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ABSTRACT. In this paper we consider strongly nonlinear second order impulsive evolution inclu-
sions. We provide the existence results for the Cauchy problems with convex and nonconvex valued
right hand sides. The compactness of the solution set in the convex case is proved. Applications to
a distributed parameter control system with a priori feedback and to a hyperbolic hemivariational

inequality with impulses are provided.
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1. INTRODUCTION

In this paper we study second order evolution inclusions with impulses considered
in the framework of an infinite dimensional evolution triple of spaces. The inclusions
are governed by pseudomonotone coercive damping operator and linear continuous
operator depending on solution. Our purpose is to provide results on the existence of
solutions to the Cauchy problems for such inclusions with convex and nonconvex va-
lued right hand sides. We also demonstrate the compactness of the solution set to the
convex problem. As an application we present two examples which lead to impulsive
evolution inclusions of second order. In the first example we deal with a distributed
parameter system governed by a nonlinear hyperbolic equation with a priori feedback.
The second example concerns a dynamical hemivariational inequality arising from a
contact problem in viscoelasticity. The main feature of the hemivariational inequality
is a nonmonotone multivalued term which is expressed by the Clarke subdifferential
of a nonsmooth and nonconvex superpotential. For more information on models
described by hemivariational inequalities and on mathematical results, we refer to
Panagiotopoulos [20], Naniewicz and Panagiotopoulos [18], Migérski and Ochal [16],
[17] and Ochal [19].

Recently the impulsive differential equations and inclusions have been studied by

several authors. This is due to the fact that many real phenomena and processes in
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mechanics, biology, physics, chemistry, biotechnology, etc. are characterized by the
situation that at certain instants in time, the system parameters (e.g. displacement,
velocities) undergo rapid changes. The duration of these changes is often neglected
and it is assumed that the changes are represented by parameter jumps. One of
natural tools for mathematical modeling and simulation of such phenomena is the
theory of impulsive differential equations. This theory has started in the 1990s (cf.
[11]) and today it covers various kind of problems which are motivated by numerous

applications.

The impulsive evolution equations and inclusions for the first order problems have
been studied recently by Liu [12] by using the semigroup approach, by Ahmed in a
series of papers [1, 2, 3] and by Sattayatham [22] in the framework of evolution triple
with applications to optimal control. The results for the second order impulsive
systems can be found e.g. in Hernandez [10] who used the cosine function theory
via semigroup method, in Benchohra et al. [4] for inclusions in finite dimensional
spaces, in Benchohra and Ouahab [5] and Yong-Kui and Wang-Tong [23] for functional
differential inclusions by a fixed point approach. In all papers mentioned above the
jumps sizes were single-valued. Multivalued jump operators for problems described
by functional differential inclusions of first order were considered by Benedetti [6].
For related results on second order inclusions without impulses we refer, among other
papers, to Denkowski et al. [9], Papageorgiou and Yannakakis [21] and Migérski
13, 14].

To our knowledge the impulsive second order evolution inclusions with multi-
valued jump operators treated in the present paper have not been considered in the
literature. We mention that the model with multivalued jump sizes may arise in a
control problem where we want to control the jump sizes in order to achieve given
objectives. Further properties of the solution set of second order impulsive inclusion

and the corresponding optimal control problems will be studied elsewhere.

The paper is organized as follows. In Section 2 we recall definitions which will
be used later. In Section 3 we deliver the existence results for impulsive evolution
inclusions of second order and, under an additional assumption on the closedness
of the graphs of jump operators, we establish the compactness of the solution set.

Finally, in Section 4 we present two examples where our results can be applied.

2. PRELIMINARIES

In this section we introduce the notation and recall some definitions needed in

the sequel.
Let H be a separable Hilbert space and let V' be a dense subspace of H carrying

the structure of a separable reflexive Banach space with continuous embedding V' C
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H. Identifying H with its dual, the triple of spaces (V, H,V*) is called an evolution
triple (cf. [9]). Moreover, we assume that the embedding V' C H is compact (hence
also H C V* compactly).

Given I = [0,7], 0 < T < 400, 0 < 73 < 7 < T and an evolution triple
(V,H,V*), we define

W(m,m) ={v e L2(7‘1,7'2;V) D0 E L2(7'1,7'2; V1,

where the time derivative is understood in the sense of vector-valued distributions.
Endowed with the norm ||v||w (s ) = [|V]|£2(r1 ,70:v) F 0] £2(r1 y7;v#), the space W (7, 72)
becomes a separable, reflexive Banach space. It is well known (cf. [9]) that the
space W (7, 7y) is embedded continuously in C(7y,7o; H) (the space of continuous
functions on [7, 7»] with values in H), i.e. every element of W (1, 73), after a possible
modification on a set of measure zero, has a unique continuous representative in
C(1,m; H). Moreover, since V' is embedded compactly in H, then so does W (7, 75)
into L?(7y, 79; H) (cf. [9]). We denote by || -], |- | and || - ||y« the norms in V', H and
V*, respectively. The duality brackets for the pair (V, V*) is denoted by (-, -).

Let D = {t,...,t,} be a finite set of points such that

O=ty<ti<to<...<ty<tpe1=T.

The elements of D are called impulsive points. In what follows, we need the following

space of piecewise continuous functions

PC(I;V) = {v: I — Vsuch that v is continuous at ¢t € I \ D, v is left
continuous at ¢ € D, the right limits v(¢;") exist for i = 1,...,m}.

Evidently, PC(I;V) is a Banach space with norm |[v|| pc(r,v) = sup,e; [|v(t)|]. Anal-
ogously we define the space PC(I; H) furnished with the supremum norm.

Let 0; = (t;, ;1) for i = 0,1, ..., m. We define

PW(I)={v: I — Vsuch that v|,, € W(o;) fori=1,...,m}

m
which becomes a Banach space with norm |[v|| pw 1) = Z 0o, || (o)
=0

Let (£2,X) be a measure space, X be a separable Banach space and let 2% be a
family of all subsets of X. A multifunction F':  — 2% is called graph measurable
if Gr F = {(w,2) € QxY : z € Flw)} € ¥ x B(X) with B(X) being the Borel
o-field of X. It is said to be measurable if for each closed set C C X, the set
F7(C)={weQ; Flw)NC # (0} € X (cf. Section 4.2 of [g]).

Let X and Y be Banach spaces. A multifunction F': X — 2¥ \ {0} is Isc (usc,
respectively) if for C' C Y closed, the set F*(C)={x € X : F(z) C C} (F(C) =
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{r e X : F(x)NC # 0}, respectively) is closed in X. F is bounded on bounded sets
if F(B) = UgepF(x) is a bounded subset of Y for all bounded sets B in X.

Let Y be a reflexive Banach space. An operator T: Y — Y™ is pseudomonotone
if y, — yo weakly in Y and limsup(Ty,, v, — vo) < 0 imply that (T'yo,y0 — y) <
liminf(Ty,,y, — y) for all y € Y. It is said to be demicontinuous if y,, — yo in Y
implies Ty,, — Tyo weakly in Y™*.

Given a Banach space (X, | - ||x), the symbol w-X is always used to denote the
space X endowed with the weak topology. By £(X, X*) we denote the class of linear
and bounded operators from X to X*. If U C X, then we write |U||x = sup{||z|x :
z e U}

Finally, we recall the definitions of the generalized directional derivative and the
generalized gradient of Clarke for a locally Lipschitz function h: X — R, where X is
a Banach space (see [7]). The generalized directional derivative of h at x € X in the
direction v € X, denoted by h°(x;v), is defined by

h tv) — h
R®(z;v) = limsup (y +t0) (y)
y—x, t]0 t

The generalized gradient of h at z, denoted by 0h(x), is a subset of a dual space X*
given by Oh(x) = {¢ € X* : h%(z;v) > ((,0) yuy x for all v € X}

3. IMPULSIVE INCLUSIONS

In this section we provide main results of the paper on existence of solutions to
the Cauchy problems for evolution inclusions considered in a framework of evolution
triple (V, H, V*).

Let us consider the following impulsive second order evolution inclusion

( .

i(t) + A(t,u(t)) + Bu(t) € F(t,u(t),u(t)) fort € I\ D
(3.1) u(0) = ug, u(0) = vy

u(t) € u(ty) + Gilulty), u(t;))

Lu(t]) e u(ty) + Hy(u(ty),a(t;)) fori=1,...,m

Here A: I x V — V* is a nonlinear operator, B: V' — V* is linear and continuous,
F:Ix HxH— 2%\ {0} is a multivalued function, ug € V, vy € H, G;: V x H —
2VA\{D}, H;: V x H — 28\ {0}, i =1,...,m, are multivalued maps and u(t;"), u(t;)
(and u(t)), u(t;

. ), respectively) denote the right and left limits of u(¢) (and of u(¢),
respectively) at ¢ = t;. The difference u(t;) —u(t;) (and u(t]) —u(t;), respectively)
represents the jump in the state u (and its derivative 1, respectively) at time t = ¢;

with G; (and H;, respectively) determining the size of the jump at time ;.
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Definition 3.1. A function u € PC(I;V) is called a solution to (3.1) if &« € PW ()N
PC(I; H) and there exists f € L*(I; H) such that
u(t) + A(t,u(t)) + Bu(t) = f(t)
f(t) € F(t,u(t),u(t))

w(0) = wug, w(0) = vy and u(t]) = wu(t;) + ¢, w(ty) € u(t;) +n with ¢ €
Gi(u(t;),u(t;)) and n; € H;(u(t;),u(t;)) forall i =1,...,m.

} fora.e.t€o;,, 1=0,1,...,m,

Remark 3.2. If u is a solution to problem (3.1), then (u,u) € PC(I;V) x PC(I; H)

and we write u(t~) = u(t) and u(t~) = (t) at every point t =t;,, 1 =1,...,m.
We need the following hypotheses on the data.

H(A): A:IxV — V*is an operator such that

(i) A(-,v) is measurable on I, for every v € V;

(ii) A(t,-) is pseudomonotone and demicontinuous, for a.e. t € I;

(iil) JA(t, v)|lv+ < a(t) +c||v] for a.e. ¢ € I, for all v € V with a € L2 (1) and ¢ > 0;
(iv) (A(t,v),v) > c||v]|* — ai(t) for a.e. t € I, for all v € V with ¢; > 0 and

H(B): B e L(V,V") is nonnegative and symmetric operator.

H(F): F:IxHxH— 2"\ {0} is a multifunction with convex and closed values
such that

(i) F(-,u,v) is measurable on [ for all u, v € H;

(ii) Gr F(t,-,-) is sequentially closed in H x H x (w-H) topology for a.e. t € I,
(iil) [F(t,u,v)| < az(t) + ca|u| + |v]) for a.e. t € I, for all u, v € H with ay € L% (I)
and ¢y > 0.

H(G,H): the multifunctions G;: V x H — 2V \ {0} and H;: V x H — 28\ {0}

are bounded on bounded sets, for i =1,...,m.

(Ho)i ug €V, vy € H.

The following result is a consequence of Theorem 1 of [21] and it will be used in

proving the main result of the paper.

Theorem 3.3. Let 0 < 7y < 7o < T. Under hypotheses H(A), H(B), H(F) and
(Hyp), the solution set of the problem

52) () + A(t, a(t)) + Bu(t) € F(t,u(t), i(t)) a.e. t € (1, 7)

u(m) = ug, U(m) =1

is nonempty, weakly compact in H (1, 72; V) and compact in CY(1,70; H).
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Recall that a function u € L?(7, 79; V) is a solution to (3.2), if u € W (7, 72) and
there exists f € L?(7, 7y; H) such that

A(t,u(t)) + Bu(t) = f(t) a.e.t € (11, 7)
F(t,u(t),u(t)) ae. te€ (r,m)
u(0) = up, u(0) = vp.
We also remark that the statement: w € L?(7y,72;V) such that @ € W(r, 1) is
equivalent to: u € C(1,72; V) such that @ € W(m, ).

Theorem 3.4. If hypotheses H(A), H(B), H(F), H(G,H) and (Hy) hold, then
problem (3.1) has a solution.

Proof. We divide the construction of the solution to (3.1) into steps. We solve the
problem in the interval og = (0,¢;), then in the interval oy = (¢1,%2) and so on until

the final interval o, = (t,,,T"). More precisely, we proceed in the following way.

1) Consider the following problem without impulses

i(t) + A(t, a(t) + Bu(t) € F(t, u(t), a(t)) ae. t € o

(3.3)
u(0) = ug, u(0) = vy.

;From Theorem 3.3, applied to the above problem, it follows that (3.3) admits a
solution u(® € L2(oy; V) such that 4(¥ € W(oy). Hence u® € C(op; V) and u(? €
C(0o; H). Thus, the left limits »®(¢]) and @) (#]) exist in V and H, respectively
and we define v (t;) = v (¢7) € V and 49 (t;) = 4 (¢t;) € H. By assumption
H(G,H), u9(t) and 49 (#]) are well defined and they are given by

up = uO () =uO(t) + ¢, w eV,

V1 = U(O)(tf—) = U(O) (tl) +m, v € H,

where ¢; € Gy (u®(ty), 4O (t))) and 11 € Hy(u@(ty), 4O (t,)).

2) Consider the following problem without impulses

) i(t) + A(t, u(t)) + Bu(t) € F(t,u(t),u(t)) ae. t € oy

U(tl) = Uy, u(tl) = V1.

Using Theorem 3.3 we obtain a solution u(!) to (3.4) such that «(Y) € L?(o1; V) and
wY € W(ay). Therefore u) € C(oy; V) with 4V € C(oy; H). Analogously as in
Step 1, we set

uy = () =uV(ta) + G, wr €V,

vy = 0V (t) = a0V (ty) + 1m0, vy € H,

where (o € Go(uV(ty), uM(ty)) and ny € Hy(u™ (t5), u M (ty)).
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3) Further we continue the process and for k = 0,1,...,m, we obtain u®) €
L*(oy; V) such that 4 € W (o) and it is a solution to the problem

u(t) + A(t,u(t)) + Bu(t) € F(t,u(t),u(t)) a.e. t € oy

u(tk) = Ug, u(tk) = Vg,

where

U, = u(k_l)(tk) + (g, up €V,
v = u(k_l)(tk) + Nk, U € H,

with Ck € Gk(u(k_l)(tk), ﬂ(k_l)(tk)) and Nk € Hk(u(k_l)(tk), ﬂ(k_l)(tk)) for k = 1,...,m.
Now we define the function u: I — V by

p

U(O), t € [0, tl]

u 9 E P

u™ )t € (tm,T).

\ )

It is easy to see that w € PC(I; V) with « € PW(I)NPC(I; H) is a solution to (3.1).
The proof is complete. 0

In what follows we establish the compactness of the solution map to (3.1). We

need to strengthen the conditions on the multifunctions defining the jumps sizes.

H(G,H); : the multifunctions G;: V x H — 2V \ {0}, H;: V x H — 25\ {(}
satisfy H(G, H), Gr G, is closed in H x H x (w-V') topology and Gr H; is closed in
H x H x (w-H) topology, for i =1,...,m.

Let S: V x H — 2PC¢"(H) he a solution map to (3.1), i.e. the multifunction defined
by
S(ug,v0) = {u : u is a solution to (3.1)},
where PCY(I; H) = {ve PC(I;H) : ve PC(I; H)}.
Proposition 3.5. Under hypotheses H(A), H(B), H(F), H(G, H);, and (H,), the

solution set S(ug,vp) is a nonempty compact subset of PCY(I; H).

Proof. Let (ug,v9) € V x H and {u,} C S(up,v9). The nonemptiness follows from
Theorem 4. In the following steps we find a subsequence of {u,} and constract its
limit.
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1) Define ul) = Un|oe- Then u?) e C(o9; V) with ) e W (op) solves the
problem without impulses
u(t) + A(t, u(t)) + Bu(t) € F(t,u(t),u(t)) a.e. t € oy

(3.5)
u(0) = up, u(0) = vo.

;From Theorem 3.3, applied to (3.5), there exist a subsequence {u?} of {ul’’} and
ul® € C(og; V) with 0@ € W(ay) C C(oo; H) such that

40

b —u% in CYog; H), as k — oo

and u(? is a solution to (3.5). For simplicity of notation, we denote the subsequence
{un, } of {u,} C S(ug,vp) by the same symbol {u,}. Subsequently, we define {u,;} C
V and {v,1} C H by

Uy = D (t1) + Cory v = O (81) 4 M,
where
(3.6) G € G1(ul (1), 4 (1)), n € Hi(uQ (1), 4 (1))

Since GG; and H; are bounded-valued multifunctions, {(,;} and {n,;} are bounded
in V and H, respectively, uniformly with respect to n. Passing to a subsequence, if
necessary, we may assume

Ca1 — G weakly in V,
Np1 — m1 weakly in H

with (; € V and n; € H. Using the convergences

ul9(t) = uOty), 1) — a®(t) bothin H

n

and the closedness of the graphs of G; and H; in suitable topologies (cf. H(G, H),),

from (3.6) we deduce
G € GO (), a0 ), m e Hi(u®(t), 49 t)).
Hence, putting
U = U(O)(tl) + Cl, V1 = ,&(0) (tl) + m,
we have
Upy — U1, V1 — V1 both in H, as n — oo.

2) We define ul) = Upn|oy- Then ul) e C(o1; V) is such that ) e W (1) and
it is a solution of the problem without impulses
u(t) + A(t, u(t)) + Bu(t) € F(t,u(t),u(t)) a.e. t € oy

(3.7)
U(tl) = Uy, U(tl) = V1.
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Again from Theorem 3.3, there exist a subsequence {uglk)} of {ug)} and u() €
C(oy; V) with «t) € W (o) € O(oy; H) such that

(3.8) ul) — oV in CYoy; H), as k — oo

T

and u is a solution to problem (3.7). We denote the subsequence {u,, } of {u,} C
S(ug, vo) again by {u,}. Next, we define {u,o} C V and {v,2} C H by

Upz = U (t2) + Cuzy Vnz = U8 (t2) + Mo
with
Cn2 S GQ(US)(Q), Ug)(t2))a Mn2 € H2(un1)(t2)v Ug)(tg))

By the boundedness of values of Gy and Hy we may suppose (2 — (o weakly in V
and 1,2 — 1y weakly in H, where (; € V and n, € H. Exploiting (3.8) and the

closedness of the graphs of G5 and Hs, we obtain

Upo — U, Upg — Vg both in H,

where uy = uM(ty) + (o, va = 4V (ty) 4+ my with & € Gy(uM(ty), 4™ (t5)) and 1, €
H2 (u(l) (tg), U(l) (tg))

3) Step by step, we obtain a family of functions {u¥}m, where u® € C(oy; V),
" € W(0;) such that ¥ is a solution of the following problem

i(t) + A(t,u(t)) + Bu(t) € F(t,u(t), u(t)) ae. t € o;

for i =0,1,...,m. Finally, we define the function u*: I — V by

(U(O), t e [0, tl]
U(l), te (tl,tg]

\u(m), t e (tm, T

Then u* € PC(I;V),u* € PW(I)NPC(I; H)is asolution to (3.1), i.e. u* € S(ug,vo).
It is easy to see that the subsequence of {u,,} successively chosen in m steps converges

to u* in PCY(I; H)-norm. This proves the proposition. O

Remark 3.6. Analogously as in Theorem 3.4 and Proposition 3.5 we can prove the

nonemptiness and compactness of the solution set of the following impulsive second
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order evolution inclusion

(

) €u(s;) + Gi(u(s;),u(s;)) for s; € Dy
yea(ty)+ Hy(u(t;),u(ty)) for t; € Dy, i=1,...,m,

where D = Dy U Dy, Dy = {s1,89,...,8n} and Dy = {t1,ta,...,tm}.

. From the existence result for nonconvex second order inclusions without impulses
(cf. Theorem 2 in [21]), we establish a new existence result for problem (3.1) with a

nonconvex set valued map F'. The hypothesis on the nonconvex term is as follows.

H(F);: F:I1xHxH— 2%\ {0} is a multifunction with closed values such that

(i) F(-,-,-) is graph measurable;

(i) F(t,-,-) is Isc for a.e. t € I;

(iil) |[F(t,u,v)| < az(t) + ca(|u| + |v]) for a.e. t € I, for all u, v € H with ay € L% (1)
and ¢y > 0.

The proof of the next theorem is analogous to that of Theorem 3.4 and it is

omitted.

Theorem 3.7. Under hypotheses H(A), H(B), H(F'),, H(G, H) and (Hy), the prob-

lem (3.1) admits a solution.

We conclude this section by providing an example of the multifunction G; which
satisfies the hypothesis H(G, H);. An analogous example can also be given for the
multifunction H;.

Let Y be a separable reflexive Banach space, let C: V x H — L(Y,V) and
U:V x H— 2Y\ {0}. Define the multifunction G: V x H — 2"\ {0} by

(3.9) G(u,v) = {Clu,v)y - y € Uw )} = | Clu,o)y
yeU (u,v)

for u e V, v € H. We introduce the following hypotheses.

H(C): C:V xH— L(Y,V) is such that

(i) (u,v) — C(u,v) is continuous from H x H into L(Y,V);
(i) [|C(u,v)||eevvy < co(1 4+ |lul] + |v]) for all (u,v) € V x H with ¢o > 0.

HWWU): U:V xH— 2"\ {0} is such that
(i) GrU CV x HxY isclosed in H x H x (w-Y);
(i) ||U(u,v)|ly < M for all (u,v) € V x H with M > 0.
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Lemma 3.8. Under hypotheses H(C') and H(U), the multifunction G: V x H —
2V \ {0} defined by (3.9) is bounded on bounded sets and its graph is closed in H x
H x (w-V).

Proof. It is easy to observe that from H(C)(i7) and H(U)(i7) the multifunction
G is bounded on bounded sets. To show the closedness of the graph of G, let
{(tn, vn, w,)} C Gr G be such that u,, — u, v, — v both in H and w,, — w weakly
in V. jFrom the definition of G, we have w,, = C(un,v,)y, with y, € U(u,,v,). By
H(U)(ii), we may suppose that y, — y weakly in Y with y € U(u,v) (cf. H(U)(i)).
Let h € V*. We have

<C(un> Un)yn - C(uv U)y7 h> =
= <C(un> 'UN)yn - C(um Un)yv h) + <C(um Un)y - C(uv U):ya h> =
= (C(un, vn)(yn = y), h) + {(Cun, va) = C(u,v))y, h) <

< (Yn = Y, Clun, va) h) + (| Cun, vn) = Clu, )l vy [yl v (7]

V*,
where C'(uy,,v,)* € L(V*,Y*) denotes the adjoint operator to C'(u,,v,). Because

1€ (i, vn)"h = Cu, 0) Dy < (C(un, va)" = Cu, 0) |2y llve =

= [|C(un; vn) = C(w, 0)|| cevvr[[P]

V*_>0

(by H(C)(i)), we obtain (y, — y, C(upn,v,)*h) — 0. Thus C(uy,v,)y, — C(u,v)y
weakly in V' and w = C(u,v)y. Therefore w € G(u,v) which means that Gr G is
sequentially closed in H x H x (w-V') topology. O

4. APPLICATIONS

In this section we present two examples of hyperbolic partial differential equations
with multivalued terms leading to impulsive evolution inclusions of second order to

which our results apply.

Example 1. We consider a distributed parameter system governed by nonlinear

hyperbolic equation with a feedback control.

Let I =[0,7],0 < T < oo, let the set D = {t1,...,t,,} be a partition of I such
that 0 =t) <t; <ty <...<t, <tne1 =T and let €2 be an open bounded subset of
R? with boundary I' = Q. Let Q = Q x (I'\ D) and let Bg be a ball in R. Consider
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the following system

4

0% R, O Ou
w(xat) - Z 8—l’kak<x7t’ E(xut)ava(xut))_'_

+ ao(x,t, %(ﬁﬂ) - Zd_: %(@ij(x)g—;(x,t)) =
= 1 oo, 5.0 )i, 0) n @

u(z,0) =u ()2t(x0) vo(z) in

u=0onT x (0,7T)
‘ﬂ(l’,tﬂ < Q(tv HU(t, )HLQ(Q)) a.e. in @

(e, 1) € (e 15) + Be (0,00 (e, 1)1, | 20, 1)]))

(4.1)

fori=1,...,m
Ou ¥ ou . Ou,
fort=1,...,m

\

The conditions on the data involved are the following.

H(a): ap: QxIxRxR* =R, k=1,...,d are functions such that

(i) (z,t) — ap(z,t,7, &) is measurable for all r € R, £ € RY;

(i) (r,&) — ax(x,t,r, &) is continuous for a.e. (x,t) € Q x [;

(iil) |ak(z,t,r, &) < alz,t)+c(z, t)(|r] + ||€]|ra) for ae. (z,t) € Q x I, for all (r, &) €
R x R? with a € L2(Q x I), c € L2(Q2 x I);

(iv) Zzzl(ak(z,t,r, &) —ap(x, t,r,n)) (& — nr) > 0 for ae. (z,t) € A x I, allr € R
and all £, n € R%:

(v) S0 agla, t,m, )& > e1|€]|2 — ar(, t) for ae. (z,8) € Q x I, all r € R and all
¢ € R? with ay € LY(Q x I), ¢; > 0.

H(ag) : ap: @ x I xR — Ris a function such that
(i) (z,t) — ao(x,t,r) is measurable for all r € R;
(i)
iii) |ag(x,t,r)] < as(x,t) + c|r| for ae. (x,t) € Q x I, for all r € R with ay €
LL(QxI), c>0.

r — ag(x,t,r) is continuous for a.e. (z,t) € Q x [
|

~—

=

(CLl) : ai; € LOO(Q), Qaij = Qjg, Zi:l aij(l’>£i£j >0 for a.e. x € Q) and all f c R4,

=

(f): [f:Q2xIxRxR—Risa function such that

(i) (x,t) — f(=z,t,r,s) is measurable for all r, s € R;

(i) (r,s) — f(x,t,r, s) is continuous for a.e. (z,t) € Q X I;

(iii) |f(x,t,r,s)| < as(x,t) + c(z, t)(|r| + |s|) for a.e. (z,t) € Q x I, for all r, s € R
with ag € LA(Q % I), c € L(Q x I).



SECOND ORDER IMPULSIVE EVOLUTION INCLUSIONS 167

=

(0): o: I xRy — Ry is measurable in ¢, upper semicontinuous in s € R, and
o(t,s) < f(t) a.e. on I with g € L(1).

=

(g,h) :  gi,hi: Ry x Ry — R, are bounded and are upper semicontinuous with

respect to both variables, for : =1,...,m.

In the problem (4.1) the evolution triple consists of the Sobolev spaces V =
H}(Q), H=L*() and V* = H™'(2). By the Sobolev embedding theorem, we know
that the embeddings V' C H C V* are compact. We define A: I x V — V* and
B:V — V* by

d
9,
(A(t,u),v):/Zak(z,t,u,Vv)ﬁ—vdx+/an(:c,t,u)vdx,

x
Qi k

a ou Ov
(Bu,v) = /Q Z aij(aj)a—x]—@xi dx

i,7=1

for t € I and uw, v € V. It can be seen (cf. [21], Section 6) that these operators
satisfy H(A) and H(B), respectively. Next, let f:Ix Hx H— H be the Nemitsky

(superposition) operator corresponding to f, i.e. f(t,u,v)(-) = f(-,t,u(:),v(:)) for
tel,u,ve H. DefineU: Ix H — 2L by

U(t,v) ={u e L=(Q) : [Jullre@) < oft,[v])}

fort€ Iandv € H. Let F: [ x H x H — 2 be defined by

F(t,u,v) = A(t,u,v)U(t,u) = U f(t,u,v)y

yeU(t,u)

fort € I, u, v € H. Analogously as in [21] we can show that the multifunction F
satisfies H(F).

Finally, let the multifunctions G;: V x H — 2V \ {0} and H;: V x H — 25\ {0}
be defined by

Gi(u,v)() = By (0, g; (Ju(-)], [v(-)])),
Hi(u,v)(-) = B (0, i (Ju)], [v(-)])

for u € V, v € H, where By and By represent balls in V and H, respectively.
We observe that Gr G, is closed in H x H x (w-V) topology for all i = 1,...,m.
Indeed, let (uyn,vn,2,) € GrG;, u, — u, v, — v in H and 2, — z weakly in V.
So z, € Gi(up,v,) and ||z,] < gi(lun(x)], |va(x)]) for a.e. = € Q. By passing to a
subsequence, we have u,(x) — u(z), v,(x) — v(x) a.e. = € Q. Exploiting the weak

lower semicontinuity of the norm and H (g, h), we have

[} < lim inf |2, [} < lim sup g ([un ()], [va(2)]) < gi(u(2)]; Jo(2)])
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for a.e. z € Q. Hence z € G;(u,v) which implies the closedness of GG;. Analogously,
we prove that H; is closed in H x H x (w-H) topology, for i = 1,... ,m. It is
straighforward to see that H (G, H); holds.

Applying the results of previous section, we obtain the following result for weak

solutions to the system under consideration.

Theorem 4.1. If H(a), H(ao), H(a1), H(f), H(o), H(g,h) hold and uy € H}(9),
vo € L*(2), then problem (4.1) has a solution uw € PC(I; H}(2)) with 24 € PW (I)N
PC(I; L*(R2)) and the set of all solutions is compact in PC*(I; L*(Q)).

Example 2. In this example we consider a mechanical contact problem involving
a nonmonotone multivalued term. First, we formulate this problem as a hyperbolic
hemivariational inequality with impulses. Then, we associate with the hemivariational
inequality an impulsive evolution inclusion. The existence of solutions to the latter
and, in consequence, the existence of weak solutions to the contact problem will follow

from Theorem 3.4.

Let I =[0,7],0 <T < oo and let D = {t;,...,t,} be such that 0 =t; < t; <
ty < ... <tm < tmy1 = T. Let Q be an open bounded subset of R? with Lipschitz
continuous boundary I' = 0Q. Put Q = Q x (I \ D).

We consider the following problem.

(4.2) %(t) —dive(t) = ¢(t) in Q
(4.3) o(t) = CE(%(t)) 4 Ge(u(t)) in Q
(4.4) p(x,t) = p1(z,t) + p2(z,t) in Q
(4.5) w=0onTp x (I\D)
(4.6) o(thn = (t) on Ty x (I\ D)
(4.7) —p1(z,t) € 0j(z, t,u(x,t)) in Q
(4.8) u(0) = uo, %(0) = v in Q
(4.9) (e 1) € ue, 17) + Ba (0,9, (lute, )], | 92 17)))
for i=1,...,m
@10) Pty e D)+ Be (0. b (jule D)L o 1) ).

for i=1,...,m.
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The system (4.2)—(4.10) serves as a mathematical model for a contact problem in
viscoelasticity with nonmonotone and nonconvex superpotential laws. More precisely,
let us consider a viscoelastic body which occupies the reference configuration Q C R,
d = 2, 3. We suppose that the boundary I' is divided into two disjoint measurable
parts I'p and I'y such that meas(I'p) > 0. The body is clamped along I'p, so the
displacement field vanishes there. We denote by 1 the density of surface tractions
on I'y. We suppose that the nonmonotone skin effects (e.g. skin friction, adhesive
forces etc.) appear in Q (cf. [20, 17]). In order to describe such effects we assume
that the volume forces ¢ consist of two parts: s is given and ¢, is the reaction of
the constraint introducing the skin effects. So we may write ¢ = @1 + o (cf. (4.4)),
where (5 is the prescribed external loading and ¢, is a possibly multivalued function
of the displacement satisfying (4.7), where 07 is the Clarke generalized gradient of a

given function j.

We denote by v = (uq, ..., uq) the displacement vector, by o = (0;;) the stress
tensor and by e(u) = (g;5(u)), €;(u) = %(gZ; + Z_X)’ the linearized (small) strain

tensor, where 7,7 = 1,...,d. The relation (4.2) is a dynamic equation of motion. We
suppose the viscoelastic constitutive relationship of Kelvin-Voigt type (4.3), where C
and G are given viscosity and elasticity functions, respectively. Conditions (4.5) and
(4.6) represent the displacement and traction boundary conditions, respectively while
uo and u; in (4.8) denote the initial displacement and the initial velocity, respectively.
Conditions (4.9) and (4.10) are the impulse constraints relations. The classical prob-
lem with impulses is to find a displacement field u: @ — R such that (4.2)—(4.10)
hold.

In order to set the above problem in a variational form, we consider S; the
linear space of second order symmetric tensors on R? with the inner product and
the corresponding norm o : 7 = Y7 047y, ||7l5, = T : 7, respectively. Let H =
L*(Q;RY) and H = L*(Q; Sy) be Hilbert spaces equipped with the inner products

(u,v>H:/u-vdx, <0,7>H:/U:7'dx.
0 Q

We denote by V' the closed subspace of H!(€2;RY) defined by V = {v € H(Q;R?) :
v=0onTI'p} and on V we consider the inner product and the corresponding norm
given by
(u,v)v = (e(u),e())n, vl = lle()]ls for u,veV.
Then the spaces (V, H,V*) form an evolution triple of spaces.
In the study of the problem (4.2)-(4.10) we use the following assumptions.
H(C): the viscosity operator C: @ x S; — S, satisfies the Carathéodory condition

(i.e. C(+,-, &) is measurable on @ for all € € S; and C(x,t,-) is continuous on S, for
a.e. (z,t) € Q) and
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1) IC(z,t,e)lls, < 1 (b(x,t) + |le]ls,) for € € Sy, ae. (x,t) € Q with b € L3(Q),
c > 0;

(i) (C(z,t,e1) —C(z,t,e2)) : (61 —e2) >0 for all 1, €2 € §; and a.e. (x,t) € Q;

(iii) C(z,t,e) e > 02||5||?Sd for all e € S5 and a.e. (z,t) € Q with ¢ > 0.

H(G) : the elasticity operator G: Q x §; — Sy is of the form G(z,e) = E(x)e

(Hooke’s law) with a symmetric and positive elasticity tensor E € L>(Q2), i.e. E =

(gijr), 4,7, k, 0= 1,...,d with giji = gjire = Girij and gijr(2) Xijxm > 0 for ae. 2 € Q

and for all symmetric tensors x = {x;;}-

H(j): j:QxR?— Ris a function such that

(i) j(-,-, &) is measurable on Q for all £ € R¢;
(ii) j(z,t,-) is locally Lipschitz for all (z,t) € Q;
(iii) ||0j(z,t,&)||ra < c (1 +||€]||ga) for all (z,t) € Q, € € R with ¢ > 0.
In the hypotheses H(j) the symbol 05 denotes the Clarke subdifferential of j with

respect to the last variable.

H(g,h): g, hi: Ry xR, — R, are bounded and upper semicontinuous with respect

to both variables, for i =1,...,m.

The external loading, boundary tractions and the initial data have the following
regularity.

(Ho): € LY(I; H/*(Tn;RY), oy € L2(I; H), up € V and uy € H.

The variational formulation of the problem (4.2)—(4.10) reads as follows: find a
displacement field u: I \ D — V such that u € PC(I;V), u € PW(I)N PC(I; H)

and

((ii(t), v) + (Celi(t)) + Ge(ult)), =(v))n+
+/Qj0(a7,t,u(x,t);v(:v))dx > (G(t), V) s

(4.11) forall veVandae tel\D

t7) + Br (0, g; (Ju(t;)|, [a(t;,)])) fori=1,...,m
t7) 4 Br (0, i (Jut;)],|at;)]) fori=1,...,m,

where (15, V) aexr = (pa2(t),v)g + (Y(1), v)r.

We associate with the hemivariational inequality (4.11) an evolution impulsive
inclusion. To thisend, let A: I xV — V* B: V — V*and J: [ Xx H — R be defined
by

(4.12) (A(t,u),v) = (C(z,t,e(u)),e(v))y foru,v eV andtel,
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(4.13) (Bu,v) = (G(x,e(u)),e(v))y for u,v €V,

(4.14) J(t,v) = /j(x,t,v(x)) de forve Handtel.
Q

Lemma 4.2. Under the hypothesis H(C) the operator A: I x V. — V* defined by
(4.12) satisfies H(A). Under the assumption H(G) the operator B: V' — V* defined
by (4.13) satisfies H(B). Under the assumption H(j) the functional J defined by

(4.14) satisfies

H(J): J:IxH — R is a functional such that
W(',U) is measurable on I for allv € H;
(i) J(t,-) is well defined and Lipschitz continuous on bounded subsets of H, for a.e.
tel;
(111) |0J(t,u)| < (1 + |u|) for a.e. t € I and all u € H with ¢ > 0;
(iv) for a.e. t € I and all u, v € H, we have
JO(t,usv) < /jo(:c,t,u(x);v(x)) dx,

Q
where 0J(t,u) denotes the Clarke subdifferential of J(t,-) at a point w € H and
JO(t,u;v) stands for the directional derivative of J(t,-) at a point w € H in the
direction v € H.

We define the multifunctions G;: V x H — 2¥ and H;: V x H — 27 by
Gi(u,v)(-) = By (0, g: ([u(:)], [v()]), Hi(u,v)(-) = Bp (0, hs (Jul-)[, [v(-)])) for u € V,
v € H. From Example 1, we know that under the condition H(g,h) the hypothesis
H(G, H); holds. We also observe that if (Hy) is satisfied, then ¢ € H*, uo € V and
vy € H.

Consider the following evolution inclusion with impulses.

(..

(4.15)

The reason to introduce problem (4.15) is stated in the following lemma. For details
we refer to [15] (cf. also [19]).

Lemma 4.3. Under condition H(J), every solution to problem (4.15) is a solution

to the hemivariational inequality (4.11).

Now, it is clear that defining multifunction F': I x H x H — 2 by

(4.16) F(t,u,v) = —0J(t,u) +)(t) fort € I, u,v € H
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and using the above notation, we formulate the inclusion (4.15) in the form of (3.1).
Lemma 4.4. If H(J) holds and J € H*, then F given by (4.16) satisfies H(F').

Proof. The condition H(F)(i) follows from H(J)(i). Since the subdifferential has
nonempty, weakly compact and convex values, the multifunction F' is closed and
convex valued. It is also known (cf. Proposition 5.6.10 of [9]) that 0.J(¢,-) is usc from
H into w-H. Hence (cf. Proposition 4.1.14 of [9]) F' satisfies H(F")(ii). The condition
H(F)(ii7) is a consequence of H(J)(ii7). O

Summing up, from the result of Section 3, Lemmata 4.2, 4.3, 4.4, we obtain the

following.

Theorem 4.5. If H(C), H(G), H(j), (Ho), H(g,h) hold and vy € H}(Q), vo €
L?(%2), then problem (4.2)~(4.10) has a solution u € PC(I; H}(2)) with 3 € PW (I)N
PC(I; L*(Q)) and the set of all solutions is compact in PC'(I; L*(Q)).
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