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ABSTRACT. Let T be a time scale that is unbounded above and below and such that 0 € T. Let
7:T — T be such that 7(T) is a time scale. We use fixed point theorems to obtain stability results
about the zero solution of the nonlinear neutral dynamic equation with functional delay

22 (1) = —a(t)a” (1) + ()™ (7(t)) + ¢(=(t), 2(7(t))), t € T,
where f2 is the A-derivative on T and f2 is the A-derivative on 7(T).
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1. INTRODUCTION

In this paper we consider the neutral nonlinear dynamic equation on a time scale,
(1.1) 22 (t) = —a(t)a®(t) + C(t)IA(T(t)) + q(m(t),x(r(t))), teT,

where T is unbounded above and below. Throughout this paper we assume that
0 € T for convenience. We also assume that a,b : T — R are continuous and that
¢: T — R is continuously delta-differentiable. In order for the function x(7(t)) to
be well-defined and differentiable over T, we assume that 7: T — T is an increasing

mapping such that 7(T) is closed.

For the reader who is unfamiliar with the theory of dynamic equations on time
scales, we include some basic definitions and theorems in the appendix. For more
information, we refer the reader to the texts [1] and [2]. Throughout this paper,
intervals subscripted with a T represent real intervals intersected with T. For example,
fora,b €T, [a,b]r =[a,b] NT={t € T:a<t<b}.

In the case T = R, it has been shown that neutral differential equations have

many applications. For example, these equations arise in the study of two or more
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simple oscillatory systems with some interconnections between them [4] and [7], and
in modelling physical problems such as vibration of masses attached to an elastic bar
[7].

For T = R, in [6] the second author studied the stability of the zero solution.
Recently, in [5] the authors considered (2.1) and (2.12) when the delay is constant
and showed the existence of a periodic solution by appealing to Krasnosel’skii fixed
point theorem. Also, the uniqueness of the periodic solution was deduced by using

the contraction mapping principle.

2. STABILITY VIA FIXED POINT THEORY

We begin by considering the dynamic equation
(2.1) 2 (t) = —a(t)x® (t) + b(t)z(7 (1)) + C(t)IA(T(t)), teT.
In addition to the conditions on 7 mentioned in Section 1, we need that
(2.2) 2(t) £ 0
for all ¢t € T. Furthermore, the exponential function e,(¢,0) must satisfy
(2.3) esa(t,0) = 0 ast — oo,

as well as the initial value problem 3 (¢) = ay(t),y(0) = 1. As such, we require that
a(t) > 0 for all t € T. Since a(t) > 0 for all t € T, then 1 + pu(t)a(t) > 1> 0 for all ¢
and so a € RT.

Lemma 2.1. Suppose (2.2) holds. Then x is a solution of equation (2.1) if and only

i

" o) = (=(0) — SO ) eea(t,0) + ()
— [0 6) = (oo ecalts ) B

where

. o) = (P H ) () + 72 0)cls)

Proof. We begin by rewriting (2.1) as
z2(t) 4 a(t)z’ (t) = b(t)x(7(t)) + c(t)xA(T(t)).

Multiply both sides of the above equation by e,(t,0) and integrate from 0 to ¢ to

obtain

/0 [ea(s, O)x(s)]A As = /0 [b(s)z(7(s)) + C(S)IA(T(S»}ea(S, 0) As.
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As a consequence, we arrive at

ea(t,0)2(t) — (0) = / M) + (512 (7)) eals,0) A,
Add z(0) to both sides and multiply both sides by esq(t, 0) to conclude
(26) () = 2(0)ecalt.0) + / [Hs)e(r(s) + els)a3 (7)) ecults ) As.

Here we have used Lemma 3.8 to simplify the exponential. We want to pull the factor

22(7(s)) from under the integral in (2.6). Clearly,

/0 ()75 ((5))eealt, 5) As = /0 :L’A(T(s))(TA(s))~TCA(2>69a(t, 5) As.

Using the integration by parts formula,

/OfA(S)h(S) ASZ(fh)(t)—(fh)(U)—/OhA(S)f"(S)As,

and Theorems 3.6 and 3.7 we obtain,

/0 c(s)xA(T(s))e@a(t, s)As =

c(t)

(2.7) t
) = S alrOean(t,0) ~ [ r(s)a7(r(s) s

where r(s) is given by (2.5). Finally, substituting the right hand side of (2.7) into
(2.6) completes the proof. O

Let ¢ : (—o00, 0] — R be a given bounded A-differentiable initial function. We
say x := x(-,0,1) is a solution of (2.1) if z(t) = ¢ (t) for ¢t < 0 and satisfies (2.1) for
t>0.

We say the zero solution of (1.1) is stable at ty if for each ¢ > 0, there is a
§ = 0(g) > 0 such that [¢ : (—o0, o]y — R with [|[¢o]| < 6] implies |z (¢, to, )| < &.

Let Cq = Cq(T,R) be the space of all rd-continuous functions from T — R and
define the set S by

S={p€Cry: p(t)=1)ift <0, p(t) — 0as t — oo, and ¢ is bounded} .

Then (S, IE ||) is a complete metric space where || - || is the supremum norm.

For the next theorem we assume there is an « > 0 such that
ot

o

t

‘ +/ Ir(s) — b(s)|eca(t,s) As <a <1, t >0,
0

and

(2.9) 7(t) — o0 as t — 0.
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Theorem 2.2. If (2.2), (2.3), (2.8) and (2.9) hold, then every solution x(-,0,v¢) of
(2.1) with small continuous initial function 1, is bounded and goes to zero ast — oo.

Moreover, the zero solution is stable at ty = 0.

Proof. Define the mapping P : S — S by

and

(Po) (1) = (@(0) _ 0 so<f<o>>) conlt,0) +

- / [1(8)¢7 ((s)) — ()0 (7(5))]ecalt, s) As, £ > 0.

It is clear that for ¢ € S, Py is continuous. Let ¢ € S with ||p|| < K, for

some positive constant K. Let 1 be a small given continuous initial function with
%] < 0,0 > 0. Then using (2.8) in the definition of (Py)(t), we have

0 |50 | e, [
IPel < (1= S0]5 |50 ok 1) = boleautt ) as
(0
(2.10) < ‘1_75(0)’5+QK’

which implies that, ||Py| < K, for the right 6. Thus, (2.10) implies that Py is
bounded. Next we show that (Py)(t) — 0 as t — oo. The first term on the right side
of Py tends to zero, by condition (2.3). Also, the second term on the right side tends
to zero, because of (2.9) and the fact that ¢ € S. It is left to show that the integral

term goes to zero as t — oo.

Let € > 0 be given and ¢ € S with ||¢|| < K, K > 0. Then, there exists a t; > 0
so that for t > t1, |p(7(t))| < . Due to condition (2.3), there exists a ty > t; such
that for ¢ > ¢, implies that ec,(t,t1) < -%. For t > t,, we have

‘ /0[7’(8)900(7'(5)) —b(s)p(7(s))]esalt, s) AS‘
< K [V 1r(s) = Holecat.) A+ = [ Ir(s) = be)leca(t, ) As

t1
< Kegy(t, tl)/ Ir(s) — b(s)|eca(ts, s) As + ae
0
< aKegy(t, t1) + ae

< e+ ae.

Hence, (Py)(t) — 0 as t — oo. It is left to show that Py is a contraction under the

supremum norim.
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Let ¢,n € S. Then

o = ea0| < {5051+ [ = sslecatr. s e
< al¢—al.

Thus, by the contraction mapping principle, P has a unique fixed point in S which
solves (2.1), bounded and tends to zero as t tends to infinity. The stability of the
zero solution at ¢y = 0 follows from the above work by simply replacing K by . This
completes the proof. O

Example 2.3. Let

T = (—oo,—l]U{(1/2)Z—1}
= (—o0,—1U{..,(1—2") /2", ..., —3/4,1/2,0,1,3,---2" — 1,...}.

Then for any small continuous initial function, ¢ : (—o0,0]r — R, every solution,

x(+,0,) of the linear neutral differential equation,

(2.11) 2™ (t) = —32°(t) + coa™ (% — %) ,

where ¢g is a constant, is bounded and goes to 0 as t — oo

Proof. In (2.11), we have 7(t) = 5 — 3.
n € Z such that t = (1/2)™ — 1. Hence,

() =13
) -3
) ren

So, 7 : T — T. Furthermore 7(T) is a time scale. Also, 7(t) = 4t — 3 — o0 as
t — oo and [7(t)]® = (t/2 — 1/2)2 = 1/2. Consequently, conditions (2.2) and (2.9)
are satisfied. Since 1 + 3u(t) > 0 for all ¢ € T, then 3 € R and condition (2.3) is

satisfied as well.

Let t € (1/2)2 — 1. Then there exists an

(1) =

z
(

N = N

One may easily arrive at r(s) = 6¢y. Also

t t
t) ‘+/0 7(s) — b(s)|ecalt, s) As < 200+600/0 ees(t, s) As

0

IN

260 + 260 — 2606@3 (t, O)

IA

400 .
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Hence, (2.8) is satisfied for |co| < §,a € (0,1). Let ¥ be a given initial function that
is continuous with |¢(t)| < ¢ for all t € T and define
S={p€Cry: p(t)=1)ift <0, p(t) — 0as t — oo, and ¢ is bounded} .
Define
(Po)(t) =w(t)ift <0

and

(Po)(0) = (500) ~ 2eab(~1/2)eca(t.0) + 20 (51~ 5)

! s 1
— [ 6o’ | = — = | eas(t,s) As, t > 0.
; 2 2

Then, for ¢ € S with ||¢|| < K, we have || Po|| < [1—2¢|d+4|co| K < |1—2¢,|0+ Ka.

This implies that ||Py|| < K, for K > ‘1(:23 5. To see that P defines a contraction

mapping, we let {,n € S. Then
(PO@%—G%XQ}S 2|co| (1€ = nll + 2lcol[|C — 7]l
< af|¢—nll.

Hence, by Theorem 2.2, every solution z(-, 0,) of (2.11) with small continuous initial
function ¢ : (—oo, O]y — R, is in S, bounded and goes to zero as t — oo and the

proof is complete. ]

Next we turn our attention to the nonlinear neutral differential equation with

unbounded delay
(2.12) 22 (t) = —a(t)z® (t) + c(t)xA(T(t)) + q(x(t),x(r(t))), teT.

where a,c, and 7 are defined as before. Here, we assume ¢(0,0) = 0 and is locally
Lipschitz continuous in x and y. That is, there is a K > 0 so that if |z|, |y, |z| and
|lw| < K then

(2.13) lq(z,y) — q(z,w)| < Lz — 2| + Ely — w|

for some positive constants L and F.

Note that
< q(z,y) —q(0,0)] + [q(0,0)]
< Llz| + Elyl.
Let

S={peCqy: ¢l <K,ot)=1(t)ift <0,p(t) = 0ast— oo}.
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Define a map P: S — S by

(Pp)(t) =(t), ift <0

and for t > 0,

(Pe)(®) = (so<0> - TA(())so(T(o») cea(t,0) + 3759 ((t)
[ 1= 027 (r60) + a(6l6), plr(60) eoaltss) s

It is clear that for ¢ € S, Py is continuous. If P has a fixed point, say ¢, then ¢ is
a solution of (2.12). In order for P to be a contraction, we assume that, there is an
a > 0 such that

c(t)
TA(1)
Theorem 2.4. If (2.2), (2.3), (2.13) and (2.14) hold, then every solution z(-,0,)

of (2.12) with small continuous initial function 1 : (—oo,0lr — R, goes to zero as

(2.14) ' n /Ot(|r(s)| + L+ Beaa(t,s)As <a <1, t>0.

t — 00. Moreover, the zero solution is stable at to = 0.

Proof. Let ¢ € S and take t; and ¢y be as in the proof of Theorem 2.2. Then for
t > to,

/0 0(2(5), 9(7(5))) ealt, 5) As

t1 t
gK(L+E)/ eea(t,s)As—l—a(L—l—E)/e@a(t,s)As
0

t
< K(L+ E)eca(t,t) /tle@a(tl, 5)As+ea
< aKeg,(t,t) + e a 0
<e+ea.
This along with the proof of Theorem 2.2, shows that (Py)(t) — 0 as t — co. Let

1 be a small given continuous initial function with ||¢|| < 6,0 > 0. Then, by using

(2.14) we arrive at

)
73(0)

1Pyl < \1 \5+

0 |
TA(t)
t

+ / (Ir(s)| + L + E)esal(t,s) AsK

0
c(0)
74(0)
which implies that, || Py|| < K, for the right choice of § and «. It is left to show that
Py is a contraction. Let (,n € S. Then

(2.15)

< ‘1— ‘5+C¥K,
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(PO®) ~ (Po)(1)
< { c(t)

TA(t)

+/0 17()] 1¢7(7(5)) — 17 (7(5)) ecalt, 5) As

lic—l

#1605 SCr(60) = ala(s) ()t ) 55}
|, f
< {| 55|+ [+ L+ Brecate.) asf el

< al[¢ —nll.

Thus, by the contraction mapping principle, P has a unique fixed point in S which
solves (2.12) and tends to zero as ¢ tends to infinity. This completes the proof. [

Appendix - Time Scales

In his 1988 PhD dissertation, Stefan Hilger [3] introduced the theory of analysis
on time scales with the intention of unifying and extending the continuous and discrete
calculi. Since then many authors have engaged in studying dynamic equations on time
scales. See for example the references in the monographs [1] and [2]. The following

definitions and lemmas can be found in aforementioned texts.

A time scale T is a closed nonempty subset of R. For ¢t € T the forward jump
operator, o, and the backward jump operator, p, respectively, are defined as o(t) =
inf{r € T| 7>t} and p(r) = sup{7 € T | 7 < r}. These operators allow elements
in the time scale to be classified as follows. We say t is right scattered if o(t) > t
and right dense if o(t) = t. We say t is left scattered if p(t) < t and left dense if
o(t) = t. The graininess function, p : T — [0,00), is defined by u(t) = o(t) — t
and gives the distance between an element and its successor. We set inf () = sup T
and sup () = inf T. If T has a left scattered maximum, M, we define T® = T \ {M}.
Otherwise, we define T#* = T. If T has a right scattered minimum, m, we define
T, =T\ {m}. Otherwise, we define T,, = T.

Let t € T% and let f : T — R. The delta derivative of f(t), denoted f2(t), is
defined to be the number (when it exists), with the property that, for each ¢ > 0,
there is a neighborhood, U, of t such that

fla(®) = f(s) = fAW®)o(t) = s]| < elo(t) - s,

for all s € U. If T = R then f2(t) = f/(t) is the usual derivative. If T = Z then
fA(t) = Af(t) = f(t+1) — f(t) is the forward difference of f at ¢.
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A function f is right dense continuous, (rd-continuous), f € C,q = Crq(T,R), if
it is continuous at every right dense point ¢t € T and its left-hand limits exist at each
left dense point ¢ € T. The function f : T — R is differentiable on T* provided f(t)
exists for all ¢t € T*.

We are now ready to state some properties of the delta-derivative of f. Note
fla(t)) = fo(t).
Theorem 3.5. Assume f,g: T — R are differentiable att € T" and let o be a scalar.
(i) (f+9)°(0) = £20) + 2.
(i) (af)2(t) = af2(t).
(iii) The product rules.
(f9)°(0) = f2(0g() + [ (g™ (1).
(f9)2(®) = F(Og*(0) + FA D)9 (1).
(iv) If g(t)g°(t) # O then,

(j) _ [2)g(®) — f(1)g2 (1)
g g(t)g(t) '

The next theorem is the chain rule on time scales.

Theorem 3.6. Assume v : T — T is strictly increasing and T := v(T) is a time
scale. Let w: T — R. If v2(t) and w™(v(t)) exist for t € T%, then

(wov)® = (w™ ov)r™.
We also need the substitution rule.
Theorem 3.7. Assume v : T — R is strictly increasing and T := v(T) is a time

scale. If f : T is an rd-continuous function and v is differentiable with rd-continuous

derivative, then for a,b € T,

b v(b) ~
/ F)2 () At = / (fov™Y)(s)As.
a v(a)

A function p : T — R is said to be regressive provided 1 + u(t)p(t) # 0 for all
t € T*. The set of all regressive rd-continuous functions f : T — R is denoted by
R. The set of all positively regressive functions, R*, is given by Rt = {f € R :
1+ pu(t)f(t) >0 forall t € T}.

Let p € R. The exponential function is defined by

|

(3.16) eyp(t,s) = exp (/ mLog(l + u(T)p(1)) AT) :
If pe R, then e,(t,s) > 0 forall £ € T. Also, the exponential function y(t) = e,(t, s)
is the solution to the initial value problem y = p(t)y, y(s) = 1. Other properties of

the exponential function are given in the following lemma.
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Lemma 3.8. Let p € R. Then

[1]

)

) ep('75> = oG e@p(s, )
) €(t, )

)

) ep(o(t), ) = (1+ p(t)p(t))ey(t, s);

= egp(t, s) where Op(t) = —%;
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