivatives yield, roughly
speaking, only the drift term (forward, backward, etc.) of a stochastic process. In
this paper we present a two-fold generalization of the theory. First, giving a slight
modification of a certain Nelson’s idea, we introduce a new type of mean derivative
that is responsible for diffusion term. And second, we investigate the differential

inclusions with mean derivatives, i.e., equations with set-valued right-hand sides.
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The stochastic differential inclusions with mean derivatives is ideologically the
closest class to ordinary differential inclusions and so they arise in applications in
more direct way than usual stochastic differential inclusions. Here we introduce and
investigate the first order inclusions with forward mean derivatives, with backward
mean derivatives and with current velocities (symmetric mean derivatives) and prove
some existence of solutions theorems for them. As usual, the inclusions with forward
mean derivatives play the basic role for the entire theory. Probably the inclusions
with current velocities are the most interesting from the physical point of view since
the current velocity is considered for stochastic processes as an analog of ordinary

velocity of a deterministic trajectory.

The structure of our paper is as follows. In Section 1 we describe necessary
preliminary facts from the theory of mean derivatives and from stochastic differential

equations.

Section 2 is devoted to differential inclusions with forward mean derivatives. This
type of inclusions looks the most natural for describing stochastic processes with
control and in other cases analogous to those where ordinary differential inclusions

arise. The results of this section also give the basis for the next sections.

Equations and inclusions with backward mean derivatives appear in applications
as well. Say, the above-mentioned equation, arising in description of viscous incom-
pressible fluids, is an equation with backward mean derivatives. In Section 2 we

present the simplest results on inclusions with backward derivatives.

In Section 3 we consider inclusions with current velocities, probably the most
interesting from the physical point of view, but essentially more complicated for

investigation than the other types of inclusions with mean derivatives.

Some remarks on notations. In this paper we deal with equations and inclusions
in the linear space R", for which we always use coordinate presentation of vectors
and linear operators. Vectors in R™ are considered as columns. If X is such a vector,
the transposed row vector is denoted by X*. Linear operators from R" to R" are
represented as n X m matrices, the symbol * means transposition of a matrix (pass
to the matrix of conjugate operator). The space of n x n matrices is denoted by
L(R™, R™).

By S(n) we denote the linear space of symmetric n x n matrices that is a subspace
in L(R™,R™). The symbol S, (n) denotes the set of positive definite symmetric n x n
matrices that is a convex open set in S(n). Its closure, i.e., the set of positive semi-

definite symmetric n x n matrices, is denoted by S, (n).

Everywhere below for a set B in R” or in L(R",R"™) we use the norm introduced

by usual formula ||B|| = sup ||y||.
yeB
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For the sake of simplicity we consider equations, their solutions and other objects
on a finite time interval ¢ € [0, 7.

Everywhere in the paper we use Einstein’s summation convention with respect

to the coinciding upper and lower indices.

1. MEAN DERIVATIVES

In this section we briefly describe preliminary facts about mean derivatives. See
details in [15, 16, 5, 6, 10].

Consider a stochastic process £(t) in R™, t € [0, T, given on a certain probability
space (€2, F,P) and such that £(t) is an L; random element for all ¢. It is known that

such a process determines 3 families of o-subalgebras of the o-algebra F:

(i) “the past” Pf generated by preimages of Borel sets from R™ under all map-
pings £(s) : Q@ — R for 0 < s < ¢;

(ii) “the future” ff generated by preimages of Borel sets from R™ under all
mappings £(s) : Q@ — R" for t < s < T

(i) “the present” (“now”) NF generated by preimages of Borel sets from R”
under the mapping £(¢) : Q@ — R™.

All the above families we suppose to be complete, i.e., containing all sets of

probability zero.

For the sake of convenience we denote by ES the conditional expectation E -]V
with respect to the “present” NF for £(t).

Following [14, 15, 16], introduce the following notions of forward and backward

mean derivatives.

Definition 1.1. (i) The forward mean derivative DE(t) of £(t) at the time instant ¢

is an L; random element of the form

(1.1) DE(t) = lim EY(

where the limit is supposed to exist in L;(€, F,P) and At — +0 means that At
tends to 0 and At > 0.

(ii) The backward mean derivative D.£(t) of £(t) at ¢ is the Li-random element
—&(t—A
(1.2) Du(t) = 1im pSEUZEE=AY),

At—+0 At
where (as well as in (i)) the limit is assumed to exist in L'(Q2, F,P) and At — +0
means that At — 0 and At > 0.

Remark 1.2. If £(¢) is a Markov process then evidently Ef can be replaced by
E(-[P5) in (1.1) and by E(-|F%) in (1.2). In initial Nelson’s works there were two
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versions of definition of mean derivatives: as in our Definition 1.1 and with condi-
tional expectations with respect to “past” and “future” as above that coincide for
Markov processes. We shall not suppose £(t) to be a Markov process and give the
definition with conditional expectation with respect to “present” taking into account
the physical principle of locality: the derivative should be determined by the present

state of the system, not by its past or future.

We also shall use the following generalizations of the notions of forward and

backward mean derivatives (see, e.g., [10]):

Definition 1.3. The forward mean derivative Dn(t) of n(t) with respect to £(¢) at
the time instant ¢ is an L; random element of the form
€0 pin e NEE D) = n(t)
(1.3) Den(t) = lim Ei( Ay ),
and backward derivative of DSn(t) of n(t) with respect to £(¢) by the formula
e pio e 1) =t — At)
(1.4) Din(t) = lim E( A7 )
where the limits are supposed to exist in L1(€, F,P) and At — +0 means that At
tends to 0 and At > 0.

Introduce the differential operator D, that differentiates an L; random process
&(t), t € [0,T] according to the rule
o e (G4 AL) — (1)) (E(E+ At) — £(1))"
(15) D)= Jim B i )
where (&(t+ At) —£(t)) is considered as a column vector (vector in R™), (&(t+ At) —

£(t))* is a row vector (transposed, or conjugate vector) and the limit is supposed to

exists in Ly (€2, F,P). We emphasize that the matrix product of a column on the left
and a row on the right is a matrix so that Dy&() is a symmetric semi-positive definite

matrix function on [0, 7] x R™. We call Dy the quadratic mean derivative.

Remark 1.4. From the properties of conditional expectation (see, e.g., [17]) it follows
that there exist Borel mappings a(t,x), a.(t,z) and «a(t,z) from R x R™ to R™ and
to Sy, respectively, such that DE(t) = a(t, (1)), D.E(t) = a.(t,&(t)) and Dol(t) =
a(t,&(t)). Following [17] we call a(t, x), a.(t,z) and a(t, z) the regressions.

Ito process is a process £(t) of the form
t t
£(t) =& +/a(s)d5+ /A(s)dw(s),
0 0
where a(t) is a process in R"™ whose sample paths a.s. have bounded variation; A(?)
is a process in L(R", R™) such that for any element A’(t) of matrix A(t) the condition
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P(w] fOT(Ag)2dt < 00) = 1 holds; w(t) is a Wiener process in R"; the first integral is
Lebesgue integral, the second one is It0 integral and all integrals are well-posed.
Recall that for an It6 process the column vector a(t) is called drift and «(t) =
A(t)A*(t) € Si(n), where A*(t) is the transposed matrix, is called the diffusion
coefficient. Notice that indeed AA* is a square symmetric positive semi-definite n x n

matrix, i.e., a matrix from S, (n).

Definition 1.5. An It6 process £(t) is called a process of diffusion type if a(t) and
A(t) are not anticipating with respect to Pf and the Wiener process w(t) is adapted
to P, If a(t) = a(t,£(t)) and A(t) = A(t,&(t)), where a(t, ) and A(t,z) are Borel
measurable mappings from [0, 7] x R™ to R™ and to L(R™, R"™), respectively, the It6

process is called a diffusion process.

Diffusion type processes are solutions of the so called diffusion type equations that
are described as follows. Denote by C°([0,T],R") the Banach space of continuous
maps (curves) from the interval [0, 7] C R to R™. Consider the mappings

a:[0,7T] x C°([0,T],R™) — R",

A:[0,T] x C°([0,T],R™") — L(R™ R™).

Let a(t, z(+)) and A(t, z(-)) be continuous jointly in all variables and let for all ¢ € [0, T
the mappings a(t, -) and A(t, -) be measurable with respect to the o-algebra, generated
by cylinder sets with bases on [0, ¢].

Definition 1.6. The Ito type equation
(1.6) §(t) = [ a(t,&())dr + [ A(t,£())dw(T)
[

is called a diffusion type stochastic differential equation.

Let us turn back to mean derivatives. Taking into account the properties of
conditional expectation and the fact that ./\ff is a o-subalgebra in Pf, it is clear (see,
e.g., [10]) that for any martingale 7(t) with respect to P¢ the equality Dén(t) = 0
holds. Since for a diffusion type process the integral fot A(s)dw(s) is a martingale

with respect to PF, the following statement takes place (see, e.g., [5, 6, 10]):

Theorem 1.7. For an Ito diffusion type process &(t) the mean derivative DE(t) exists
and equals E*(a(t)). In particular, if £(t) a diffusion process, DE(t) = a(t, £(t)).

Theorem 1.8. Let £(t) be a diffusion type process. Then D&(t) = Ef[a(t)] where
a(t) is the diffusion coefficient. In particular, if £(t) is a diffusion process, D9&(t) =
a(t,&(t)) where « is the diffusion coefficient.
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Proof. Since £(t + At) — £(t) = ftt+ma(s)ds + ftHAtA(s)dw(s), taking into ac-
count the properties of Lebesgue and It6 integrals one can see that ({(t + At) —
E@))(E(t+ At) — £(t))* is approximated by a(t)a*(t)(At)? + (a(t)At)(A(t)Aw(t))* +
(A(t)Aw(t))(a(t)At)* + A(t)A*(t)At. Applying formula (1.5) we obtain the assertion

of Theorem since AA* = « (see above). O

Definition 1.9. The derivative Dg = %(D + D,) is called the symmetric mean deriv-

ative. The derivative D4 = 1(D — D,) is called the antisymmetric mean derivative.

Consider the vectors v*(t,z) = i(a(t,z) + a.(t,z)) and u(t,z) = 3(a(t,z) —
a.(t,x)).

Definition 1.10. v8(t) = v5(t,£(t)) = Dgsé(t) is called the current velocity of the
process £(t); ut(t) = us(t, £(t)) = D4£E(t) is called the osmotic velocity of the process

&(t).

The physical meaning of v* and ¢ is as follows (cf. [15, 16]). Let £(¢) describe
the motion of a physical process, say the motion of a particle (we are sure that
all physical motions are random with very small dispersion so that it usually looks
natural to omit randomness from consideration). Then the current velocity v¢ is
what we usually consider as ordinary physical velocity while the osmotic velocity u¢
shows how fast the particle “diffuses” into the enveloping continuum, i.e., how fast
the “randomness” is changing. This interpretation has the following mathematical

motivation.

Consider an autonomous smooth field of non-degenerate linear operators A(z) :
R™ — R", x € R™ Suppose that £(t) is a diffusion type process whose diffusion
integrand is A(£(t)). Then its diffusion coefficient A(z)A*(x) is a smooth field of
symmetric positive definite matrices a(x) = (a*(z)). Since all those matrices are
non-degenerate, the field of inverse matrices («;;) exists and is smooth and at any
x the matrix (a;;)(x) is symmetric and positive definite. Thus it defines a new
Riemannian metric a(-, -) = a;;dz'dz? on R". Consider the Riemannian volume form
of this Riemannian metric A, = /det(az;)dzt Adx? A -+ Ada™ (see, e.g., [19]).
Denote by p(t, ) the probability density of £(t) with respect to the volume form
dt A N, = /det(ay;)dt Adat Ada® A -+ Ada™ on [0,T] x R", i.e., for any continuous
bounded function f : [0,7] x R™ — R the relation
T T
[Euweona= [([ secopa= [ reaptaan,
0 0 Q [

0,T]xR"

holds. Then (see [16])

(1.7) ut(t, ) = %Gmdlogpg(t,x) = Gradlog+/ps(t, x),
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where Grad denotes the gradient with respect to the Riemannian metric «a(-, -), and

for v(t, ) and pS(t, x) the so called equation of continuity

3 A
(1.8) % = —Div(vf(t,2)p (¢, )

holds, where Div denotes divergence with respect to the Riemannian metric af-,-).

2. DIFFERENTIAL INCLUSIONS WITH FORWARD MEAN
DERIVATIVES

Let Borel measurable mappings a(t, z) and «a(t, ) from [0, 7] x R" to R™ and to
S, (n), respectively, be given. We call the system of the form

{Daw=Muam,
Dot (1) = a(t, £(t)),

a first order differential equation with forward mean derivatives.

(2.1)

Taking into account Remark 1.4, Theorem 1.7 and Theorem 1.8, one can easily
see that the problem of finding a diffusion type process that P-a.s. satisfies (2.1), is
well-posed. It is clear that the first equation of (2.1) determines the drift and the
second one determines the diffusion coefficient of the process.

Let a(t,z) and a(t,z) be set-valued mappings from [0,7] x R™ to R™ and to
S, (n), respectively. The system of the form

{Daweaaam,
Dot (t) € a(t, E(t)).

will be called a first order differential inclusion in forward mean derivatives.

(2.2)

Definition 2.1. We say that (2.2) has a weak solution on [0, 7] with initial condition
£(0) = =z, if there exist a probability space (€2, F,P) and a process £(t) given on
(Q, F,P) and taking values in R” such that P-a.s. and for almost all ¢ (2.2) is satisfied.

Analogous definitions are also valid for inclusions with backward derivatives and

with current velocities below.

In this section we shall mainly look for weak solutions in the class of diffusion

type processes.

Further on we shall need the following technical statement.

Lemma 2.2. Let a(t,z) be a jointly continuous (measurable, smooth) mapping from
[0,7] x R™ to Si(n). Then there exists a jointly continuous (measurable, smooth,
respectively) mapping A(t,x) from [0,T] x R" to L(R",R"™) such that for all t € R,
x € R" the equality A(t,z)A*(t,z) = a(t,z) holds.
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Proof. Since the symmetric matrices «(t, x) are positive definite, all diagonal minors
of a(t, x) are positive and, in particular, are not equal to zero. Then for a(t,x) the
Gauss decomposition is valid (see Theorem 11.9.3 [23]): o = (Jz, where ( is a lower-
triangle matrix with units on the diagonal, z is an upper-triangle matrix with units
on the diagonal and ¢ is a diagonal matrix. In addition, the elements of matrices (,
d and z are rationally expressed via the elements of «, hence if the matrices a(t,x)
are continuous (measurable, smooth) jointly in ¢, x, the matrices ¢, § and z are also
continuous (measurable, smooth, respectively) jointly in variables ¢, z. From the fact
that o are symmetric matrices one can easily derive that z = (* (i.e., z equals the
transposed (). One also can easily see that the elements of diagonal matrix § are
positive. Thus the diagonal matrix v/9 is well-posed: its diagonal contains the square
roots of the corresponding diagonal elements of §. Consider the matrix A(t, z) = (V3.
By the construction A(t,z) is jointly continuous (measurable, smooth, respectively)
in t,z and A(t,x)A*(t,z) = ((t,x)d(t, z)z(t,x) = a(t, x). O

Theorem 2.3. Suppose that a(t,x) is a uniformly bounded, Borel measurable set-

valued mapping from [0, T] x R™ to R™ with closed images.

Let a(t,z) be a uniformly bounded, Borel measurable set-valued mapping from
[0, 7] x R™ to S;(n) with closed images and let there exist g > 0 such that for all t,x
the eqg-neighbourhood of a(t, z) in S(n) does not intersect the set So(n) of symmetric
degenerate n X n matrices.

Then for any initial condition £(0) = & € R™ inclusion (2.2) has a weak solution

that is well-posed on the entire interval t € [0,T].

Proof. As a(t,z) and a(t,z) are Borel measurable, they have Borel measurable se-
lectors a(t,z) and «a(t, x), and from the hypothesis of Theorem it follows that those
selectors are uniformly bounded. By Lemma 2.2 there exists Borel measurable A(¢, x)
such that a(t,z) = A(t,z)A*(t,z). By the construction A(¢, z) is uniformly bounded

and uniformly separated from Sy(n). Then the equation

gm=@+4a@am@+AA@amm@

satisfies the hypothesis of theorem II.6.1 [13] and so it has a weak solution that is
evidently a weak solution of (2.2). O

For the next two existence results we need the following technical statement:

Lemma 2.4. For a solution of the diffusion type stochastic differential equation

t t

&ﬂ=&+/daﬂﬁ%+/A@&wM$)

0 0
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in R", t € [0,T], whose coefficients satisfy the estimates

(2:3) la(t, () < K@+ [l=()I),

(2.4) [A (DI < KL+ [[z()])

for some K > 0, for any integer p > 1 there exists a constant Cp, > 0, depending only
on K and T, such that the inequality E(sup ||£(2)|?) < C, holds.
t<T

The proof of Lemma 2.4 can be found in [4] (see Lemma III.2.1 and the remark
after it).

For considering upper semicontinuous mean forward differential inclusions we

need to recall the following

Definition 2.5. Let X and Y be metric spaces. For a given € > 0 a continuous single-
valued mapping f. : X — Y is called an e-approximation of the set-valued mapping
F: X — Y, if the graph of f, as a set in X x Y, belongs in e-neighbourhood of the
graph of F.

It is known (see, e.g., [3]), that for upper semicontinuous set-valued mappings
with convex closed images in normed linear spaces the e-approximations exist for each
e > 0.

Theorem 2.6. Let a(t,x) be an upper semicontinuous set-valued mapping with closed
convez images from [0,T] x R™ to R™ and let it satisfy the estimate

(2.5) la(t, )| < K (1 + [|=[]?)

for some K > 0.

Let a(t,z) be an upper semicontinuous set-valued mapping with closed conver
images from [0, T] x R™ to S, (n) such that for each a(t,z) € a(t,z) the estimate
(2.6) [tra(t, )| < K(1+ ||=]*)
takes place for some K > 0.

Then for any initial condition £(0) = &, € R™ inclusion (2.2) has a weak solution

that is well-posed on the entire interval t € [0,T].

Proof. As the norm in S(n) we take the restriction to S(n) of Euclidean norm (i.e.,
the square root from the sum of squares of all elements of a matrix) in the space
L(R",R"™) isomorphic to R”*. Since all norms in the finite-dimensional space S(n) are
equivalent to each other, for this norm (2.6) is valid as well, perhaps with another

constant, for which we keep the notation K.

Since a(t, z) is an upper semicontinuous set-valued mapping with closed convex

images, for any there £ > 0 there exists its e-approximation (see above).
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Choose a sequence g; — 0 such that ¢; > 0 for all i € N. Denote by a;(t, )
continuous g;-approximations of a(t,z) in R™. It is clear that all a;(¢,z) satisfy
(2.5) with a certain constant that is bigger than K from the condition of Theorem.
Nevertheless we keep the notation K for this constant. Since clearly 1 + ||z||* <
(1 + [|z]))?, for a;(t,x) estimate (2.3) is valid as well.

As well as a(t,z), a(t, z) has in S, (n) an e-approximation for any & > 0 since

a(t, x) is an upper semicontinuous set-valued mapping with closed convex images. For
%_
a;i(t, z) = a;(t, )+ 1 where [ is the unit matrix. Immediately from the construction

the sequence ¢; (see above) consider Z-approximations &;(¢,x) of a(t,x). Introduce
it follows that «;(t,x) for any 7 is a continuous ;-approximation of a(¢,z) and that
at any (t,z) it belongs to S, (n), i.e., it is strictly positive definite. Besides, «;(t, )
satisfy (2.6) where the constant K > 0 is bigger than the constant from the hypothesis
of Theorem but nevertheless we keep the notation K for it.

By Lemma 2.2 there exist continuous A;(t, z) such that «;(t, x) = A;(t, x) A% (L, x).
Directly from the definition of trace we obtain that tra;(t, =) is equal to the sum of
squares of all elements of A;(¢,x), i.e., it is the square of the Euclidean norm in
L(R™ R™). Hence form (2.6) and from the obvious inequality 1+ ||z]|* < (1 + [|z||)?
it follows that A;(t, z) satisfies (2.4).

Thus the stochastic differential equation

2.7) £(t) =&+ / ai(s, £(3))ds + / Au(s,€(5))du(s),

satisfies the hypothesis of Theorem I11.2.4 [4] and so there exists its weak solution
that is well-posed on the entire interval [0, T']. Denote by ;(¢) that solution.

Consider the Banach space Q = C°([0,7],R") with usual norm ||z(-)|lco =

sup |lz(t)||. Via F we denote the o-algebra on it, generated by cylinder sets. By P;
te[0,T
we denote the o-subalgebra of F, generated by cylinder sets with bases on [0, £].

On the measure space ([0,7],5), where B is Borel o-algebra, by A\; we denote

the Lebesgue measure.

The process &;(t) determines a measure p; on (2, F). On the probability space
(Q, F, ;) the process &;(t) is the coordinate one, i.e., &(t, z(-)) = z(t), z(-) € Q.

Since a;(t, z) satisfies (2.3) and A;(¢, x) satisfies (2.4) (see above), equations (2.7)
satisfy the hypothesis of Lemma 2.4 for all 7 and so the estimate

(2.8) E(Stl<1}1) I&@®1*) < Co.

is valid for all ¢;. In addition by corollary II1.2 [4] the set of measures {p;} is weakly
compact, i.e., it is possible to select a subsequence weakly convergent to a certain

measure . Denote by £(t) the coordinate process on the probability space (€2, F, u).
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Let us use the following fact (see [20, 18]): since Q = C°([0, T], R") is a separable
metric space and the measures p; weakly converge to pu, there exists a certain proba-
bility space (€2, F,P) and random elements & : Q — Q and £ : Q — Q such that the
measures on (2, F), generated by them, coincide with j; and p, respectively, and &
converge to & P-almost surely. Denote elementary events from Q by @.

As [la;(t,&()])? < K(1+ &)%) by (2.5), then, taking into account (2.8), one

can easily see that

(2.9) / laslt, & ()PP x dAs < K,

Qx[0,T]

and so a,(t,&;(t)) are uniformly bounded with respect to norm in the Hilbert space
Ly([0,T] x ©,R™). Hence this set is weakly relatively compact in Lo([0,T] x Q, R").
Thus it is possible to select a subsequence that weakly in Ly ([0, T] x ©, R™) converges
to a certain @ : [0,T] x Q — R". Notice (see [17]) that there exists a measurable
mapping a : [0, 7] x  — R” such that a(t,o) = a(t, £(w)). By general properties of
weak convergence in L,-spaces (see [12]) this means that for any set B € F x B the
convergence lim [y ai(t,&)dP x d\y = [ a(t,€)dP x d\; takes place.

Denote by a(t, z(-)) the conditional expectation E(a(t,z(-)) | P;) on the probabi-
lity space (€2, F, u). Thus, a(t, z(-)) is measurable with respect to P; and for any set

Q € P; the equality
/ a(t,z(+))dp = / a(t,w)dP
Q £@eQ
holds.

From weak convergence of a;(t,&) to a(t, &) in Ly([0,7] x Q,R") it is easy to

derive that for any continuous bounded real function f on  at any ¢ € [0, 7] and for
At _ _ _
any At > 0 the convergence lim [ f(&)[ [ (ai(s, &) — a(s, €))ds]dP = 0 takes place.
i—00 5 p
Hence for any continuous bounded real function f; on 2, that is measurable with

respect to Py, we get

t+At
(2.10) i [ A [ (afs.€) - a(s.)dsliP =0,
Q t

Choose § > 0. By Egorov theorem there exists a set Ks C Q such that PKs > 1—6
and on this set & converge to & uniformly. Let h; be a uniformly continuous bounded
real function on () that is measurable with respect to P;. Then on Ks the functions
h (&) uniformly converge to h,(€). From this it is easy to see that

t+At

211 i [ [(0® = h(@D( [ at.&)as)ap = o.
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The random elements [h;(£) —hy(€;)]a;(t, &) are uniformly integrable. This follows
from the facts that hy(€) — h(&;) are bounded, that

[las(t, &) < KL+ [I&@)I),
that by Lemma 2.4 sup [ ||§]|20dP < C and that
iQ

= 1 _ _
[ Vot <3 [ gizaaP

l1€ill>c 1€ill>c

(see [2]). Thus || fQ\Ké[(ht(@—ht(é))( A ai(s, &)ds)]dP|| becomes smaller than any

t
positive number when § — 0. Together with (2.11) this means that

_ B t+At B _
(2.12) lim [ [(he(&) — ht(&))(/t a;(s,&;)ds)|dP = 0.

Replace f; in (2.10) with h; from (2.12). Then, taking into account (2.10) and
(2.12), we obtain

t+At t+At

i ([ (O [ als.Qds)P — [ @) [ als.&)ds)ap) =

Q t Q t

:}H?o(/ht(g)(tyma(sf)ds)dﬁ_/ht(f_)(7Ataz'(5>€_i)ds)df>+
Q t Q t
+/ht(§)(7mai(safi)d5)dp—/9(&)(7Ataz'($>€i)ds)dP) =
e t Q t
t+At

lim ( / h(@)] / (a(s. &) — as(s, &))ds)dP+

1—00
t

t+At

(2.13) T / (&) — m(E))( / ai(s, &)ds)dP) = 0.

t

Notice that the random elements h,(&;)&; are uniformly integrable. Indeed, Ay is
bounded, i.e., |hi(&)| < Z for all i where = > 0 is a certain constant, by Lemma 2.4
sup 1&]120 < Co and

- 1 - =c
[ @<t [ @R < 2
[Re(Ea)lll€:ll co>e ¢ [he (€)1l co>c c

Since hy(&)&; converge to hy(£)¢ P-a.s., from this it follows that

(2.14) lim [ hu(6)EdP = / hi(€)EdP.

Q Q
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From (2.13) and (2.14) it follows that on (2, F) for any uniformly continuous
bounded real function h; :  — R, that is measurable with respect to P;, the relation

t+At

tim [ [(a(t + A1) - 2(t)) - / as(s, 2(3))dslhy(())dps =
- / (a(t + At) — (1)) — / als, 2(-))ds)h (2 ())dp

t

takes place. Since, by construction, the process &;(t) — [ a;(s, & (s))ds is a martingale
0
with respect to P; for any i, then

t+At

/ [ (t + Af) — (1)) / ai(s, 2(3))ds]hy () dps = 0
for all 2. Hence
/ (a(t + At) — 2(t)) — / (s, 2(s))ds|he(2())dpt = 0.

From this evidently follows

t

Lemma 2.7. The process (t) — [a(s,&(s))ds is a martingale with respect to P;.
0

Now let us turn to «; and A;.

Since || A;(t, 2(1))]|?> < K (1+]|x(t)||?), on the probability space ({2, F, P) we obtain

(2.15) / 1A(t, ) [[2dP x d\ < Ko
[0,T]xQ
and so A;(t,&;) are uniformly bounded by the norm in Hilbert space Ly ([0, 7] x
Q, L(R™,R™)), i.e., the set of A;(t,&;) is weakly relatively compact in Ly([0,7] x
Q, L(R™, R™)).
Notice that from the equality o;(t,z) = A;(t,x)A%(t,z) it follows that the ele-
ments of the matrix a;(t, z) are sums of products of elements of A;(¢,z). Then from

the fact that tra;(t, z) is equal to the sum of squares of all elements of A;(¢,x), from

(2.6) and from Lemma 2.4 one can easily derive that for all ¢ the estimate
[0,T]xQ

holds, i.e., the set of a;(t,&;) for all i is uniformly bounded by the norm in the space
Ly([0,T] x Q,S(n)) and so this set is weakly relatively compact.
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Thus we can select a sequence of indices i so that A;(¢,&;) weakly in Ly([0, 7] x
Q, L(R™,R")) converge to a certain A : [0,7] x Q — L(R™,R") and also o,(t,&)
weakly in Lo([0,T] x €,S(n)) converge to a certain & : [0,T] x Q — S(n). By the
construction «a(t,w) = A(t,w)A*(t,©).

From the properties of conditional expectations it follows that there exist the
measurable mappings A : [0,7] x Q — L(R",R") such that A(t,0) = A(t,{(@)),
and X : [0,T] x Q — S(n) such that a(t,0) = N(t,&(w)). Consider the following
conditional expectations on probability space (2, F, u): A(t,z(-)) = E(A(t,z(-)) | Pr)
and a(t,z(-)) = EX(t,z(-)) | P;). By construction, at each ¢t € [0,7] they are
measurable with respect to P*.

By an elementary modification of arguments, used above for a;(t,z(t)), one can
show that for any uniformly continuous, bounded, real function h; : 2 — R, that is
measurable with respect to P;, the convergence

lim [ [(z(t + At) — z(t))(z(t + At) — z(t))”

1—00

Q
t+At

_ / Ai(s, x(s)) A% (s, 2(s))ds]hy (x(-)dp; =

t

- /[(aj(t + At) — z(t)) (x(t + At) — x(t))*
t+At

- / As, 2(-)) A" (s, 2())ds|hy(z () dp

t

holds. Also for each @
/[(m(t + At) — z(t))(z(t + At) — z(t))”

Q
t+At
[ A6 41 ()l = 0
t
and, consequently,

/[(x(t + At) — x(t))(x(t + At) — (1))

Q
t+At
— [ A DA sl = 0
t
By Lemma 2.7 for the coordinate process £(t) on the probability space (2, F, )

the process £(t) — ftHAta(s,f(-))ds is a martingale with respect to P;. From this,
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by methods of [4], one can derive from the above arguments that £(t) satisfies the

equality
t

t
60 =6+ [ als&Dds+ [ Alsg()du(s),
where w(t) is a certain Wiener process on (€2, F, i), adapted to P;. By the construc-
tion of £(t), for each ¢ the o-algebra P; is the "past” for {(¢). Hence £(t) is a diffusion
type process. Then by Theorem 1.7 D€ = E(a(t, £(+))) and by Theorem 1.8 Dy (t) =
ES(A(t, () A*(,£()) = B (alt,€().

It remains to show that p-a.s. ES(a(t,£(-))) € a(t,£(t)) and that ES(a(t, £(-)) €
a(t,£(t)). By Mazur’s lemma (see, e.g., [22]), for a weakly convergent sequence
a;i(t,&(t)) toa: [0,T] x Q — R™in Ly([0, T] x ©, R™) there exists a sequence of finite
convex combinations of its elements that converges in the same space strongly (in
norm). The convex combinations have the form

n(k)
dk(tagi) = Z ﬁi%’(@&)
i=j(k)
n(k)
where §; > 0,7 = j(k),...,n(k) and >  (; = 1. As a has convex images, a; are
i=j(k
g-approximations with e — 0. Since the]((jcznvergence is strong in Lo([0, T] x Q, R™),
the limit a(t,€) belongs to a P-a.s.

For a the proof is completely analogous. O

Theorem 2.8. Suppose that a(t,r) takes values in the space S, (n) of positive semi-
definite symmetric matrices, has closed convex images, it is lower semicontinuous and

for each o € a(t, x) the following estimate
(2.17) [tra(t, z)|| < K(1+ ||=[])?

holds for some K > 0. Let also a(t,z) be Borel measurable set-valued mapping and

satisfy the estimate
(2.18) la(t, z)|| < K(1+ [|lz[])

for some K > 0. Then for any initial condition £(0) = &y there exists a weak solution
of (2.2) that is well-posed on the entire interval t € [0,T].

Proof. From Michael’s theorem it follows that under the conditions of Theorem 2.8 the
set-valued mapping (¢, x) has a single-valued continuous selector a(t, ). Obviously
a(t, =) belongs to S, (n) at any ¢, z. The Borel measurable set-valued mapping a(t, )

has a Borel measurable single-valued selector a(t, x).

Take a sequence of positive ¢; — 0. Introduce a;(t, x) = a(t, z) + ;I where [ is
the unit n xn matrix. Obviously «; are strictly positive definite and continuous. Then
by Lemma 2.2 there exists a continuous A;(t, z) such that A;(t,z)Af(t,x) = a;(t, x).
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Recall that tra;(t, =) is equal to the sum of squares of all elements of A;(t,x), i.e.,
it is the square of the Euclidean norm in L(R",R™). Since in the finite-dimensional
linear space S(n) all norms are equivalent, from (2.17) it immediately follows that
|A(t, x)|| < K(1 4 ||x|) for some K > 0. As «;(t,z) is positive definite, the matrix
A;(t, x) is not degenerate at all ¢,z. Since a(t,z) is measurable and satisfies (2.17),
under the above-mentioned properties of A;(¢,z) by Theorem I11.3.3 [4] there exists

a weak solution of the stochastic differential equation

(2.19) Et) = €0 + / a(s,€:(3))ds + / A5, €(s))duw(s),

well-posed on the entire interval ¢t € [0,7]. Denote by &;(t) this solution of (2.19).
It determines a measure p; on (€2, F) where (2, F) was introduced in the Proof of
Theorem 2.6.

The rest of the proof is quite analogous to that of Theorem 2.6. All equations
(2.19) satisfy the hypothesis of Lemma 2.4. The set of measures {yu;} is weakly com-
pact so that there exists a subsequence that weakly converges to a certain measure pu.
Denote by £(t) the coordinate process on the probability space (€2, F, ). Construct
A(t, z(+)) in complete analogy with that in Theorem 2.6, i.e., as a weak limit in the cor-
responding space Ls of the bounded (and so weakly compact) set A;. The process £(t)
satisfies the equality £(t) = §0+f0t a(s, 5(5))d5+f(f A(s, &(+))dw where w(t) is a certain
Wiener process. Since by construction a; converge to a uniformly, one can easily show
that
ES(AA*) = . Taking into account Theorems 1.7 and 1.8, this means that &(t)

is a weak solution of (2.2) that we are looking for. O

3. DIFFERENTIAL INCLUSIONS WITH BACKWARD MEAN
DERIVATIVES

Equations and inclusions with backward mean derivatives arise in description of
some special stochastic processes of mathematical physics. Say (see, e.g., [9, 10]) a
second order equation in backward mean derivatives of the group of Sobolev diffeo-
morphisms is derived that describes a process whose expectation is a flow of viscous
incompressible fluid. It should be pointed out that such equations and inclusions are
much more complicated for investigation than those with forward mean derivatives.
Nevertheless there exists a simple method of using inverse time direction for solutions
of equations and inclusions with forward mean derivatives, that allows one to obtain
some results for the case of backward mean derivatives. In this section we illustrate

this method on some examples.
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The system

. D.&(t) = alt, (1)
| Dot (1) = alt. (1)

is called a first order differential equation with backward mean derivatives.

Notice that we do not introduce the notion of backward analog of operator D,
since, applying the properties of It integral, one can easily prove that for a diffusion
type process £(t) the result of application of that analog coincides with Dy&(t) (for
the case of diffusion processes this follows from the results of [15, 16]).

Let a(t,z) and a(t,z) be set-valued mappings from [0,7] x R™ to R" and to
S, (n), respectively. The system of the form

. { DLW <alt£(0),

is called a first order differential inclusion in backward mean derivatives.

Consider a weak solution 7(t), given on ¢ € [0, T, with initial condition 1(0) =0

of the following differential inclusion with forward mean derivatives

{ Dn(t) € —a(l —t,n(t)),

(3.3) Don(t) € a(l —t,n(t)).

Theorem 3.1. The process &(t) = & — n(T) + n(T —t) is a weak solution of (3.2)

with initial condition £(0) = & where n(t) is a solution of (3.3) with initial condition
n(0) = 0.

Indeed, DE(t) = —Dn(T —t) € a(t,n(T —1t)) = a(t,&(t)). For Dy&(t) the

arguments are analogous.

4. DIFFERENTIAL INCLUSIONS WITH CURRENT VELOCITIES

As it is mentioned in Section 1, the meaning of current velocities is analogous
to that of ordinary velocity for a non-random process. Thus the case of equations
and inclusions with current velocities is probably the most natural from the physical

point of view.

The system

" Ds§(t) = v(t, (1)
| Dat () = alt, (1)

is called a first order differential equation with current velocities.
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Theorem 4.1. Let v : [0,T] x R" — R" be smooth and o : R™ — Sy (n) be smooth
and autonomous (so, it determines the Riemannian metric o(-,-) on R™, introduced

in Section 1). Let also they satisfy the estimates
(4.2) [o(t, 2)|| < K(L+ [|lz]),

(4.3) tr a(z) < K(1+ ||z||*)

for some K > 0. Let & be a random element with values in R™ whose probability
density po with respect to the the volume form A, of a(-,-) on R™ (see Section 1), is
smooth and nowhere equal to zero. Then for the initial condition £(0) = &y equation

(4.1) has a weak solution that is well posed on the entire interval t € [0,T].

Proof. Since v(t, z) is smooth and estimate (4.2) is fulfilled, its flow g; is well posed
on the entire interval t € [0,7]. By ¢:(x) we denote the orbit of the flow (i.e., the
solution of equation z'(t) = v(¢, x)) with the initial condition go(x) = x. Since v(t, z)
is smooth, its flow is also smooth.

Continuity equation (1.8) obviously can be transformed into the form

(4.4) % = —a(v,Grad p) — p Div v.

Suppose that p(t, x) nowhere in [0,7] x R" equals zero. Then we can divide (4.4) by
p so that it is transformed into the equation

Ip
5 =
where p = log p. Introduce py = log pg.

(4.5) —a(v,Grad p) — Div v

Show that the solution of (4.5) with initial condition p(0) = py is described by
the formula p(t, ) = po(g_¢(x)) — fOt(Div v)(s, gs(g_¢(x)) ds. Introduce the product
[0,7] x R™ and consider the function py as given on the level surface (0,R™). Con-
sider the vector field (1,v(¢,x)) on [0,7] x R™. The orbits of its flow g, starting
at the points of (0,R™), have the form ¢;(0,z) = (¢, g;(x)) and the flow is smooth
as well as ¢g;. Also introduce on [0,7] x R" the Riemannian metric &(-,-) by the
formula &((Xy, Y1), (X2,Y2)) = X1 Xo + a(Y1,Y2). Notice that for any (¢,z) the
point §_4(t, ) belongs to (0, R™) where the function pg is given. Thus on the one
hand (1,v)p(t,z), the derivative of p(¢,z) in the direction of (1,v), by construc-
tion equals —Div v(t,z). And on the other hand one can easily calculate that
(L,v)p(t,z) = 2p(t,z) + a(v(t,z), Grad p(t,z)). Thus (4.5) is satisfied.

Notice that p = e? is indeed nowhere zero and so our arguments are well-posed.

Since p(t,z) is well-posed for all ¢t € [0,7], it determines a process £(t) with
this probability density and so with initial density py. By the construction Dg&(t) =

v(t, £(1)).
Introduce u = $Grad p = Gradlog /p and a(t,z) = v(t, z) + u(t, z).
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From Lemma 2.2 and from the hypothesis of Theorem it follows that there exists
smooth A(t, z) such that A(t, x)A*(t,x) = a(t, ) and the relation |A(t, z)|| < K(1+
||z||) holds. Then £(t) satisfies the stochastic differential equation

t t
(4.6 €)= 6o+ [als.&(sNds+ [ A g()duls)
0 0
and so by Theorem 1.8 Dy&(t) = a(&(t)). O

Lemma 4.2. Let o(z), p(t,z) and A, be the same as in Theorem 4.1. Let also
the vector field v from Theorem 4.1 be autonomous. Then the flow §; of vector field
(Lv(x)) on [0,T] x R™ preserves the volume form p(t,xz)dt AN A, (i.e., §;(p(t, z)dt A
Ay) = po(x)dt N A, where g is the pull back) and so for any measurable set (Q C R"

and for any t € [0, T
[~ [ stoa.

Q gt(Q)

Proof. 1t is enough to show that L . (p(t,z)dt A Ay) = 0 where L) is the Lie

derivative along (1,v). Obviously
L (p(t, )dt A Ao) = (L p(t 2))dE A Ao + p(t ) (L dEA Aa).

For a function the Lie derivative coincides with the derivative in direction of vector
field, hence L p(t,z) = % + a(v, Grad p) (see the proof of Theorem 4.1) and so
(Lawyp(t,z))dt NNy = (% + a(v, Grad p))dt A A,. Since neither the form A, nor the
vector filed v(z) depend on ¢, L1 ,ydt ANy = dt A (Ly,Ay) = Divv (dt AA,) as the Lie
derivative along v of the volume form A, equals (Divv)A, (see, e.g., [19]). Taking
into account (4.4), we obtain L . (p(t, z)dt A Ay) = 0. O

Let v(t,z) and a(t,x) be set-valued mappings from [0,7] x R™ to R™ and to
S, (n), respectively. The system of the form

(47) {l%&wev@awx

Dy¢(t) € ex(t,&(2)).
is called a first order differential inclusion with current velocities.

To avoid some technical difficulties we investigate the first order differential in-
clusion with current velocities on flat n-dimensional torus T", i.e. the Riemannian
metric on T" is inherited from R"™ after factorization with respect to the integer lat-
tice. As usual this problem can be considered as the one in R" with periodical data.
The key fact that makes the use of T™ more simple for investigation is that T" is a

compact manifold and so all our smooth objects become bounded.

It should be also pointed out that the theory of mean derivatives and so the

corresponding equations or inclusions on general Riemannian manifolds are naturally
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connected with the theory of It6 equations in Belopolskaya-Daletskii form (see, e.g.,
[1, 5, 6, 10]) that involves serious geometric structures (we suppose to consider this
theory in another publication). But this is not the case for flat torus since locally it

is the same as R™.

Notice also that the tangent bundle TT" to T" is trivial: TT" = T x R", and
so all vector fields on T" can be considered as mappings from T" to R" as well as
symmetric semi-positive definite (2,0)-tensor fields (like o above) can be considered
as mappings from T" to S, (n).

Here we shall proof existence of solutions of (4.7) only in the simplest situation
where a single-valued a takes the form o = oI for I being the unit matrix, o > 0

being a constant, and a set-valued v satisfies a rather strong hypothesis:

Theorem 4.3. Let v(x) be a uniformly bounded autonomous set-valued mapping from
T™ to R™ with closed convex images. Suppose that there exists a sequence of positive
numbers e; — 0 such that for any e; the mapping v(x) has a smooth €;-approzimation

vi(x) and all those approrimations have uniformly bounded first partial derivatives

Ovi.
a.CBj :

Let & be a random element with values in T™ whose probability density py with
respect to the Euclidean volume form dt Adx* A---Adx™ on T™ is smooth and nowhere

equal to zero. Then for the initial condition £(0) = & inclusion

Dgg(t) € v(£(t))
(48) { Dy&(t) = 0?1

has a weak solution that is well-posed on the entire interval t € [0,T7].

Proof. Notice that the Riemannian metric on T", generated by the field of matrices

0?I, is =5 (-,-) where (-,-) is the Euclidean metric inherited from R™. In particular

this means that for any function f we get Grad f = o%grad f where grad f is the

ordinary gradient corresponding to the Euclidean metric.
Denote by &;(t) the solution of equation

{ Ds&i(t) = vi(&(1))
Dy&i(t) = o1

with initial condition £(0) = &, that exists by Theorem 4.1. By p;(¢, z) we denote the
corresponding density. Recall that &;(t) satisfies the It6 equation

t

(4.9) &) =&+ / a;(5,€:(5))ds + ow(?)

0

where a;(t, z) = v;(x) + Grad p;(t, x) for p;(t, z) = log\/pi(t, x).
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Consider Q2 = C°([0,T], T") and the o-algebra F on it generated by cylinder sets.

Denote by p; the measure on (2, F) generated by &;(t).

By Lemma 4.2 p;(t, 2)dt Adat A -+~ Ada™ = 5 po(t, 2)dt Admy A - A da™ where
Qgi) is the flow of vector field (1,v;) on [0, 1] x T™. Hence 27’); equals (Tf]_t%)po, the
derivative of py in the direction of vector field (T g_t%) where T'g_; is the tangent

mapping to g_;. Since all partial derivatives of all v; are uniformly bounded, all T'g_,

9pi. i
9, are uniformly

bounded for all ¢ = 1,...00 and all j = 1,2,...,n as well as all %. Thus all

vector fields Grad p; for all i are uniformly bounded. Since all v;(z) are evidently also

are also uniformly bounded and we obtain that the derivatives

bounded, this means that all a;(¢, ) form equations (4.9) are uniformly bounded.

Hence corollary II1.2 [4] is valid for equations (4.9), i.e., the set of measures {yu;}
is relatively weakly compact and so we can choose a subsequence in {yu;} that weakly
converges to a certain measure p. For the sake of simplicity let {u;} itself be that

subsequence. Denote by &(t) the coordinate process on probability space (€2, F, u).

As well as in the proof of Theorem 2.6 we can introduce a probability space
(€, F,P) and random elements & : Q — Q and £ : Q — Q such that the measures
on (€, F), generated by them, coincide with p; and p, respectively, and & converge
to & P-almost surely. Recall that in this case P-a.s. convergence means that for
P-almost all @ the curves &(w) uniformly on [0,7] converge to £(w). Evidently, if
h is a uniformly continuous function on €2, then for P-almost all @ we obtain that
h(&(@))&(w)(s) uniformly in s € [0, T] converge to h(£(@))E(w)(s).

Notice that the sets {a;(t, &(t))} and {v;(&(¢))} are weakly compact in Lo([0, T] x
Q,R") and so we can take weakly convergent subsequences from them. As usual we
suppose that the sequences {a;(t,&(t))} and {v;(&(t))} are weakly convergent. In
complete analogy with the proof of Theorem 2.6 introduce @ : [0,T] x Q2 — R" as a
weak limit of a;(t,&(t)) and v : [0,7] x © — R" as a weak limit of v;(&(t)). Also
denote by a : [0,7] x © — R"™ and by v : [0,7] x 2 — R™ measurable mappings,
existing by [17], such that a(t,®) = a(t,£(@)) and v(t, @) = v(t,£(@)). As well as in
Theorem 2.6 £(t) satisfies the equation

t
E(t) =& + /a(s,g(s))ds + ow(t).
0
where a(t,x(-)) = E(a(t,z(:)) | P;) on the probability space (2, F,u), P; is the o-
algebra generated by cylinder sets with bases over [0, t] (see the proof of Theorem 2.6
for details). From this by Theorem 1.8 it follows that Do&(t) = o?1.

Denote by N; the o-algebra generated by cylinder sets with bases over the point
t and by v(z) = E(v(t,z(-)) | £(t) = x) denote the regression for the conditional
expectation E(v(t,z(-)) | N;) on the probability space (Q,F,u). Notice that by

construction v(z) is a measurable vector field on R™ such that v(£(t)) = v(t, ).
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Again analogously to the proof of Theorem 2.6 we can derive from weak conver-
gence of v;(&(t)) to v(t,€) in Ly([0,t] x Q,R"™) that for any s € [0,7] and for any
continuous bounded real function f; on €, that is measurable with respect to N, at
any s € [0,7] we get
(4.10) lim [ (&) (&) — v(E(s)dP =0

Q

and that for a uniformly continuous bounded real function h; on €2, measurable with
respect to N;, we can derive from P-a.s. uniform in s € [0, T'] convergence of h(&)E;
to hy(€)¢ (see above) that for any s € [0, 7]

(4.11) i [ m(E&(EP = [ (@E)P,

Q Q

By definition of Dg we get for any 1

1 _ o _
Jim oo [ €)@+ 80— &t - an)aP = [ h(@)ulE®)iP.
Q Q
To show that Dg&(t) = v(£(t)) it is enough to prove that
Am ﬁ he(E)(§(t + At) — &(t — At))dP = /ht(é)v(é(t))dﬁ.

2

Q
From (4.11) it follows that for given € > 0 there exists IV such that for all i > N

I /ht(&)(&(t +At) = &(t — At)dP — /ht(@(i_(t + At) — &t — At))dP|| < e

Q

2

for any At. Thus for At small enough

I [ m(@Ee+ ) = & - an)aP — [ n@uEte)apar] <.

Q Q
Taking into account (4.10) and P-a.s. uniform convergence of h(&;) to h:(€) one can

easily show that

[ @pn&nap - [ m@eEwnie -

Q Q
/(ht(&) — he(&))vi(&(t))dP + /ht(ﬁ)(vi(&(t)) —v(&(t))dP
Q Q

becomes less than any e for ¢ large enough. This completes the proof that Dgé(t) =

v(€(t))-
The fact that v(¢,£(+)) € v(£(t)) p-a.s. is proved analogously to that in the Proof

of Theorem 2.6 by application of Mazur’s lemma. O
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