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ABSTRACT. In this paper, by virtue of the Mann iterative technique, we introduce and study a
class of systems of nonlinear equations without any mixed monotone property and continuity, and
prove the existence, uniqueness and Mann iterative approximation theorems of solutions for systems
of nonlinear operator equations. The results presented in this paper improve and generalize the

corresponding results of the earlier and recent works.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that X is a real Banach space with
norm || - ||, 6 is the null element of X and P C X is a cone on X, and the cone P
defines a partial ordering < in X by # <y if and only if y — x € P for all x,y € X.
A cone P in X is said to be normal if there exists a normal constant N, > 0 such
that < o <y implies ||z|| < N,||y|| for all z,y € X. The constant N, is called the
normal constant of the cone P. Without loss of generality, we can assume that the
normal constant N, = 1. For any ug,vg € X with uy < vy, we define the ordered
interval D = [ug,vo] = {u € X : ug <u <y} (see [5]).
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In [7], Song considered the following system of nonlinear operator equations in
X:

(1.1) { x i Az, z),

where A, B : D x D — X need not be mixed monotone operators or continuous oper-
ators, and introduced the following assumptions (H;) and (Hs) to show the existence

and uniqueness of the system (1.1):

(Hy) There exist nonnegative real constants M and N with N < M + 1 such
that

(1) uo + N(vo — up) < B(ug,vg), A(vo, up) < vg — N(vg — up);
(i) A(ug,ve) — A(ug,v1) > —M(ug — uy) — N(v1 — vy);

(iii) B(ug,vs2) — B(vg,ug) > —M(uy — uy) + N(vy — v9);

) A(ug,ur) — B(uy,ug) > —(M + N)(ug — uy),

where ug < uy < up < g, ug < v < v < wy,

(iv

and

(Hy) there exists a positive linear operator L : X — X with r(L) < 1 such that
A(v,u) — B(u,v) < Llv —u), wuy <u<v< v,
where r(L) is the spectral radius of L.

Theorem S1. ([7]) Let P C X be a normal cone and ug,vy € X such that uy <
vo and D = [ug,v]. Assume that the conditions (Hy) and (Hs) are satisfied. If
2N + r(L) < 1, then the system of the nonlinear operator equations (1.1) has a

unique solution u in D, the iterative sequences {u,} and {v,} generated by

(1 2) Up = m[B(un—la Un—l) + Mun—l — an—l]v
Up = m[A(Un—la un—l) + Mvn—l - Nun—l]
form = 1,2,--- both converge to the unique solution u and there exists a natural

number ng such that, for any constant ¢ with r(L) < ¢; <1 —2N,

1o = unll < 0"Jvo = woll or @ = wvall < 6"[lvo = uoll, 1 = mn,

c+M+N

where b = £y -

Theorem S2. ([7]) Let P C X be a normal cone and ug, vy € X such that ug < vy
and D = [ug,vo]. Assume that the conditions (Hy) is satisfied. If there exists a
constant with 0 < b <1 — 2N such that, for ug < u < v < vy,

(H;) A(v,u) — B(u,v) > b(v — u), then the system of the nonlinear operator

equations (1.1) has a unique solution u in D, the iterative sequences {u,} and {v,}
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generated by (1.2) both converge to the unique solution u and have the following error

estimate:
) lleo = o
form=1,2---.

Remark 1.1. (1) If A= B in (1.1), then we have the following nonlinear operator

equation:

(1.3) x = Az, z).

(2) If A(z,y) =T (z) + F(y) for all z,y € X in (1.3), then we have the following

nonlinear operator equation:
(1.4) x=T(z)+ F(x).

(3) If A(z,y) = T(z)F(y) for all z,y € X in (1.3), then we have the following

nonlinear operator equation:

(1.5) r=T(z)F(x).

In fact, the study of these nonlinear operator equations is motivated by an in-
creasing interest in the equation (1.3) with applications in Banach spaces (see, for
example, [1], [2], [4], [6]-]9], [11]-][14] and the references therein).

In 1995, Chen [1] studied the fixed point theorems of 7-monotone operator un-
der the condition that A satisfies some continuous condition. Recently, Sun, Li and
Luan [8] studied T-mixed monotone operator which generalized T-monotone opera-
tor and obtained some new fixed point theorems by using the results of Syan [9] and
the condition that A satisfies some non-continuous condition. Very recently, Zhang
and Xie [14] discussed the existence of the solution and coupled minimal and max-
imal quasi-solutions for nonlinear non-monotone operator equation (1.3) under the

condition that A(x,y)+ T'(z) is a mixed monotone operator.

Moreover, by using partial order method, Song [7] discussed the existence, unique-
ness and Picard’s iterative approximation of solutions for the operator equations (1.1)

in Banach space (see Theorems S1, S2 above).

Inspired and motivated by the recent works of [3], [6], [7], [11] and [14], in this pa-
per, we study the Mann iterative approximation problem of solutions for the nonlinear
operator equations (1.1), (1.3)—(1.5) in Banach spaces and also give the estimation
of rate of convergence. The results presented in this paper improve and extend the

corresponding results given by Song [7] and some authors.
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2. SOME ITERATIVE ALGORITHMS

In this section, we will give some Algorithms (Mann iterative sequences) for
solving the equations (1.1), (1.3)—(1.5) in Section 1.

Algorithms 2.1. The sequences {u,} and {v,} are defined by

(2 1) Unp41 = (1 - an)un + an<1 + Qp — bn>_1[B(un7 Un) + ApUp — bnvn]u
' Vpa1 = (1 — ap)vn + an(1 4 a, — b,) 7HA(vp, wn) + anv, — by

forn=0,1,2,---, where {o,} is a real sequence in (0, 1] satisfying some conditions

and {a,}, {b,} are two nonnegative real sequences with b,, < a,+1forn =0,1,2,---.

If , =1 for allm = 0,1,2,--- in (2.1), then Algorithms 2.1 is reduced to the

following algorithm:

Algorithms 2.2. The sequences {u,} and {v,} are defined by

(2.2) { Upy1 = (1+ an —by) " [B(tn, va) + antiy — byvy),

Vpa1 = (14 ap — by) AU, Up) + @nvn — by
forn=0,1,2,---.

Ifa, =aand b, =bforalln =0,1,2,--- in (2.2), then Algorithms 2.2 is reduced
to the following algorithm:

Algorithms 2.3. The sequences {u,} and {v,} are defined by

(2.3) { Unt1 = (1 +a =) [B(un, va) + aty — buy),

Vp1 = (1 +a—b) " A(vn, u,) + av, — bu,,]
forn=20,1,2,---.

Remark 2.1. The iterative procedures {u, } and {v,} in Algorithms 2.3 were studied
by Song [7].

Algorithms 2.4. The sequences {u,} and {v,} are defined by

(2 4) Unp4+1 = (1 - an)un + an(l + Ay — bn)_l[A(un> 'Un) + AUy — bnvn]a
' Vns1 = (1= an)vn + an(l + ap — by) A (v, un) + anv, — byiy]

forn=0,1,2,---.

Algorithms 2.5. The sequences {u,} and {v,} are defined by

(2.5) { tnpr = (1= )ty + an (14 ay = b,) (T + and) (uy) + (F = buI)(vy)],
O = (1= ) + (L ay — b (T + and)(0) + (F = bol) ()]

forn=0,1,2,---, where I is an identical operator from X into itself.
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Algorithms 2.6. The sequences {u,} and {v,} are defined by

Upr1 = (14 an — b,) 7T (un) F(vy) + antty, — byvy),
Vps1 = (14 an — b)) 7T (0,) F(uy) + anvn — bptiy)]

forn=0,1,2,---.

(2.6)

3. THE MAIN RESULTS

First, we list for convenience the following assumptions:

(H;) There exist nonnegative real sequences {a,} and {b,} with b, < a, + 1 for
alln=0,1,2,--- such that

(2) @+ bo(0— @) < B(it, ), A(0,a) < 0 — by(0 — @);
(b) A(it, 8) — A, 0) > —an(@ — @) + by (0 — 0);

(¢) B(it, ) — B(ii, 0) > —an(@ — @) + bn(6 — 0);

(d) A(a, @) — B(@,a) > (1 — 2b,) (i — @),

where ug < u <1 <wvgand uy <0 < v < vp.

(Hy) There exists a positive linear operator L : X — X with 7(L) < 1 such that
A(v,u) — B(u,v) < L(v —u), ug<u<v <y,

where 7(L) is the spectral radius of L.

Now, we give our main results in this paper.

Theorem 3.1. Let P C X be a normal cone, ug,vg € X such that uy < vy and
D = [ug, vo]. Suppose that the conditions (Hy) and (Hs) are satisfied. If 2b,+r(L) < 1
forn =0,1,2,---, {a,} is a monotone decreasing sequence with o,, — a € [0, 1),
lim a, = a and lim b, = b, then the iterative sequences {u,} and {v,} generated by
T(LQ—?) both conve%?aﬁtmngly to the unique solution x* of the system of the nonlinear
operator equations (1.1) and there exists a natural number ny such that, for any

i=0,1,2,---,n—1and r(L) <c¢; < 1—2b;,

|27 — upl| < €"flvg — uol| or |[vn — 2™ < €"[Jvo —uoll, 1 = no,
where € = (1 — a) + ao, Uzoglgail{ai}’ aizcli:gi:ff;fori:(),l,~' n—1.

Proof. Firstly, from the condition (H;) and (2.1), we can know that
(3.1) U S Uy Sup < S Uy SV S v S U1 S .
In fact, when n =1, by (2.1) and the condition (H;), we have
up —ug = (1—ap)ug+ (14 ag — b))~ [B(ug, vo) + aguo — bovo] — ug
= ap{(1+ ao — bo) " [B(uo, vo) + agug — bovo] — o}

Z Oé(]{(l + ap — bo)_l[UQ -+ bo(’Uo — Uo) -+ AoUg — b(]’Uo] — Uo}
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0,
vo — {(1 — ag)vo + ag(1 + ag — bo) *[A(vo, ug) + agve — bouo]}
ao{ve — (14 ag — by) " [A(vo, uo) + agve — boug)}
ao{ve — (14 ag — by) vy — bo(vg — o) + aguo — boug)

6

(1 — ap)(vg — up)

+ao(1 + ag — by) "H{[A(vg, ug) — Blug, vo) + (ag + bo)(vg — ug)}
(1 — ) (vo — uo)

+ag(1 +ag — by)"H[(1 — 2bo) (vo — ug) + (ag + bo)(ve — o))

6.

Therefore, ug < u; < vy < vy, i.e., (3.1) holds for n = 1.

Suppose now that (3.1) holds for n = k, i.e., up_1 < up < vp < vp_1. We shall
show that it holds for n = k + 1. Indeed, by (2.1), the condition (H;) and induction

hypothesis, we have

Uk+1 — Uk
Vg — Vk+1
Vg+1 — Uk+1

v

AV |

>

(1 — ap)ug + (1 4 ag, — b)) ' [Bug, vi) + apug — brog] — ug
ar{(1+ ar, — be) ™' [Bug, v) + aruy, — brvg] — ug}

ar{(1+ ap — b)) Hug + br(vp — up) + apug — brv] — ug}

0,

v — {(1 — v + ar(1 + ap — be) " HA(vr, ug) + apvr — brug]}
ar{vr — (14 ap — br) " [A(vg, u) + axvr — bpug}

arp{ve — (1 + ap — b)) Hop — be(vr — ug) + apvr — brug)

0.

(1 — ae) (vg — )

Fag(1+ ap — by) " H{[A(vk, ug) — Blug, vx) + (ag + by ) (v, — ug)}
(1 — ae) (v — wg)

a1+ ag — br) " H[(1 — 2bg) (e — ug) + (ap + be) (v — ug)}
Vg — Uy

6.

Thus ug < ugpr1 < vgp1 < vy and so (3.1) is true.
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Secondly, we prove that the existence of solutions for the systems of operator
equations (1.1) in D. In fact, it follows from the condition (H») that

0 < wv,—u,
= (1= ap-1)(vn-1— tn-1)
o 1(1 4 ap_1 —bp1) [AWp_1, Un-1) — B(Up_1,Vn_1)
F(an-1 + bn1)(Vn-1 — Upn-1)]
{1 = an_ )+ an1(1+ap1—by1)"
X[L 4 (ap-1 + bp1) ]} (-1 — Up—1)

Qn—l ('Un—l - un—l)

Qn—l (Qn—Z ('Un—Z - un—2))

IA

IA

(3.2)

IA

n—1
H Qi(UO - U0)7
i=0

where Q; = (1 — ;)] + a;(1 + a; — b)) "' [L + (a; + b;)I] for i = 0,1,2,--+ ,n — 1.
Since {a,} is a monotone decreasing sequence in (0, 1] and «,, — « € (0, 1], for all
i=0,1,2,---,n—1and ¢; € (r(L),1 —2b;), we have (see [10])

. "
Tim Q7= = (@)
- ( Oé)"—Oé 1—|—ai—bi
ci+ai+b,~
< (1—o)+a—"tt >
= (1—0@)4—0[7;0'7;
< (- ay) + a0,
where 0 = max{o;|i = 0,1,---,n — 1}, 0, = %jfé’: Obviously, the condition
¢; < 1—2b; implies 0; < 1 forall i =0,1,2,--- ,n—1 and so ¢ < 1 and it follows
from a; > a foralli =0,1,2,--- ,n — 1 that
lim [|Q7» = 1-a(l-o0)
< 1—a(l-o)

(3.3)

€,

where € = (1 —a)+ao € (0,1). Thus, from (3.3), it is easy to know that there exists

a natural number ng such that

QP <€, ¥n=mno, >0,
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le.,
n—1

(3.4) [T 1@l = 1Qoll - 1Q11] - - - |Qu-sll < €, 1> ng.
=0

From (3.2), (3.4) and the normality of P, we get

(3.5) |vn, — unl] < |lvo — woll€”, 1 > ny.

It follows from (3.1) that, for any positive integers m and n,

(3.6) 0 < Upmin —Up <V — Up, 0 < Uy — Ui < Uy — U,

For any n,m > 1, (3.5), (3.6) and the normality of P imply

(3.7)

{ lttnsm = tall < llon = tall < oo = woll,

v = Vgl < [Jvn — || < €"flvo — uoll,

which imply that {u,} and {v,} are Cauchy sequences in X and hence there exist

uw*,v* € X such that lim w, = v*, lim v, = v* and u, < u* < v* < v, for

n—oo n—oo

n=20,1,2,---. By the normality of P and (3.5), we have
[v" = || < [lon = unl| = 0 (n — o0),

A :
and so u* =v* =z2* € D, i.e.,

(3.8) nh_)noloun = nh_)nolovn =2* and wu, <z*<wv, n>0.
On the other hand, from (2.1), (3.8) and the condition (H;), it follows that
Up1 (1 — ap)tn + (1 + @y — b)) "B (tn, v0) + Gntty, — bpvy,]

< (1= ap)u, + an(1+a, — b)) [B(z*, 2%) + (a, — by)z*]
< (1= ap)un + a1+ a, — b)) AR, 2%) + (a, — by) "]
< (1= an)vn + (1 + ay — by) AU, Un) + anvy — bty

(3.9) = Upi1

for all n =0,1,2,---. Thus, letting n — oo in (3.9), it follows from the normality of

P, (3.8), a, — «, a, — a and b, — b that

v < (1—a)g*+a(l+a—0)"'[B(* z*) + (a —b)z*

—

< (1—a)z* +all+a—b)" A 2*) + (a — b)a*] < 2¥,
v = (1—a)r*+a(l+a—b)"[B(* z*) + (a — b)z*]
= (1-a)z*+a(l+a—b)""A(* z*) + (a — b)x*]

Therefore, we get
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This implies that x* is a solution of the system of the nonlinear operator equations
(1.1) in D.

Thirdly, we shall show that z* is the unique solution of the system (1.1). Indeed,
suppose that z € D is also a solution of (1.1), then, from uy < x = A(x,z) =
B(z,x) < v and the condition (H;), we have
r—u = I — {(1 — Oé(])U(] + Oéo(l + ag — bo)_l[B(uO,’Uo) -+ aoUy — bovo]}

= (1 —ap)(x — up)
+ag(1 +ag — by) " [B(z, z) — B(ug, vo) + ao(z — ug) — bo(z — )]

> (1 —a)(x—up)
+ag(1 + ag — bo) "t [—ao(z — ug) + bo(z — vo) + ao(x — up) — bo(x — vy)]
= (1 —ap)(x — up)
> 0
and
v —2 = (1—an)v,+ an(l+a, —b,) Ay, un) + anvn — bpuy] —
= (1—ap)(vg— )
+ao(1 + ag — by) " HA(vg, ug) — Alx, ) + ag(ve — o) — bo(ug — )]
> (1—ap)(vg— )
+ag(1 + ag — by) " [~ag(vo — x) + bo(ug — ) + ao(ve — ) — bo(ug — )]
= (1—ag)(vg—x)
> 0,

which imply that u; < z < v;. By induction, it is easy to prove that
(3.10) U, <x <w,, n>1

Thus, letting n — oo in (3.10), it follows from (3.8) and the normality of cone P that
¢ < x < x* ie., ¥ = x. Therefore, 2* is the unique solution of the system of the
equations (1.1).

Finally, letting m — oo in (3.7), we can obtain the following error estimation:
27 — un|| < €"[Jug —uoll or [lon — 27| < €"[Jug — uoll.
This completes the proof. O

Corollary 3.1. Let P C X be a normal cone, ug,vg € X be such that uy < vy
and D = [ug,vg]. Suppose that the conditions (H,) is satisfied. Suppose that, for
n=20,1,2,---, there exists a constant c with 0 < ¢ < 1 — 2b,, such that

(H) A(v,u) — B(u,v) < c(v—u) for all ug < u < v < .
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If {an,} is a monotone decreasing sequence with o, — « € [0,1), lim a, = a
and lim b, = b, then the iterative sequences {u,} and {v,} generated by (2.1) both

converge strongly to the unique solution x* of the system of the nonlinear operator

equations (1.1) and
[ = un| < €flvo = ol or flun — 27| < €"lvo = woll, n=1.

. _ cta;+b;
where ¢ = (1 —a) + aoc and o = o Jnax 1{1+ai—bi .

Proof. By the same way as stated in Theorem 3.1, we can complete the proof. U

Theorem 3.2. Let P C X be a normal cone, ug,vg € X be such that uy < vy and
D = [ug, vo]. Suppose that the conditions (Hy) and (Hs) are satisfied. If 2b,+r(L) < 1
forn=20,1,2,---, lim a, = a and lim b, = b, then the iterative sequences {u,} and
{vn} generated by Zl?go(jm'thm 2.2 bo?fgozonverge strongly to the unique solution x* of
the system of the nonlinear operator equations (1.1) and there exists a natural number

ng such that, for any i =0,1,2,--- 'n—1 and r(L) < ¢; <1 — 2b;,

2" = un|| < €"[lvo = woll o flon = 27| < €*[lvo = uoll, 1= n,
taitb;
where € = Iax {sme ).

Theorem 3.3. Let P C X be a normal cone, ug,vg € X be such that uy < vy and
D = [ug, vo]. Let the condition (Hs) be satisfied. Assume that 2b+r(L) < 1 and the
following conditions hold:

(H{) There ezist nonnegative real sequences a and b with b < a + 1 such that
(a) up + b(vyg — ug) < B(ug,vo), A(vo,ug) < vg— b(veg — up);
b) A(u,v) — A(u,v) > —a(t —a) + b(0 — v);

Then the iterative sequences {un} and {v,} generated by Algorithm 2.3 both con-
verge strongly to the unique solution x* of the system of the nonlinear operator equa-

tions (1.1) and there exists a natural number ng such that, for any r(L) < ¢; < 1—2b,

c+a+b,, fl < cta+b,,

2% —un|| < (m) lvo—uol| or [lv,—a™| < (m)

lvo—wol|, n > no.

Proof. Let a, = 1, a, = a and b, = b for all n = 0,1,2,--- in the proof of
Theorem 3.1. By the condition (Hj), we know that

Upi1 — Uny1 = (14+a—b)"H[A(v,, up) — B(tn, vn) + (a + b) (v, — un)}
> (I+a—b)""a+b) (v, —u,)}
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> 0, n>0.
The rest proof can be obtained by the proof of Theorem 3.1 and so it is omitted. [

Remark 3.1. It is easy to know that the condition (H7) in Theorem 3.3 implies the
condition (H;) in Song [7] and so our results improve and generalize the corresponding
results of Song’ recent works [7]. In fact, the conditions (i)-(iii) of (H;) in [7] is the
same as the conditions (a)-(c) of (H) in Theorem 3.3. But, from the condition (d)
of (Hy), it follows that A(u,u) > B(u,u) > 0 > —(a + b)(a — u) implies A(a,u) >
B(u,u) > —(a + b)(4 — u), which is the condition (iv) of (H;) in [7]. Thus the

condition (Hj) improves the condition (H;) in [7].

Remark 3.2. In Theorems 3.1, 3.3, if A and B are two mixed monotone operators,
then (ii) and (iii) of the condition (H;) are fulfilled.

From Theorem 3.1, we have the following results:

Theorem 3.4. Let P C X be a normal cone, ug,vg € X be such that uy < vy and
D = [ug,vo)|. Suppose that operator A : D x D — X satisfies the following conditions:

(h1) There exist nonnegative real sequences {a,} and {b,} with b, < a, + 1 for
alln=20,1,2,--- such that

(a) 4+ b;(0—1) <A(a,0), A(0,0) <0—0bj(0—u);

(b) A(u,d) — A(u,v) > —aj(t —ua) + b;(0 — v),
where ug < u < 4 < vy, up < 0 < v < vy and some a; € {ap,a1,a2,---}, b; €
{bo, b1,ba,- - }.

(ha) There exists a positive linear operator L : X — X with r(L) < 1 such that

A(v,u) — A(u,v) < L(v —u), up<u<v <y,

where r(L) is the spectral radius of L.
If 2b, + r(L) < 1 forn = 0,1,2,---, lim a, = a, lim b, = b and {a,} is

a monotone decreasing sequence with «, — « € [0,1), then the nonlinear operator
equation (1.3) has a unique solution x* in D and both the iterative sequences {u,}

and {v,} generated by Algorithms 2.4 converge strongly to x*. Further, there ezists a

natural number ng such that, for anyi=0,1,2,--- ,;n—1 and r(L) < ¢; <1 — 20;,
27 = un|| < €"[lvg —uoll or flun — 2| < €"[lvg —uoll, 1 = no,
— _ itaitb;
where e = (1 — ) + ao, 0 = Ogr%ail{clﬂfﬁ}.

Remark 3.3. In Theorems 3.1-3.4, we have not required any mixed monotonicity
and continuity condition. In particular, if b; = 0 (resp., b = 0), then from (H;) and
(h1) (resp., (H7)), we know that uy and vy are coupled lower and upper solutions of

the nonlinear operator equations (1.1) and (1.3). Our results improve and generalize
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many known corresponding results (see, for example, [2], [4], [8], [12], [14] and the

references therein).

Corollary 3.2. Let P C X be a normal cone and ug, vy € X be such that ug < vy and
D = [ug,vo|. Suppose that operator T, F': D — X satisfies the following conditions:

(hy) There exist nonnegative real sequences {a,} and {b,} with b, < a, + 1 for
alln=0,1,2,--- such that

(a) @+ b;(0— ) < T() + F(
(b) T(a) =T(a) > —a;(id —a);

>
N—
~
—~
>
N~—
+
e
—~
>
N—
IA
>
|
S
<
~—~
>
|
>
N~—

A —

where ug < 0 < 4 < vy, upg < 0 < 0 < vy and a; € {ag,a1,as,---}, b; €
{bo, b1,ba,- - }.

(hly) There exists a positive linear operator Ly, Ly : X — X with r(Ly)+71(Ls) <
1 such that

Tw)—Tu) <Li(v—u), Fu)—F@)<L(v—u), u<u<uv<uy,

where r(L;) is the spectral radius of L; (i =1,2).
If 2b, + r(L1) + (L) < 1 forn=0,1,2,---, lim a, = a, lim b, =b and {a,}

is a monotone decreasing sequence with o,, — « € [0,1), then the nonlinear operator
equation (1.4) has a unique solution x* in D and both the iterative sequences {u,}

and {v,} generated by Algorithms 2.5 converge strongly to x*. Further, there exists a

natural number ng such that, for any i =0,1,2,--- n—1 and r(L) < ¢; <1 — 2b;,
27 = un|| < €"[lvg —uoll or flvn — 2| < €"[lvg —uoll, 1 > mno,
— _ — citai+b;
where ¢ = (1 —a) +ao and o Ogr%a%l{ g

Corollary 3.3. Let P C X be a normal cone and ug, vy € X be such that ug < vy and
D = [ug, vo)|. Suppose that operator T, F': D — X satisfies the following conditions:

(h]) There exist nonnegative real sequences {a,} and {b,} with b, < a, + 1 for
alln=20,1,2,--- such that

-~
&
>
_|._
S
=
|
<>
VAN
=
>
=
>
=
=
g
>
VAN
>
|
Q@‘
>
|
=)

(b) T(a)F(0) = T(u)F(v) > —a;(i —u) + b;(0 - v),
where upg < @ < 4 < vy, yp < 0 < v < v and a; € {ag,ar,a2,---}, b; €
{bOa bla b27 e }
(hy) There exists a positive linear operator L : X — X with r(L) < 1 such that
T(w)F(u) —T(u)F(v) < Llv—u), uy<u<v<uy,

where r(L) is the spectral radius of L.
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If 2b, +r(L) < 1 forn =0,1,2,---, lim a, = a, lim b, = b and {«a,} is
a monotone decreasing sequence with «, — « € [0,1), then the nonlinear operator
equation (1.5) has a unique solution x* in D and both the iterative sequences {u,}

and {v,} generated by Algorithms 2.6 converge strongly to x*. Further, there exists a

natural number ng such that, for anyi=0,1,2,--- n—1 and r(L) < ¢; <1 —2b;,
|27 — unl| < €"[lvg —uol| or |[vn — 27| < €"[Jvo —uoll, 1 = no,
_ _ ita;+b;
where e = (1 —a) + ao and 0 = Ogr?gahx_l{clﬂfﬁ}.

Remark 3.4. Corollaries 3.2 and 3.3 show the existence of solutions for the nonlinear
operator equations involving the sum and the product of two nonlinear operators,

respectively.
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