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1. INTRODUCTION

Byszewski [13] introduced nonlocal initial conditions into the initial-value problems
and argued that the corresponding models more accurately describe the phenomena
since more information was taken into account at the onset of the experiment, thereby
reducing the ill effects incurred by a single (possibly erroneous) initial measurement.
In the deterministic cases Byszewski [10] has studied the existence and uniqueness of

mild, strong and classical solutions of the following nonlocal Cauchy problem:

dax(t) _
i + Az(t) = f(t,2(t)), t < (0,4

[L’(to) + 9(t1,t2> T '7tpax(')) = Zo

where 0 <ty < t; < .. <t, <a,a>0,—Ais the infinitesimal generator of a Cy-
semigroup in a Banach space X,zg € X and f:[0,a] x X — X, g:[0,a)’ x X — X
are given functions. He has also investigated the same type of problem for differ-
ent kinds of evolution equations in Banach spaces [11, 12]. Since then, many authors
have continued this work in several directions including nonlocal condition and estab-
lished existence theories for various functional differential equations. The elaborate
discussions of Cauchy problems with nonlocal conditions the reader may refer the
latest papers, for the deterministic cases [8] and for the stochastic evolution equa-

tions [2, 19] and the references contained therein. Concrete nonlocal parabolic and
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elliptic partial (integro-) differential equations arising in the mathematical modeling
of various physical, biological, and ecological phenomena as well as a discussion of the
advantages of replacing the classical initial condition with a more general functional
can be found in [10, 11].

In many cases it is advantageous to treat the second order abstract differential equa-
tions directly rather than converting them into first order systems. The deterministic
version of second order systems have been thoroughly investigated by several authors
(see [6, 30, 39, 40]) while the stochastic version has been in growing state. In fact,
abstract second-order stochastic evolution equations have been discussed recently in
21, 23, 24] also second order stochastic inclusions has been studied in [27].

Random differential and integral equations play an important role in characterizing
many social, physical, biological and engineering problems (see [14, 17, 41]). Stochas-
tic differential equations are important from the viewpoint of applications since they
incorporate (natural) randomness into the mathematical description of the phenom-
ena, and, therefore, provide a more accurate description of it. Numerous papers and
books devoted to the formulation of theory of such equations have been written during
the past two decades (for example see [22, 36]).

The physical motivation for the study of second order stochastic equation is given.
Fitzgibbon [16] used the second order abstract differential equations for establishing
the boundedness of solutions of the following partial differential equations governing
the dynamical buckling of a hinged extensible beam which is stretched or compressed

by an axial force

@4_ %_ _|_5/L
a2 " " oxt “ 0

where z(x,t) is the deflection of the beam at point = at time ¢, f is a nondecreasing

0z(x, s)
Os

ds) Ny

numerical function, L is the length of the beam and «, 3, k > 0 are given parameters.
The nonlinear friction force f (%) is the dissipative term. When f = 0, this equation
reduced to the equation introduced in [42] as a model for the transverse motion of
an extensible beam whose ends are held a fixed distance apart. Several authors (see
(15, 25, 28, 31, 32, 33]) used various approaches to study the estimate of weak and
classical solutions of the above equation as well as the asymptotic behaviour of these

solutions. These equations take the abstract form as
&k A2+ M(|A22]}) Az + () =

where A is a linear operator in a Hilbert space H, M and f are real functions.
Existence of solutions of this kind and more general equations are discussed in [4, 5,
6, 7, 16, 29, 33].
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Recently Balachandran et. al [1] studied another type of abstract equation modelled

as
2 =Az+ f(t,2,2)

in which the nonlinear damping term f(t, z, z’) accounts for the affects of axial force
taking into account the fact that, during vibration, the elements of a beam perform
not only a translatory motion, but also rotate [26, 38| which generalizes the model
discussed in [33].

All results in the aforementioned papers were established for the deterministic case
(without accounting for noise). As pointed out in Kannan and Bharucha-Reid [18], if
experimentally there is variance in measurements, then it is advantageous to study a
stochastic version of the model to better understand the effects of so-called noise on
the behavior of the phenomenon.

Hence for the more realistic abstract model of the above equation it is neces-
sary to represent certain interval structural damping behaviour in the damping term
f(t,z,7"), tension of the beam. This can be treated by introducing noise (one more
term) that represents the change in tension of the beam. This is precisely the principal

goal of the present manuscript to consider the abstract form as
dz’ = [Az + f(t,2,2)]dt + g(t, 2, 2 )dw(t).

The results presented in the manuscript constitute a continuation and generaliza-
tion of existence results from [2, 3, 9, 19, 37] to the second order semilinear stochastic
delay evolution in Hilbert spaces with nonlocal conditions in two ways. For one,
we study the second order nonlinear stochastic evolution equation using fundamen-
tal solution developed by Kozak [20] instead of cosine and sine family of operators
discussed mostly in all the literatures; to the authors knowledge, this approach has
not yet been treated in the study of such second order stochastic problems. And
two, our result contribute a stochastic variant of the results concerning the existence
of mild solutions in [1] this enables one to introduce noise into the concrete models
that one subsumed as a special cases of the abstract evolution system being studied
thereby allowing for a more accurate description of the phenomenon also coupling the
existence results with a nonlocal initial condition strengthens the model even further.

The main aim of this paper is to establish the existence of solutions of the following

second order nonlinear stochastic evolution equation with nonlocal condition
dz'(t) =[A)x(t) + f(t,z(t),2'(t))]dt + g(t,z(t), 2'(t))dw(t), t € J =[0,T],
1

z(0) +h(z) = xo, 2'(0) = yo,

where A(t) is a closed densely defined operator defined on a separable Hilbert space
H with inner product (-,-) and norm || - ||. Let K be another separable Hilbert space

with inner product (-, )x and norm || - ||x. Suppose {w(t)}i>0 is a given K—valued
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Brownian motion or Wiener process with a finite trace nuclear covariance operator
@ > 0. We are also employing the same notation || - || for the norm BL(K, H), where
BL(K, H) denotes the space of all bounded linear operators from K into H. Further,
f:JxHxH—Handg:JxHxH — Lg(K, H) are measurable mappings in
H-norm and Lg (K, H)-norm respectively. Here Lqo(K, H) denotes the space of all
@-Hilbert-Schmidt operators from K into H which is going to be defined below and

h:C(J,H) — H is a given continuous function.

2. PRELIMINARIES

Let (2,8, P) be a complete probability space furnished with complete family of
right continuous increasing sub o-algebras {F;, ¢ € J} satisfying §, C §. An H-
valued random variable is an F-measurable function z(t) : 2 — H and a collection
of random variables S = {z(t,w) : Q@ — HI|t € J} is called a stochastic process.
Usually we suppress the dependence on w € 2 and write z(¢) instead of (¢, w) and
x(t) : J — H in the place of S. Let 3,(t) (n =1,2,...) be a sequence of real-valued
one-dimensional standard Brownian motions mutually independent over (2, F, P).
Set w(t) = >.07  VAuBu(t)Cn, t > 0, where A, > 0, (n = 1,2, ...) are nonnegative real
numbers and {(,} (n = 1,2,...) is complete orthonormal basis in K. Let Q € BL(K)
be an operator defined by Q¢, = A\,(, with finite Tr Q = > A\, < 0o, (Tr denotes
the trace of the operator). Then the above K-valued stochastic process w(t) is called
a -Wiener process. We assume that §; = o(w(s) : 0 < s < t) is the o-algebra
generated by w and Fr = §. Let ¢ € L(K, H) and define

lelly = Tr(eQe") Z IV Al

If ||pllo < oo, then ¢ is called a Q-Hilbert-Schmidt operator. Let Lo(K, H) denote
the space of all @-Hilbert-Schmidt operators ¢ : K — H. The completion Lg(K, H)
of BL(K, H) with respect to the topology induced by the norm || - || where |[¢||3, =
({p,p)) is a Hilbert space with the above norm topology.

The collection of all strongly-measurable, square-integrable H-valued random vari-
ables, denoted by Lo(Q2,§, P; H) = Lo(Q2; H), is a Banach space equipped with
norm ||z(-)||z, = (E|lz(+ )H%)%, where the expectation, E is defined by F(h) =
Jo h(w)dP. Let Z = C'(J, Ly(Q; H)) be the Banach space of all continuously dif-
I?

ferentiable maps from J into Lo(§2; H) satisfying the condition E|z(t)||* < oo and

E||2'(t)]]* < oo and let || - ||z be a norm in Z defined by
]l z = max{[[z[lo, [l=l1},

1 1 . .
where ||z]lo = (sup,e; [|2(t)]12,)? and [|z]|1 = (sup,e, [|2/(¢)]|2,) 2. It is easy to verify
that Z furnished with the norm topology as defined above, is a Banach space. An
important subspace is given by L3(Q, H) = {£ € Ly(Q, H) : £ is Fo-measurable}.
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Let H be a real separable Hilbert space and, for each t € J, let A(t) : H — H
be a closed densely defined operator. The fundamental solution for the second order

evolution equation
(2) a"(t) = A(t)x(t)

developed by Kozak [20] is as follows. Let us assume that the domain of A(t) does
not depend on ¢ € J and denote it by D(A) (for each t € J, D(A(t)) = D(A)).

Definition 2.1. [20] A family S of bounded linear operators S(t,s) : H — H,
t,s € J, is called a fundamental solution of a second order equation if:
[Z1]: For each € H the mapping J x J 3 (t,s) — S(t,s)x € H
is of class C! and
(i) for each t € J, S(t,t) =0,
(ii) for all t,s € J, and for each x € H,

3} 0
aS(t, s)| z=ux, %S(t, s)| x= -

t=s t=s
[Z5]: For all t,s € J, if v € D(A), then S(t, s)x € D(A), the mapping
JxJ>(t,s)— S(t,s)xr € H is of class C* and
2

(i) %S(t, s)x = A(t)S(t, s)x,
(ii) %S(t, s)x = S(t,s)A(s)z,
(iii) %%S(t, s) r= 0.

[Z5]: For all t,s € J, if © € D(A), then aﬁS(t, s)x € D(A), there exist
s
9* 0 9* 0
ﬁ%zs(t S).f, @ES(@ S).I and

. 0 0
(i) prel %S(t, s)x =A(t) %S(t, s)z,

. 0% 0 0
(ii) @ES(L s)r = aS(t,s)A(s)x,

and the mapping J x J 3 (¢,s) — A(t)agS(t, s)x is continuous.
s
Similar to Pazy [34] we shall define the following solution.

Definition 2.2. A §F;-adapted continuous stochastic process z(t) : J — H is called
a mild solution of the problem (1) if the following hold:

(i) o, yo satisfying [|zo||* < 00, [[yo|* < oo such that zo, yo € Ly(2, H),

(ii) the following equation satisfied for all continuous function h : C(J, H) —
LY(Q, H) and a. e. t € J

x(t) = —ES(t,s) [zo — h(z)]+ S(t,0)yo +/0 S(t,s)f(s,x(s), 2'(s))ds

0s =0
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(3) +/0 S(t,s)g(s,x(s),z'(s))dw(s).

To establish our main theorem we need the following assumptions.

(Hy): z(t) € D(A(t)), for each t € J.
(Hs): There exists a fundamental solution S(¢, s) of (2).

(Hs): S(t,s) is compact for each ¢, s € J and there exist positive constants M, M*
and N, N* such that

M =sup{||S(t,s)|*: t,s € J}, M*= sup{||%5(t, s)I?:t,s € J},

and N = sup{||25(t,s)|* : t,s € J}, N* = sup{[|22S(t,s)||* : t,s € J}

ot s
respectively.
(Hy): h:C(J,H) — LY(Q, H) is continuous and satisfying the following Lipschitz
condition

E|h(z) = h(y)|* < MpEllz — y|*, for x,y € C(J, H)

and the set {(zo — h(z)) : @ € Z, ||z||z < k} is precompact in LY(Q, H) where
M, is a positive constant satisfying 5(M* + N*) M, < 1.

(Hs): f(t,~,-): Hx H— H and g(t,-,): Hx H — BL(K, H) are continuous for
each t € J and the functions f(-,z,y):J — H, g(-,z,y) : J — BL(K, H) are
strongly measurable functions for each (x,y) € H x H.

(Hg): For every positive constant k there exists ap € L'(J) such that

sup  E|f(t,z,y)|? \/ sup  Ellg(t, z,y)||3 < ap(t) foraateJ
l=ll, llyll<k llzll, llyll<k

(H7): f:JxHxH—H, g: Jx HxH— BL(K, H) are continuous and there
exists an integrable function m : J — [0, 00) such that

E||fta,p)1*\ Ellg(t, z,9)ll < m@)BE|«l* + ElylP), teJ wyeH,

where U : [0,00) — (0,00) is a continuous nondecreasing function and

> ds

5(T+TrQ)(%+%> /OTm(g)ds</c Ok

where ¢ = 5(1),f—1 + ];2)

[zoll + 55 + ) IwollZ -

Lemma 2.3 (Schaefer’s Theorem [35]). Let X be a normed linear space. Let ® :
X — X be a completely continuous operator, that is, it is continuous and the image

of any bounded set is contained in a compact set, and let
((P)={z € X:x=Abx for some0 <\ < 1}.

Then either ((®) is unbounded or ® has a fized point.
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3. MAIN RESULT

Theorem 3.1. If the assumptions (Hy) — (Hz) hold, then the problem (1) has a mild

solution on J.

Proof. In order to establish the existence of a mild solution to the problem (1), we
have to apply the Lemma 2.3. First we obtain a priori bounds for the mild solution

of the following equation

dz'(t) = [A(t)z(t) + Af (¢, x(t), 2 ()]t + Ag(t, x(t), 2/ (t))dw(t),
(4) teJ, xe(0,1)
z(0)  +Ah(x) = Az, 2'(0) = A\yo,

Let x be a mild solution of the problem (4). Then from

x(t) = —/\ 0 S(t s) [:Eo — h(x)] + AS(t,0)yo + )\/0 S(t,s)f(s,x(s),2'(s))ds
(5) +)\/ St 5)g(s, 2(s), 2'(s))dw(s), teJ
we have

Elz@®]* < 5{M"[E|xo|” + E||h(2)] ]+MEHyo||2+MT/ m(s)O(Ex(s)]”

+E|2'(s)]] )d8+MTTQ/ m(s)O(E|z(s)||” + Ell2'(s)[1*)ds}.
Thus we have

le@)z < 5{M[llwollZ + Maullz% ]+M||yo||z+MT/ m(s)0([lz(s)l1%

+Ha'(s)]1% )d8+MT7“Q/ m(s)O([|z(s)]1Z + 12/ ()l Z)ds }

IA

—{M*!|xo!|z+M|!yo!|z+MT/ m(s)0([lz ()l + I/ (s)Z)ds

+MTTQ/ m(s)O([lz(s)l7 + ll2'(s)[1%)ds},

where k; = 1 —5M*My,. Denoting by v(t) the right-hand side of the above inequality
we have

lz@)lz < v(t), te

o0) = 0wl + Mol
V() = (T TrQMmEB(OI + [« @), te

ky
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For t € J, from (5)

00

) [zg — h(x)] + )\gS(t, 0)yo

+>\/ 25t 5) (5,2(s),2'(5) ds+/\/ 251t 5)g(s, #(s), () du(s)

and we have

El' 0l < 5{N*[E|lzo|* + EllA(x)]] ]+NE||yo||2+NT/ m(s)O(Ex(s)]*

+E2'(s)| )d8+NT7"Q/ m(s)B(E||z(s)||* + Ell2'(s)]|*)ds }.
Thus

IZ'®N7 < 5{N*[lzollZ + Mallzll7 ]+NHyon+NT/ m(s)0([lz(s)]1%

+Ha'(s)]1% )dHNTrQ/ m(s)0([|z(s)]1Z + 12/ ()l 7)ds }

IA

—{N*leollz+N|lyollz+NT/ m(s)O([|z(s)[1Z + 12" (s)l2)ds

+NTm;/7n O(la()[ + I’ ()]13)ds}.

where ko = 1 — 5N*M,,. Denoting by r(t) the right-hand side of the above inequality
we have

Iz < r(t), teJ,
r0) = IVl + Naol)
r't) = %(TﬂLTTQ)Nm(t)U(HI(t)HQZ +l2'@®)N7), te
Let w(t) = v(t) +r(t), ted
Then w(0) = v(0) + r(0) = ¢, and

w'(t) = V() +r(t)

< 5(T+7TrQ) (% + %)m(t)()(w(t))
This gives
w®) s M Ny [!
/w(o) 50s) < 5(T+TrQ) <k_1 + k:_2)/0 m(s)ds
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This inequality implies that there is a constant k& such that
w(t)=v(t)+r(t) <k, ted
Thus [|z(t)|]? < k, ||2’(t)]]* <k, t € J, and hence
lzllz <k,

where k depends only on 7" and on the functions m and O.
Now we shall prove that the operator ® : Z — Z defined by

(Px)(t) = —ES(t s) [zo — h(x)] + S(t,0)yo +/0 S(t,s)f(s,x(s),z'(s))ds

Os s=0
. /0 S(t,8)g(s, x(s), #'(s))dw(s), teJ

is a completely continuous operator.
Let B, ={x € Z : ||z||z < ¢} for some ¢ > 1. We first show that ® maps B, into
an equicontinuous family. Let x € B, and ¢,t, € J. Then if 0 <t <ty < T,

E[(®z)(t1) — (0z)(t2) |

2

[z0 — h(@)]|| + E|I[S(t1,0) — S(t2, 0)]yoll”

s=0

< 6{EH%[S(1&1,5)—S(2€2,3)]

+T/01 1St 5) — S(ta, 5)Pan(s)ds + (ta —tl)/2 1S (ks 5) [2an(s)ds

t1

t1 to
+TTQ/ HS(tl,S)—S(t278>||204k(8)d5+T7"Q/ ]|S(t2,s)||2ak(s)ds}
0 t1
— 0 as tl —>t2

and similarly

E||(®x)(t1) — (Px)'(t2)

2

0
Has 5509 = 50,3 fro— )]
51,0y — 282, 0] I2E 3ol
oty ’ Ots ’

b9 ) )
T [ St 5) = 5 S 9lFan(s)ds
to a )
+(t2—t1)/ ||§S(t2,s)|| ag(s)ds
2

t1
17 [ -(005) — (e ) Pan(s)ds
r o 8t1 1 8152 2, k
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to a
+TT’Q/ ||§S(t2,8)||2ak(s)ds} — 0 as t; — to.
t1 2

Thus ¢ maps B, into an equicontinuous family of functions. It is easy to see that the
family ®B, is uniformly bounded.

Next we show that ® B, is compact. Since we have shown ® B, is an equicontinuous
collection, it suffices by the Arzela-Ascoli theorem to show that ® maps B, into a
precompact set in H.

Let 0 <t < T be fixed and € a real number satisfying 0 < € < t. For x € B, we define

(Pez)(t) = —25(75, s)

2 o0 = B+ S0+ [ 89 (52(9).0'(9)ds

s=0

N /0 T S(t, 8)g(s, 2(s), 2 (5))dw(s), t € J.

Since S(t, s) is a compact operator, the set Y.(¢) = {(®.x)(t) : © € B,} is precompact

in H for every €, 0 < € < t. Moreover for every x € B, we have
t
Bll(@2)(t) — (@) (1) < 2 / 15(t, )| EIlf (s, 2(s), 2'(s)) | ds
t—e
t
LOTr0 / 15(t, $)I2Ellg(s, 2(s), 2'(5)) [Bds
t—e
t t
< 2 / 1S(t, 5)|Pax(s)ds + 27rQ / 1S(t, )| (s)ds
t—e t—e

— 0 as e€—0

and

E[[(®x)'(t) — (®ez) (0)]* < 2€/t_ EII%S(t,S)f(&x(S),w’(S))IVdS

CoD
+2TrQ /t_eE||§S(t,s)g(s,x(s),x’(s))”éds

IA

t
0 2
26/t_6||§5(t,s)|| ag(s)ds

t
+2T7’Q/ ||%S(t,s)”2ak(s)ds — 0 as e—0.
t—e

Therefore there are precompact sets arbitrarily close to the set {(®x)(t) : © € B,}.
Hence the set {(®z)(t) : € B,} is precompact in H.

It remains to show that ® : Z — Z is continuous. Let {x,}5° C Z with z,, — z in
Z. Then there is an integer v such that El|z,(t)||* < v, E||z.,(t)||* < v for all n and
te J,so Ellz(t)||> < v, E||2'(t)||* < v and z,2’ € B,. By (Hs)

F (5, n(s), 20 (s)) — f(s,2(s), 2'(5))
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and
9(s,xn(s),20'(s)) — g(s, x(s),2'(s))
for each ¢t € J. Further
Bl f(s, za(s), za'(s)) = f(s,2(s),2'(5))|I* < 200(s),
and
Ellg(s, za(s), 24/ (5)) — g(s,2(s), 2'()I* < 20 (s),

we have by dominated convergence theorem

E||®z, — oz
= 3225){ aass(t ‘9)|s Oh(xn) aass(tv 5)|s:0h(x)
+E / S(t,s)f(s,zn(s), z(s ))ds—/ S(t,s)f(s,x(s),2'(s))ds

2

/Sts S, Tp(s /Sts s,2(s),2'(s))dw(s) }

3{M"E|[h(z,) — h(2)|* + T/O E(|S(t $)[f (s, 2n(s), a7,(s)) = f(s,2(s), 2'(s))]|[*ds

IA

+TTQ/O E||S(t, 5)[g(s, zn(s), 27,(s)) — g(s,2(s), 2'(s))][|5ds} — 0 as n — o0
and

E|(®z,) — (®z)']*

2

d.0
— 3stle1£) H , 8)]|s=oh(xy) — %[ES(t,s)HS:oh(l’)
2
/ —S(t,8)f(s, (s ds—/ —S(t,s)f ,x'(s))ds
2
—S t,s)g(s, (s / —S(t,s)g 7' (s))dw(s) }

IN

3{NEllh(za) ~ (@)
#T [ Bl S5 a(5) (5) = fs. (o), () s
+10Q [ B S 9lats.(9).21(5) - s, 5) ()}

— 0 as n — oo.

Thus @ is continuous. This completes the proof that ® is completely continuous.
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We have already proved that the set ((®) = {z € Z : z = Abx, A\ € (0,1)} is
bounded. Hence by the Schaefer fixed point theorem the operator ¢ has a fixed point
in Z. This means that any fixed point of ® is a mild solution of (1) on J satisfying

(®z)(t) = x(t). Thus the initial value problem (1) has at least one mild solution on
J.

4. STOCHASTIC INTEGRODIFFERENTIAL EQUATION

The derived theory is also easily can be applied to the following general second-

order stochastic integrodifferential equation with nonlocal condition of the form

dr'(t) = [A@)a(t) + F(t2(0), fy m(t $)(s, 2(s), 2/ (s))ds, /(1)) ] dt
(6) -m@wt_gmusmaMQw@»@wu»mw» teJ
z(0) + h(z) =m0, 2'(0) =1y
where A(t),h are as in the previous section and f : J x Hx Hx H — H, g :

JxHxHxH— BL(K,H), n;: JxJ— R, fori=1,2 p:JxHxH— H are
given functions. If x(t) is a solution of the problem (6) then for ¢t € J

x(t) = —QS(t, s)

5 [z0 = h(z)] + S(t, 0)uy

s=0

+/0 S(t,s)f(s,l’(s),/08771(8,T);L(T,ZL‘(T),ZB/(T))dT,$,(S))dS

(7) +/0 S(tws)g(sax(s),/08772(8,T);L(T,ZL‘(T),I/(T))dT,JZ,(S))dw(S).

The above equation (7) is more general than equation (6) and every solution of this
is called mild solution of (6).
Assume the following conditions:
(Cy): f(t,~,-,): Hx Hx H— H and g(t,-,-,-) : Hx H x H — BL(K, H) are
continuous for each ¢t € J and the functions f(-,z,y,2) : J — H, g(-,z,y,2) :
J — BL(K, H) are strongly measurable functions for each (z,y,2) € Hx H x H.
(Cy): For every positive constant k there exists a € L'(J) such that
sup  E|f(t, x,y, z)Hz\/EHg(t,x,y, 2)? < ap(t) foraa te.J

Izl [z <k

(C3): pu: Jx Hx H— H is continuous and there exists an integrable function
m :J — [0,00) such that

Ellut, 2 y)II* < mOBE||z|* + Elly|*), teJ zyeH,

where U : [0,00) — (0,00) is a continuous nondecreasing function.
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(Cy): f:IJxHxHxH — H, g: JxHxHxH — BL(K, H) are continuous and
there exists an integrable function p : J — [0,00) such that t € J, z,y,2 € H,

E|lf(t.z,y,2)[I*\/ Ellg(t,x,y. 2)|* < p(t)0o(Ellz|* + Ellyll* + E|=|*),

where Uy : [0,00) — (0,00) is a continuous nondecreasing function.
(C5): mi - JxJ — R, (1=1, 2) are measurable and there exists a constant L such
that

Ini(t,s)|> < L, for t > s> 0.

Theorem 4.1. If the assumptions (H,) — (Hy) and (Cy) — (C5) hold and if

)
T 00 ds
n(s)ds < ITYISIE LIRS,
[ o< | s
where m(t) = max{5(T+TrQ)(kM kﬂ)p(t), Lm(t)}, then the problem (6) has at least

one mild solution on J.

Moreover using the same method as in Theorem 3.1 we can easily prove that the

problem (6) has at least one mild solution on J.

5. EXAMPLE

Let ® be a bounded domain in RY with smooth boundary 0® and consider the

stochastic partial differential equation

ox(t, z 0Px(t, z Ox(t, 2
o( gt )) = [%—i—f(t,x(t,z), gt >)]8t
—l—g(t,x(t, 2), M)dﬁ(t), a.e. (0,7) x D

z(0,2) = Zf, x(t;, 2), a.e.on ®

—x(0,2) = &(2), a.e.on®
(8) xz(t,z) = 0, ae. on (0,7)x 0D

where 0 <t} <ty < --- < t, <T are given and ((t) is a Ly(®)-valued Brownian
motion (see [14]). We consider (8) under the following conditions:

(Cs): f(t,-,): Rx R— Randg(t,-,-): Rx R — BL(Ly(®)) are continuous for
each t € J and the functions f(-,z,y):J — H, g(-,z,y) : J — BL(L2(®)) are
strongly measurable functions for each (x,y) € R X R.

(C7): For every positive constant k there exists ay € L'(J) such that

sup  E|f(t, z,y)|? \/ sup  Ellg(t,z,y)||5) < ap(t) foraa te .
l=ll, llyll<k l=ll, llyll<k
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(Cg): f:JXRXR—R, g:JxRXR— BL(Ly(D)) are continuous and there

exists an integrable function m : J — [0, 00) such that
Elftta,p)I*\/ Ellg(t, z,9)l5 < m@&)OE||* + Elyl*). teJ wyeR,

(Cy): & € LY(Q, Ly(D)),i=0,1,2-.n
The third right hand side term in the first equation of (8) represents certain change
in tension of the beam. This example introduces the noise in the model governing
the displacement of the beam. Let H = K = Ly(®) and let A: H — H be defined
by
Ay=y",  y€D(A)=Hy(D)UH|(D).

It is easily shown that A generates a fundamental solution S(t), ¢ € R. Also the

nonlocal condition satisfies the Lipschitz condition as

1h(2)() = h(m) ()20 <ZI|& WPl (ts, ) = y(ts, )N

where M, = > [1&(-)||*. Then, (8) is the abstract formulation of (1), existence
solution follows immediately from Theorem 3.1.
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