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ABSTRACT. In this paper we define a multivalued stochastic integral in the plane. Then a
multivalued stochastic equation in the plane as an abstract stochastic equation in a hyperspace of
subsets of the space of square integrable random vectors is investigated. We prove existence and
uniqueness of solutions as well as some additional properties. Similar results to a fuzzy valued

stochastic integral equation in the plane are stated as applications.
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1. INTRODUCTION

The study on deterministic multivalued differential equations was started in [7]
and it has been later extensively developed, among others, in connection with prob-
lems of control theory, differential inclusions and fuzzy differential equations (see [5],
[8]-[10], [18], [23]-[26], [46] and references therein). Multivalued differential equations
exhibit a natural extension of the theory of single-valued differential equations and
one of their main advantages is that they can be used as a useful tool for studying
properties of solutions to differential inclusions. In stochastic case, although there
exists a wide literature where attempts have been made to investigate stochastic dif-
ferential (or integral) inclusions (see e.g., [1]-[4], [19]-[22], [34], [35], [37]-[39] and
references therein), the problem of existence and properties of solutions to stochastic
multivalued or fuzzy-valued equations seems to be still insufficiently developed until
now. The study concerning with such equations can be found in [28]-[33], [40] and

[42]. In this paper we consider multivalued stochastic integral equations driven by
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Wiener process in the plane. The main tool used in this paper is a notion of set-
valued stochastic integral in the plane. This integral is a subset of the space of square
integrable random vectors. Such an integral is a set-valued counterpart of a single-
valued two parameter stochastic integral developed earlier in literature (see e.g., [6],
[12], [45], [49] and references therein). Consequently, multivalued stochastic equations
are understood as abstract equations in the space of nonempty, closed, bounded and
convex subsets of the space of square integrable random vectors. Hence evolutions
of their solutions vary in an infinite dimensional space. We present the existence
and uniqueness of solutions for such equations as well as their typical properties. We
give also some applications to fuzzy-valued stochastic integral equations in the plane.
The work presented here extends results obtained both for one-parameter multivalued
(also fuzzy-valued) deterministic and stochastic differential equations as well as for

single-valued stochastic differential equations in the plane studied earlier in [50]-[53].

2. PRELIMINARIES

Let I xJ = [0, 5] x [0, T] denote the parameter set together with partial ordering:
(s,t) = (s',t") if and only if s < s" and t < ¢
We will also write
(s,t) < (s',¢") if and only if s < " and ¢t < t.

Throughout the paper we shall deal with a complete filtered probability space

(QF, {Fs}(s.0erxs, P), where {F;}(s.nerxs is a family of sub-o-fields of F such that
Fy CFyyp,if (s,t) = (s',t"). We will assume that {F,;}(serxs satisfies the following
additional conditions:

(i) Fo, contains all P-null sets,
(i) Fe; = () Fu, forevery (s,t) €10,5) x [0,7),

(s,t)<(u,v)
(ili) for every (s,t) € I xJ, the o-algebras F r and Fg; are conditionally independent

relative to [Fy ;.

A stochastic process (or random field) X : I x J x Q — R? is said to be {Fy}-
adapted, if X(s,t,-) : Q — R? is an F,;-measurable random vector for every fixed
(s,t) € I x J. Let {Bs;}(sperixs be a two-parameter real valued {F,;}-Wiener
process. In particular, it is a two-parameter, continuous Gaussian process such that
EB;; = 0 and E(B; By v) = min{s, s’} -min{¢, #'} for every s, s’ € I and ¢,t" € J (see
[6]). Let A/ denote the o-algebra of nonanticipating sets (elements) in I x J x Q, i.e.,

N:={AeB(IxJ)oF: A €F,, V(s,t) €l xJ},

where A%! = {w € Q: (s,t,w) € A}. A stochastic process X : [ x J x Q — R is

nonanticipating if it is an N -measurable mapping. It is easy to see that a stochastic
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process X is nonanticipating if and only if it is B(/ x J) ® F-measurable and {F;,}-
adapted. Denote by A the Lebesgue measure on the o-algebra B(I x J) of Borel sets
in I x J. For the sake of convenience we shall use the notations: L3(\ x P) :=
L2(I x J x QN , X\ x P;RY), Lit = L*(Q,Fy;, P;RY) and L? := L*(Q,F, P;RY).
For X € L3/(\ x P) one can define both the stochastic Lebesgue integral process

st st
(fqu,v)\(du,dv)) and Ito’s type integral process (fqu,vdBu,v)

00 (s,t)eIxJ 00 (s;t)elxJ
(see [6] for details). Both of them are continuous and {F;.}-adapted random fields.

s t

Moreover, the integral process < f f Xu,UdBu,U> is a continuous square inte-
00 (s,t)elxJ

grable martingale with respect to the filtration {Fs,t}(&t)efx s and it satisfies It0’s

isometry:
2

s s 1
E //Xu,UdBw :E//||Xu,v||§dA(du,du)

s/ t/ Rd S/ t/
for all (s,t),(s',t) € I x J with (s',t') < (s,t). In view of Doob’s maximal inequality
for two-parameter martingales we have (c.f. [6]):

s 2

t S T
E| sup / / XuudBoo| | < 16E / / 11X ol 2 (i, ).
(s,t)elxJ
0 R 00

0 d

Let X be a separable Banach space. By a K°(X) we denote the family of all
nonempty closed and bounded subsets of X while by K%(X) we mean those of elements
from K°(X) that are also convex subsets of X. The Hausdorff metric Hy in K*(X) is
defined by:

Hx(A, B) := max{sup distx(a, B),sup distx(b, A)}
acA beB

where disty(a, B) := gn£||a —b||x and || - ||x is a norm in X. Moreover (K’(X), Hy) is
S
a complete metric space and K2(X) is a closed subspace of this space. Let us assume
that A, B,C, D € K5(X). Then it holds (see [15]):
Hx(A+ B,C+ D) < Hx(A,C)+ Hx(B, D)
and
Hx(A+ B,C+ B) = Hx(A,C)
where A+ B denotes the Minkowski sum of A and B. For A € Kb(X) we set |||A]|| :==
Hyx (A, {0}) = sup||al|x. If A, B € Kb(X) then A©S B denotes the Hukuhara difference
acA
(if it exists) between the sets A and B, i.e., the set C' € K%(X) such that A = B+ C.

Let (U,U) be a measurable space and let M denote a set of U-measurable map-
pings f : U — X. Recall, the set M is said to be decomposable if for every fi, fo € M
and every A € U it holds: f114 + folyya € M.
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Let I/ : 1 xJ xQ — K’RR? be a given set-valued mapping. It is called a
two-parameter nonanticipating set-valued process if it is A/-measurable in the sense
of set-valued analysis (c.f. [15]). It is called L%;(\ x P)-integrally bounded set-valued

stochastic process if
I[|F||| € L*(I x J x QN, A x P;R,).

For such a mapping, by Kuratowski and Ryll-Nardzewski Measurable Selection

Theorem (c.f. [15]) the set of its nonanticipating and square integrable selections
SY(FEAX P):={feLi(Ax P): fe F,Ax P-ae.}

is nonempty.

Let F,G: I x JxQ— K°(R?) be set-valued and L3,(\ x P)-integrally bounded
nonanticipating processes. We can define the following set-valued counterparts of

single-valued stochastic integrals in the plane.

Definition 2.1. By a two-parameter trajectory stochastic Lebesgue integral of F' and
by a two-parameter set-valued trajectory Ito’s integral of GG, we mean the following
sets contained in Lg

S T S T
//Fw)\(du,dv) = //fuv)\ (du,dv) : f € Sx(F,\ x P)
0 O 0 O

S T s T
//Gu,vdBu,v = //gudeum 1g € 8/2\/(G, A x P)
0 0 0 0

respectively. Similarly, we define:

//Fm)\ (du, dv) =
s t S T
//Gu,vdBu,v :://15 L x[¢,t] u U) GuvdBuv
N 0 0

for every (s,t),(s',t") € I x J with (s',t') =< (s,t).

and

L 5 (u, v) FupA(du, dv)

St~
O\’ﬂ

and

We shall present some properties of set-valued trajectory Lebesgue and set-valued

trajectory Ito’s integrals in the plane.

Theorem 2.2. Let F: I x J x Q — K%(R?) be a set-valued and L3, (X x P)-integrally
bounded nonanticipating process. Then

a) Si(F,\ x P) is a nonempty, closed, bounded, convex, decomposable and weakly
compact subset of L3 (A x P).
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s t s t

b) both integrals [ [ F,,A(du,dv) and [ [ F,,dB,, are nonempty, closed, bounded,
st st

convex and weakly compact subsets of L2, for every (s,t), (s',t') € I x.J with (s',t') <

(s,t).

Proof. a) As it was mentioned earlier, nonemptiness of S (F, A x P) is assured by
Kuratowski and Ryll-Nardzewski Measurable Selection Theorem. Other properties of
this set follow immediately from the assumptions imposed on F'. The decomposability
of this set follows by Theorem 3 1 in [14].

b) The convexity of the sets f f F,,A\(du, dv) and f f F,.dB,,, follows from the same

l t/ / t/
s t
property of the set S3.(F, A x P). The boundedness of the set [ [ F,,A(du,dv) in
st
the space L? 5+ 15 a consequence of the following inequality

2.1) / /fuv (du, dv) <<s—sf><t—t'> [ lsiaarxar.

s’ ot Rd [s/,s]x [t/ {] xQ2

s t

for every f € S3(F, A\x P). So, by reflexivity of the space Lg,t the set [ [ F, ,A(du, dv)
st

is sequentially relatively weakly compact (c.f. [11]). In order to show its norm closed-

st
ness in the space L2, let us take an arbitrary sequence {u,} C [ [ F,,A(du, dv) such
st

that u, — u in L2t strongly. Then there exists a sequence {f™} C S2.(F, A x P) such

that u,, = f f £\ (du, dv) for every n > 1. Since the set S%(F, Ax P) is weakly com-
st

pact, there exists a subsequence {f™)} of {f(™} such that f(™) — fin L3.(\ x P),
where — denotes weak convergence. In view of part a) the set S3-(F, A x P) is weakly
compact. Thus we conclude f € S3(F, A x P). For fixed (s, s), (',t) € I x J, where
(s',s) = (1), let us consider a linear operator 75 : L3(A x P) — L2, defined

by 17 tt, f f GuoA(du, dv). In view of (2.1), it follows that the operator Tss,’ft, is
s’ t
norm-to-norm continuous. Hence, by Theorem 15 in chap. 5.3 [11], it is equivalent

to its continuity with respect to weak topologies. Therefore u,, = T tt,( foR)) —
T30 (f) in L2,. Thus we have u = T, ,(f), which proves the closedness of the set

/ tl l,t/
f f FyuwA(du, dv) in the norm topology of the space L2,. Consequently, it proves its
st
weak compactness as well.
s t
In a similar way one can proceed with the set [ [ F,,dB,,. Indeed, let u €

st

s t
wodBy . en there exists a selection S , A X such that v =
F,.dB,, Th h i lecti 8/2\/ F)Xx P h th

st



298 M. KOZARYN, M. T. MALINOWSKI, M. MICHTA, AND K. L. SWIATEK

s t
[ [ fuwdBy,. Thus by Doob’s maximal inequality and It6’s isometry, we obtain

st

E (|jul[2) <E | sup / /fdeM

(s,t)yelIxJ
Rd

S T
gm//wmw mmmg6/|wwaw<m
0 O

IxJx$)
s t

Thus we conclude that [ [ F,,dBy, is a bounded subset of the space L?, for (s',s),
s't
(t',t) € I x J, where (s',s) = (¥,t). Let us take an arbitrary sequence {u,} C
st
[ | FuvdBy, converging strongly to some element v € L?,. Then for every n > 1
st
st

there exists f™ € S%(F,A x P) such that u, = [ [ f,dBy,. We shall show that

st

s t
= [ [ fuwdBy, for some f € S} (F, X x P). By Ito’s isometry we have:
st

s t
||un_um”§,2: //fqu))dBuv //-fuv u,v

st st

= /‘ |7 = f|1%, dA x dP.
[, x [t/ x
Consequently, {f™} is a Cauchy sequence in L3,(A x P). Hence it is convergent to
some element f € L3,(A x P). Since the set S, (F, A x P) is closed, we conclude that

s t s t
uw = [ [ fuwdBy,. This proves the closedness of the set [ [ F,,dB,, in the space
st P
s t

L2,. In a similar way as in the case of the set [ [ F, ,A(du,dv) one can prove the
s’

s t
weak compactness of the set [ [ F, ,dBy.,. O

st
Remark 2.3. Similarly as in the one-parameter case ([36]), the set-valued trajectory
S
integral [ [ F,,dB,,, need not be a decomposable subset of the space L*(Q2, Fg 1, P; R?)
00

in general. Indeed, let I xJ = [0, 1]* and let us take an one-dimensional two-parameter
Wiener process {B;; }(s,t)crx. on a given filtered probability space (€2, F, {Fs 4} (s nerxs; P)-
Let F: I x JxQ — KR! be a constant set F' = [0, 1]. Hence F is nonanticipating
and L3,(\ x P)-integrally bounded multifunction (in fact it is bounded). Then, in

11
particular, the random variables u = 0 and v = By ; belong to the set [ [ F, ,dB,,.
00
If this set were decomposable in the space L?(2,Fy 1, P;R'), then for every A € Fy,
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11
there would exists a selection f € S3(F,\ x P) such that 14B11 = [ [ fuvdBy,.

00
Thus E (14B1,) = 0 for every A € Fy;. But taking A, = {B11 > a} for o > 0 we

have E (14,B11) > aP(A,) > 0 which leads to contradiction. In fact, in a similar
ST

way as in one-parameter case (c.f. [17]) one can show that the set [ [ F,,dB,, is
00

decomposable if and only if the set-valued mapping F' is single-valued.

Theorem 2.4. Let F™ : [ x J x Q — K'(R?) be a set-valued, nonanticipating
process for n € N and let FWbe L3,(\ x P)- mtegmlly bounded. Let us also assume

FO S F® 5 5 F Ax P-ae., whereF—ﬂF A X P-a.e. Then

//Fuv)\dudv ﬂ// Adu, dv)
_s’ t

st

//FuvdBw—ﬂ//F dB,.,

st

for every (s,t),(s',t') € I x J such that (s, t’) (s,t).

and

Proof. Firstly, by virtue of Theorem 3.3 in [16] a set-valued mapping F' is nonantici-
pating and L3,(A x P)-integrally bounded. Since

S2(FW A x P)D S2(FO XX P)D...DS%(F,Ax P), we get

() S (F™, A x P) > S} (F.A % P).

Suppose that there exist f € (ﬂ S2(F™ X x P)) \S2(F,\ x P). Then for every

n=1

n € Nit holds f € F X x P-a.e. and therefore f € F X\ x P-a.e. Since f €
L3 (A x P), we have f € S3(G, X x P). This fact leads to contradiction. Therefore

Sy (F,A X P) = ﬂ S2(F™ X x P). Thus it is easy to see that for every fixed (s, ),
(¢, )€[><J,( ) (s,t) we have

s t
//fu,vdBu,v:fES?\/(F,)\XP)

st

c ﬂ / / fuwdBuy o f € S3(F™ X\ x P)
st

and also

//fu,UA(du,dv) : f € S(F, A% P)

st
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t

C ﬂ //fu (du,dv) : f € S}(F™ X x P)

Now,letne () [ f F{"dB,.,. Then for every n > 1 there exists f™ € S2.(F™ X x

n=1 st
st
P) such that = [ [ f{")dB,.,. Since the family of sets {SZ(F™, A x P):n > 1}

st

decreases it follows that { f™} c S%(FM, A x P). By Theorem 2.2 a) there exists a
subsequence { f) } of { f) } such that { f (”k } converges weakly to some f € L3 (AX

P). Since the mapping L3,(A X P) 3 g — f fgu By, € L7, is weakly continuous,

/t/

st
we get ) = [ [ fuwdBu,. Let us note that {f™) : k > ko} C S3(F®) X\ x P) for
st

every ko > 1. Thus f € S%(F™0) )\ x P) for every kg > 1 as well and finally we
st
conclude that f € S3.(F,\ x P). Hence n € [ [ F, ,dB,,. This proves the equality

st

s t 0o s 1
/ / FuwdBuy =) / / F{"dB,,.
st n=1 st

In a similar way one can show that

//Fuv)\dudv ﬂ// A(du, dv).

st s’ t!

O

Theorem 2.5. Let F,G : [ x J xQ — K°RY) be the set-valued, nonanticipating and
L3(X\ x P)-integrally bounded stochastic processes. Then

s 1 s t
H%, / / Fy oA\ (du, dv), / / Guo\(du, dv) | <
st st

<(s— &)t 1) / HZ, (F,G)d) x dP

[s",s] X[t/ {] xQ2

s t S t
2, / / FuudBon, / / GordBos

st st

and

IA

< / Hiq (F,G)d\ x dP.
[s/,s]x[t'E]xQ2

for every (s,t), (s, t') € I x J, (s',t') = (s,1).
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Proof. Let (s',t'), (s,t) € IxJ and (¢, ') < (s,t) be fixed. Forevery f € S} (F,AxP)

we have:
s t s t
dist2, / / Fuo(du, dv), / / Gy (du, dv)

st st

= inf //fuv Guv) AN (du, dv)
gESN (G,AXP)

st R4

<--v) it [l gl xap
[s/,5] % [t/ ] X2

Let us take a function ¢ : I x J x Q x R? — R* defined by ¢(u, v,w, ) := || fun(w) —

z||2,. Then the mapping ¢(-,-,-, ) is nonanticipating for every fixed z € R? while

the mapping ¢(u, v,w, +) is continuous for every fixed (s,t,w) € I x J x €. Hence, by

Theorem 2.2 in [14] we get

inf / I1f = gl[2adA x dP

g€S3(G,AXP)
[s/,s]x [t t] x 2

= / Ginf( )gp(u,v,w,x))\(du,dv) X P (dw)
reGy,v (W
[s,s]x [t/ t] xQ
< H2.(F,G)d\ x dP.
[s",s] %[t/ ] xQ2

Thus we have

sup dzsth //fuv (du, dv) //Gw)\ (du, dv)
FES3(FAXP)

st st

<(s—s)(t—1) / H2,(F, G)dA x dP.
[s/,s] X[t/ t]x2
As a consequence we obtain first part of the theorem. Using similar argumentation

and Itd’s isometry second part of the theorem can be proved. O

By the above theorem the following result can be stated.

Corollary 2.6. Let F : I x J x Q — K*(R?) be a set valued, nonanticipating and
L3(X\ x P)-integrally bounded stochastic processes. Then both

IxJ>3 (s, t)— //FU,UA(du,du) c KX(L?)
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and
s t
IxJB(aﬂ&i//}QﬂBwelﬁ@%
0 0
are continuous set-valued mappings with respect to the metric Hyz.

We end this section with the following Wendroft’s type inequality needed in the
sequel (c.f. [43]) .

Lemma 2.7. Let u(s,t), w(s,t) and a(s,t) be non-negative continuous real-valued
functions defined for (s,t) € I x J. Let the function w(s,t) be non-decreasing in each
variable. If

s t
u(s,t) < w(s,t) +//a(u,v)u(u,v))\(du,dv) for every (s,t) € I x J,
00
then

u(s,t) < w(s,t)exp //a(u,v)u(u,v))\(du,dv) for every (s,t) € I x J.
00

3. MULTIVALUED STOCHASTIC INTEGRAL EQUATION

From now on we assume that [ is separable with respect to probability P. In this

part we consider the following set-valued stochastic integral equation in the plane:

X (5,1) + €00 = Evo + Eou + Of [ Fion0. (0, 0) M. o)

(3.1) .

+ [ [ G(u,v, X (u,v)))dBy,, for (s,t) € I x J,
00

where F, G : I x J x Q x KY(L?) — K’(R?) are given set-valued mappings and the
integrals above are defined as in preceding section. Here, £ : [ x J — K’(L?) is a
given set-valued mapping. Thus the equation (3.1) is thought as an abstract relation
in the hyperspace of nonempty, bounded, closed and convex subsets of the space L2.
Note also that for F,G and £ being single-valued maps, multivalued equation (3.1)

reduces to single-valued one considered in [50]-[53].

Definition 3.1. By a solution to equation (3.1) we mean an H2-continuous mapping
X : I xJ— KP’L?) such that (3.1) is satisfied.

Below we formulate main assumptions imposed on set-valued mappings F, G and
&:
(A1) for every U € K’(L?) the mappings
F(yU), Gy U) i I x J x Q — KY(RY)

are nonanticipating set-valued two-parameter stochastic processes.
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(A2) there exists a constant K > 0 such that
Hyga(F(s,t,w, A), F(s,t,w, B)) + Hga(G(s,t,w, A),G(s,t,w, B))
< KH;2(A, B),

for every (s,t) € I x J, every A, B € K’(L?), and P-a.e.
(A3) there exists a constant C' > 0 such that

Hga(F(s,t,w, A),{0}) + Hpa(G(s,t,w, A),{0}) < C(1+ Hi2(A, {O})),

for every (s,t) € I x J, every A € K’(L?), and P-a.e.

(A4) the mapping & : I x J — KP°(L?) is assumed to be continuous with respect to the
Hausdorff metric Hy» and such that the Hukuhara difference (€504 &ot) © €00
exists for every (s,t) € I x J, and

/ Hiz((&,o + go,t) S f(),o, {@}))\(dé’, dt) < Q.

IxJ

The symbols 6 and © denote the zero elements in R? and L2, respectively. Con-
sider the space C =C(I x J, K!(L?)) with the metric

o(X,Y)= sup Hr(X(s,t),Y(s,t)).

(s,t)elxJ

Then (C, o) is a complete metric space (cf. Proposition 1.6.19 in [9]).

Theorem 3.2. Let F, G : I x J x Q x K*(L?) — K*(R?) and € : I x J — K*(L?)
satisfy conditions (A1)—(A4). Then equation (3.1) has a unique solution.

Proof. By assumptions imposed on the initial mapping ¢ we can define a sequence

(X}, X, I x J— K8(L*),n=0,1,2, ... of successive approximations as follows:

Xo(s,t) + &0 = Es0 + o

and forn =1,2, ...

s t
Xn(sa t) + 50,0 = 55,0 + §O,t + //F(u> v, Xn—l(ua U)))\(du> dv)_l_
0 0

s i
+//G(U7U>Xn—l(uvv))dBuvv
0 0

for every (s,t) € I x J. By Theorem 2.5 and the assumption (A3) one has:
s 1
H?, //F(u,v,Xo(u,v))A(du,dv), {6}
0 0

< st / HZ.(F (u,v, Xo(u,v)),{0})d\ x dP

[0,s]x[0,t] x2
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< st / 202 (1 + H72(Xo(u,v), {O}))A(du, dv).
[0,s] x[0,]

Let n =2C? [ (1+ H?:(Xo(u,v),{©}))A(du,dv). Then we have
IxJ

H? (0/O/F(U,U,Xo(u,v))k(du,dv),{@}) < stn.

In a similar way we obtain the following estimation

H%, (/S/tG(u,v,Xo(u,v))dBu,m{@})

< / H24(G(u, v, Xo(u, v)), {0})dA x dP

[0,5] % [0,t] x 2

< / 20 (1 4+ H2a(Xo(u, v), {O))A(du, dv) < 1
[0,s] x[0,]
Hence
H12,2 (Xl(t7 S)v XO(tv S))

_ ( / / Flu, v, Xo(u, v))A(du, dv) + / j G(u,v,Xo(u,v))dBu,v,{@})

0 0

<2m2, ( / /t F(u,v,Xo(u,v)))\(du,dv),{@})
+2H?%, (/s/tG(u,v,Xo(u,v))dBuvv,{@})

< 2n(1+ st) < 2n(1+ ST).
Similarly, by the assumption (A2) and Theorem 2.5, we obtain the following chain of

estimates
HEQ (X (t S) Xn 1(t7 S))

< 2H}, (//F u, v, X1 (u, v))A(du, dv),

/S/tF(u’U’Xn2(u,v))>\(du,dv))

0

s
+2H?, (//G u, v, X1 (u U))dBum,//G(u,v,Xng(u,v))dBum)

0 0 0
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<2S8T / HZa (F(u,v, X1 (u,0)), Fu, v, X,,_o(u,v))) d\ x dP

[0,5] % [0,t] x 2

+2 / HZ, (G(u,v, X1 (u,0)), Glu, v, X, _o(u,v))) d\ x dP

[0,s] x[0,t] x 2

< OK(ST + 1) / H2, (X1 (1, 0), X (1, 0)) A(du, do).
[0,s] % [0,¢]

In particular, we infer that
H%g (XQ(S, t), Xl(S, t))
< 2K*(ST +1) / H?z (X1 (u,v), Xo(u, v)) Mdu, dv)

[0,s]x[0,¢]
< OKST +1) / (ST + 1)A(du, dv)
[0,s] % [0,¢]

= 2K*(ST + 1)*2nst.

Therefore, by mathematical induction

n—1 tn—l
H?, (X, X, < (2K YST + 1)™2
L ( (S,t), 1(Sat)) —( ) (S + ) n(n_1)|(n_ 1)[
Sn—l Tn—l
< (2K YST + 1)™2 .
< R ST+ ) e — 5 =
Hence
2(X,. X < (2K YST + 1)"2 o

Consequently, for m < n we have:

n Sk—1 Tk—1
o(Xn, Xm) <> 4 [(RK2)R1(ST + 1)*2p

W (k— 1! (k—1)!
n k—1
<o T
where
a= \/2n((max{5, T} +1)
and

B = \/2K2((max{5, T})?+ 1) max{S,T}.

Since the last sum converges to zero as m,n — oo, it follows that {X,} is a
Cauchy sequence in C. Hence, there exists X € C such that o(X,,X) — 0 as
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n — oo. Now we shall show that X is a solution to equation (3.1). Indeed, let us fix

(s,t) € I x J. Then we have

s t
Hi X(Svt)+£O,07£s,0+£0,t+//F(U,U,X(U,’U))>\(du,dv)
00

/O/ (u, 0, X (4, ) dB,,

< 3H7a (Xu(s,t) + 0.0, X (5,8) + &o)

+3H12/2 (Xn(s, t) + &)70 ,

fso+50t+// u, v, Xp_1(u, v))A(du, dv)

+//Gqun1uv))dBuv
00
t

+3H3, fso+50t+// u, v, X1 (u, v))A(du, dv)

//Gqun 1(u,v))dBu |
5370+£o,t—|—O/O/F(U,U,X(u,v))k(du,dv)—i—O/O/G(u,U,X(u,v))dBum

By the definition of X,, the second term above equals zero. On the other hand, again
by Theorem 2.5 and (A2), the last term can be estimated as follows:

s t
3H7: | oo+ Eou + / / F(u,v, Xp—1(u,v))A(du, dv)
00

s t
+//G(U7U>Xn—l(uvv))d3“vv ’
0 0

s i

§s0 + ot + F(u,v, X(u,v))\(du, dv) + G(u,v, X(u,v))dB,,
/] /]

0 0

s i
< 6H} //F(u,v, X—1(u, v))A(du, dv),
0 0
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s t
//F(u,v,X(u,v)))\(du,dv))
0 0
s t s t
+6H?Z, //G(u,v,Xn_l(u,v))dBuvv,//G(u,v,X(u,v))dBu,v
0 0 0 0

< 6st / Hzo (F(u,v, X1 (u,v)), F(u,v, X (u,v)))dX x dP

[0,s] x[0,t] x£2

/ HZ. (G(u,v, X1 (u,0)), Glu, v, X (u,v)))d\ x dP

[0,s] x[0,t] x

< 6K2ST/ sup  Hio (X, 1(u,v), X (u,v))\(du, dv)
(u,v)eIxJ
IxJ

+6K /( s)u}? JHEQ(Xn_l(u,U),X(u,v)))\(du,dv)
u,v)€l X
IxJ

< (6K*S°T? + 6 K*ST)o(X,, X).

Consequently, letting n — oo we get

Hipe (X(t, 5) + £0,0, &0 + oyt

+j/¢““““%WMW%“>ﬁj]GWMwa»ww)o

Finally, we show the uniqueness. Let us assume X and Y are solutions to equation
(3.1). Then in view of Theorem 2.5 and condition (A2):

H? (X (t,s),Y(t,s))

= H?, (//Fquuv))\(dudv // (u,v, X (u,v))dB,, ,
0
//Fuquv (du, dv) + //Guquv)BuU
0 0

<2m2, //tF (u, v, X (1, v))\ (du, dv) //F w0, Y (u, )\ (du, dv))

0 0

+2H?%, (//G u, v, X (u,v dBuU,//G(u,v,Y(u,v))dBuvv)
00 0

< 2st / HZ.(F(u,v, X (u,v)), F(u,v,Y(u,v)))d\ x dP

[0,s]x[0,t] x 2
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/ HZ4(G(u, v, X (u,v)), G(u,v, Y (u,v)))d\ x dP

[0,5] % [0,t] x 2

<2K*(ST +1) / H? (X (u,v), Y (u,v))\(du, dv).

[0,s]x[0,t]

By Lemma 2.7 we conclude
H?, (X (s,1),Y(s,t)) =0

for (s,t) € I x J which completes the proof.

We proceed in a similar way in order to obtain the following estimate.

Theorem 3.3. Under assumptions of Theorem 3.2 the solution X to equation (3.1)

satisfies:
Hi2(X(s,1),{0})

<[3 sup His(Eso+ Eorso0) + 6C2st(st + 1)] exp{6C2st(st + 1)},
(s,t)elxJ

for every (s,t) € I x J.

As a consequence of the next result we have a continuous dependence of the solu-

tion to (3.1) on initial mapping. To this end, let us consider the following equations

X(s,t) + &0 =E&s0 + Eot

(3:2) —i—jftF (u,v, X (u,v))A(du, dv) + jftG(u,v,X(u,v))dBw,
00 00
Y(S, t) + g0,0 = gs,O + go,t
(3.3)

s t s t

+ [ [ F(u,v,Y(u,v))A(du,dv) + [ [ G(u,v,Y (u,v))dBy,
00 00

Then the following result holds true.

Theorem 3.4. Let &, E, F, G satisfy conditions (A1)—(A4). Let go,o = &opo. Let X
and Y denote unique solutions of equation (3.2) and (3.3), respectively. Then

H?, (X (s,1),Y(s,1))

4[supHL2 (&5.0 55 0) + sup HL2 (ot 50 )] exp{4K?st(st +1)}

sel
for every (s,t) € I x J.
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Proof. Indeed, by assumptions (Al)-(A4) and Theorem 2.5 we have the following

estimations:

H2,(X (5,1),Y (s,t)) < 4H%(Eqo 5 Eao) +4H2(E0y , Eou)

s st
+4H?Z, //F(u,v,X(u,v))A(du,dv), //F(u,v,Y(u,v))A(du,dv)
00 00
st s
+4H7, //G(u,v,X(u,v))dBM, //G(u,v,Y(u,v))dBM
00 00

< 4H22 (&s gs,o) + 4H§2 (os g(),t)

st / H24(F(u, 0, X (u,0) , Flu,0,Y (0, 0)))dA x dP

[0,5] % [0,t] x 2

4 / H24(Gu, v, X (u,0) , Glu, 0, Y (u,0)))dA x dP

[0,s] x[0,t] x£2
< dsup Hia (€0 5 Evo) +4sup Hia(Gor s &)
sel teJ
+4(st+ 1)K / H2(X (u,v) , Y(u,v))\du, dv).
[0,s] x[0,]
Hence, by Lemma 2.7, the assertion follows. O

Finally, we consider problem of stability of solutions to the system of set-valued

stochastic integral equations. Let us consider the equations

X(s,t) + &0 =Es0+ &0t + / / F(u,v, X (u,v))\(du, dv)
00

s
+ / / G(u,v, X (u,v))dBy.,
0 0

s t
Xn(s,t) +&g0 =800+ &0 + //Fn(u, v, X (u, v))XN(du, dv)
00

s t
4 / / G (1, 0, X (1, 0))dBas
0 0

and their solutions X and X, respectively forn = 1,2, ....

and
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Theorem 3.5. Let £,&", F, G, F,, and G,, satisfy assumptions (A1)—(A4) (with the
same constants K and C). Suppose that &y = oo for n > 1. Moreover, let us

assume that

max {supHLz (520, 5370) 7§U?HL2 (5&, §o,t)} — 0 asn— o0
S

sel
and
max { Hga (F}, (s,t,w, A), F (s,t,w, A)),

Hya (G, (s, t,w, A),G (s,t,w,A))} — 0 asn — oo
for every (s, t, A) € I x J x K%(L?) and P-a.e. Then

0(Xpn, X)— 0 asn — oo.
Proof. Let (s,t) € I x J be fixed. Using Theorem 2.5 one can show the inequalities
Hi» (Xa(s,t), X (5,)) = Hiz (Xu(s,) + &9, X (s, 8) + &00)
<4 (H72(8206s0) + Hi2(804 E01))

+4st / Hza (F(u,v, X (u,0)), B (u,v, X,,(u,v))) d\ x dP
[

0,s]x[0,t] x$2
+4 / Hz (G(u,v, X (u,v)), Gp(u, v, Xn(u,v))) dA x dP

[0,s] x[0,t] x£2

<4 (sup H72(E00,Es0) + sup Ha (&5, §o,t)) + 8stA,
te

sel

+8B,, +8K*(ST + 1) / HZ (X (u,v), X (u,v)) A(du, dv),

[0,5]x[0,1]
where
An = / Hﬂ%d(F(uuUaX(uvU))an(uvva(u7U)))d)\ x dP7
[0,S]%[0,T]x 2
B, = / H24(G (0, X (1, 0)), G0, X (1, 0)))dA x dP.
[0,5]%[0,T] x 2

Thus, again by Lemma 2.7 we obtain

H? (X,(s,t), X(s,1))

: (4 sup H72 (00, s.0) + 4sup His (&5, o) + 8(stAn + Bn)) ST,

sel teJ
Using Lebesgue’s dominated convergence theorem we have that A, — 0 and B,, — 0

as n — oo. This together with assumptions imposed on the sequence {£"} ends the

proof. O
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Remark 3.6. Note that under assumptions (A1l)—(A4) equation (3.1) can be rewrit-

ten as

X(s,t) = (€s.0+ o) © €00 + / / F(u,v, X (u,v)))\(du, dv)

s t
+//G(u,v,X(u,v)))dBu7v for (s,t) € I x J.

Then one can replace the equation above by a more general relation

X(s,t) =C(s,t) + //F(U,U,X(u,v))))\(du,dv)

+//Gquuv)))dBM for (s,t) € I x J,
0

where initial value mapping C' : I x J — K?(L?) can be chosen as a continuous

set-valued function such that

/ H2,(C(s,1), {O})A(ds, dt) < oo

In this case the same conclusion as in Theorem 3.2 still holds, and consequently

analogs of the rest of results can also be proved.

Remark 3.7. Similar results as in Sections 2 and 3 can be obtained in the case of

n-parameter random fields for n > 2.

4. APPLICATIONS TO FUZZY STOCHASTIC INTEGRAL
EQUATIONS IN THE PLANE

In this section we show an applicability of the results of previous sections to fuzzy
stochastic integral equations driven by Wiener process in the plane. We shall begin
with some basic notions concerning fuzzy sets and their main properties (see [10] for
details). Let (X,]|-||x) be a given separable Banach space. By a fuzzy set u of the
space X we mean a mapping u : X — [0,1]. The space of all fuzzy sets of X will
be denoted by the symbol F(X). For a € (0,1] let [u]* := {x € X : u(xz) > a} and
[u]® := clx{r € X : u(z) > 0} where clx denotes the closure in (X,]|-||zx). In the

sequel we deal with fuzzy sets belonging to the following family
Fox) = {uec F(X): [u]* € KAX) for every o € [0, 1]}.
Let u,v € F?(X). Then the addition u + v is defined level-set-wise, i.e.,

[+ v]* = [u]® + [v]* for a € [0,1].



312 M. KOZARYN, M. T. MALINOWSKI, M. MICHTA, AND K. L. SWIATEK

Moreover, if there exists w € F?(X) such that u = v +w then w is called a difference
of v and v and we denote it by v © v. We shall use a metric Dy in F°(X) described

as follows

Dx(u,v) := sup Hx([u]®, [v]*) for u,v € F(X).

a€(0,1]

By properties of Hausdorff metric Hx one has
Dx(uy + uz,v1 + v2) < Dx(uy, v1) + Dx(uz, v2)

and
Dx(ur + v,us +v) = Dx(ur, uz)

for wy, ug, vy, v0,v € F2(X). Tt is known (c.f. [44]) that (F2(X), Dx) is a complete
metric space. For the aims of this section we consider two cases: ¥ = R? or X =
L% By a fuzzy random variable we mean a function u: Q — F°(R?) such that
[u(-)]*: Q — K5(R?) is an F-measurable set-valued mapping for every a € (0, 1].

A fuzzy set-valued mapping f: I x J x  — F°(R?) is called a two-parameter
fuzzy-valued stochastic process (or fuzzy-valued random field) if f(s,¢,-): Q — F2(R?)

is a fuzzy random variable for every (s,t) € I x J.

A fuzzy-valued random field f: I x J x Q — F’(R?) is said to be nonanticipating
if set-valued mapping [f]*: I x J x Q — Kb(R?) is N-measurable for every a €
(0,1]. A fuzzy-valued random field f is called {F,,}-adapted, if f(s,t,-) is an Fy 4
measurable fuzzy random variable for every (s,t) € I x J. It is called L3, (A x P)-
integrally bounded, if [||[f]°|]] € Li/(A X P). For a-levels («a € [0, 1]) of such a fuzzy-

valued random field f one can consider set-valued trajectory stochastic integrals:

ST ST

[ [1fup]®*Mdu, dv) and [ [[fu.]*dBy, defined in Section 2. Then by Theorem 2.4
0 00

0
and Theorem of Negoita and Ralescu (cf. [41]) for every (s,t) € I x J there exist
fuzzy sets in F2(L?) denoted by

//fuv (du,dv)) and //fuydBw

such that for every a € [0, 1]

f)/s/tfu,z)\(du,dv)) aZ/S/t[fu,v]aA(dU,dU),
//fdew =//fw“dBM
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Definition 4.1. For every (s,t) € I x J, the fuzzy sets

//fuv (du, dv) and //fdew

are called the fuzzy stochastic Lebesgue trajectory integral and fuzzy Ito trajectory
integral (respectively) of nonanticipating and L3,(\ x P)-integrally bounded fuzzy-
valued random field f: I x J x Q — F°(RY).

Remark 4.2. Note that the sum of these integrals exists in the sense of addition of

/ / FuoA(du, dv) + / / GundB,, € FUI?)

for f,g: I xJxQ — F°(RY) being nonanticipating and L3,(A x P)-integrally bounded

fuzzy sets and

fuzzy-valued random fields.

As a consequence of Theorem 2.5 and Corollary 2.6 we have the following results.

Corollary 4.3. Let f,g: I x J x Q — F2(RY) be nonanticipating and L3\ x P)-
integrally bounded fuzzy-valued random fields. Then

//fuv (du, dv), //guv (du, dv)

<G-s-t) [ Dh(fgarxdr

[s",s] X[t/ {] xQ2

S t S t
F) / / FuvdBun, (F) / / GundBun

st st
< / D2.(f,9)d\ x dP

[s/,s]x [t/ ] xQ2
for every (s,t), (s',t') € I x J such that (s',t') =< (s,t).

and

Corollary 4.4. Let f: I x J x Q — F2(R?) be a nonanticipating and L3, (XA x P)-
integrally bounded fuzzy-valued random field. Then the mappings

s t
IxJ> (S,t) = (f>//fu,vdBu,v S fcb(L2)
0 0
and

IxJ3(st) (]—“)//fw)\(du,dv) c FA(L?)

0 0
are continuous with respect to the metric Dy2.
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Let fog: [ x JxQx F(L?*) — F(R?) and let v : [ x J — F°(L?) be given.
By a fuzzy stochastic integral equation in the plane we mean the following relation
in the metric space (F?(L?), Dr2):

f(u, v, 2y ) A(du, dv)

o o

Tsi+ Y00 =Vs0+ You + (F) [
(4.1) 0

s t

F) [ [ 9w, v,24,)dBy,
00

for (s,t) € I x J.

Definition 4.5. By a solution to (4.1) we mean a Djz-continuous mapping z: I xXJ —
FP(L?) that satisfies (4.1). A solution z: I x J — F°(L?) to (4.1) is unique if

Tsy = Ysz for every (s, t) €1 xJ

where y: I x J — FP(L?) is any solution of (4.1).

Assume that f,g: I x J x Qx F2(L*) — F2(RY) and v : I x J — F2(L?) satisfy:
(al) for every u € F2(L?) the mappings
f(~,~,~,u),g(-,-,-,u): I'x Jx _>f£<Rd)

are the nonanticipating fuzzy-valued random fields,
(a2) there exists a constant K > 0 such that

Dle(.f(Satawau)a f(s,t,w,v)) + Dle(g(S,t,w,u),g(s,t,w,v))

< KDp2(u,v),
for every (s,t) € I x J, every u,v € F°(L?), and P-a.e.,
(a3) there exists a constant C' > 0 such that

Dpa(f(s,t,w,u), é) + Dpa(g(s,t,w,u), é)

< C(1+ Dj2(u, ©)),

for every (s,t) € I x J, every u € F’(L?), and P-a.e.,
(a4) the mapping v : [ x J — F2(L?) is continuous with respect to the metric Dy»
and such that the difference (vs0 4 70,t) © 70,0 exists for every (s,t) € I x J, and

/ D%2((’Ys70 + ’}/07t) © 7.0, (:)))\(ds, dt) < o0
IxJ

Here the symbols é, © denote the fuzzy counterparts of zero elements ¢ and © in
R? and L2, respectively, i.c., []* = {0} and [0]* = {O©} for every a € [0,1]. Using
the properties of fuzzy trajectory stochastic integrals in the plane and proceeding

similarly as in Section 3 the following result can be proved.
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Theorem 4.6. Let f,g: [ x J x Q x FL*) — F(RY) and v : I x J — FU(L?)

satisfy conditions (al)—(ad). Then equation (5) has a unique solution x such that
D%Q (xs,ta é)

<[3 sup D%z(%,o + Yo,6,Y0,0) + 602st (st + 1)] exp{6C?st(st + 1)}
(s,t)yelIxJ

for every (s,t) € I x J.

Similarly as in the case of set-valued stochastic equations in the plane let us

consider two fuzzy stochastic integral equations:

Tst + 7.0 = Vs0 T Yo + (F) | [ flu,v, 24)A(du, dv)

O —u
o .

(42) s t
F) [ [ 9(u,v,240)dBy.,
00
and
s t
Yst + 000 = 050+ 004 + ( fff U, V, Yy o) A(du, dv)
(4.3) 00

g U 'Uayu,v)dBu,v

]

for (s,t) € I x J. Then the following fuzzy counterpart of Theorem 3.4 holds.

o, .

Theorem 4.7. Assume that the mappings v,0 : I x J — F(L*) and fuzzy-valued
random fields f,g: I x J x Q x Fo(L?) — F°(R?) satisfy the conditions (al)—(ad).
Let us also assume that o0 = 000. Let © and y be solutions to equations (4.2) and

(4.3) respectively. Then

D%z (st Yst) < 4[su11) D%z('ys’(), 0s0) + SuLIJ) Diz(%,t, ao.t)] exp{4K25t(st +1)}
se te

for every (s,t) € I x J.

Finally, let us consider the system of fuzzy stochastic integral equations:

Zst + Y0,0 = Vs0 + Yo + (F //fuva:uv))\(du dv)
// uvxu’l} ’LL’U

2 e = A A+ (F) / / foluy 0,2 )A(du, do)

//gnuv,xw dB,.,

and forn > 1
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for (s,t) € I x J, with their solutions z, 2" for n > 1.

Applying similar methods as those used in the proof of Theorem 3.5 the following
assertion holds.

Theorem 4.8. Let f, g, fn, gn: I X J x Qx FP(L?) — F°(RY) satisfy conditions (al)—
(a3) with the same constants K,C. Let also the mappings v,y" : I x J — F°(L?)
satisfy condition (ad) and g, = Y00 for every n € IN. We assume additionally that

max {SUPDL2 (720, 750) - supDrz (74, %,t)} — 0 asn — oo
sel ted

and
max {DRd (fn (Sv t7 W, U) ) f (87 tv W, 'LL)) ;
Dga (gn (8,1, w,u), g (s,t,w,u))} — 0 asn — oo,

for every (s, t,u) € I x J x F°(L?) and P-a.e. Then

n
( ts)léll) JDLz (:L’s,t,x&t) — 0, as n — oo.
s, X
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