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1. INTRODUCTION

In this paper, we are concerned with a system of homogeneous linear difference

equations

(1.1) z(n+1)=An)z(n), n€Z,

and its general delayed perturbation

(1.2) z(n+1)=AMn)x(n)+ F(n,z(n),z(n—7(n))), n€Z,

under certain conditions for F': Z x C" x C" — C", where Z denotes the set of integer
numbers, C” denotes the r-dimensional Euclidean space with norm [-|, and we will

consider the initial condition
(1.3) z(0)=¢e€C.

Properties of the solution of the linear system (1.1) have well investigated, see
for example [1], [9], [11], [12].
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We will denote by X (n) the fundamental matrix of system (1.1), with X (0) = I.
For a projection matrix P. So, the Green function G = G'p associated the projection

P is given by
X(n)PX t(s+1), forn>s+1

(1.4) G(n,s) =
—X(n)QX t(s+1), forn<s+1,

where Q =1 — P.
The notion of summable dichotomy introduced by Pinto in [19] in the ordinary

difference case will be remember below.

Definition 1. We say that system of equations (1.1) has a summable dichotomy on
Z with data (u, P) if there is a projection P in C”, such that if Q@ = I — P, we have

(1.5) . i?z’siw IG (n, 8| < +oo.

Based on the ordinary dichotomy of a linear system non-autonomous system (1.1)
several qualitative properties of the solutions of ordinary difference equations have
been investigated (see e.g. [1], [12]). In particular the existence of bounded solutions
of linear and nonlinear systems has been considered. Properties of the solutions using
the existence of exponential dichotomy have been considered, for example, in [15],
[17], [18], [24] and references therein.

As said Pinto in [19], the dichotomies are decomposed in two big groups: the
“uniform” dichotomies and the “sumable” dichotomies. The uniform dichotomies are
the natural extension of the ordinary dichotomy and the summable dichotomies are
an extension of the exponential dichotomy. It is easy to see that if system (1.1) has a
summable dichotomy with data (u, P), then it also has an ordinary dichotomy, and
on the other hand, we also note that if the system (1.1) has an exponential dichotomy,

thus the system (1.1) has a summable dichotomy.

The objective of this work is considering the existence of a summable dichotomy
of the linear system (1.1) on Z to characterize the bounded and periodic solutions
of this linear systems and the nonhomogeneous case. After that we consider the
perturbation system (1.2) and our aim is to prove the existence of bounded and
periodic solutions of this system under the existence of a summable dichotomy of the
linear system (1.1) and some restrictions on the function F' in (1.2). Particularly
important are the general conditions obtained for the existence of bounded solutions
when Schauder fixed point is applied (see Section 4.1) under the use of Schauder’s
Fixed Point Theorem. Under a suitable condition a new compactness criterion for
a summable dichotomy is exhibited (see hypothesis (H5)). We emphasize that the
study of summable dichotomy combined with the use of the Schauder Fixed Point

Theorem in order to get bounded and periodic solutions has not been considered in
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the literature, still in the ordinary case. On the other hand, in our approach we

considerer the existence of a summable dichotomy on Z.

Our results are important because they improve existing ones in literature. In
fact we will see that they are reduced in the assumptions used previously. Preliminary
studies in the case of ordinary difference equation were studied in [16] in the functional

case and in [7] in the abstract or the phase space case.

In order to get our objective we have organized the paper as follows. In Section 2
under the existence of a summable dichotomy we characterized bounded and periodic
solutions of the linear system (1.1). The same problem, but in the non-homogeneous
case in Section 3 is considered. In Section 4, we prove the existence of bounded
and periodic solutions using the Contraction Fixed Point Theorem under suitable
conditions of the perturbed function F' in (1.2). After that in Subsection 4.1 we
prove the previous result by the use of the Schauder Fixed Point Theorem. We
call the attention that in this case it is necessary to verify a compactness criterium.
Finally in Section 5 we apply our results to the particular case, namely, the nonlinear

ordinary difference equations, and some examples are considered.

The existence of bounded and almost periodic solutions for difference equations
in the ordinary case have been considered by several authors, for example, [2], [9], [10],
[14], [15], [21], [22], [23], [25], [26]. Pinto in [19] using the concept of (h, k)-summable
dichotomies in linear difference equations, he proved the existence of convergent and
bounded solutions of nonlinear ordinary difference systems for n > ng. As it is
known the abstract space was introduced by Hale-Kato [13] for studying qualitative
theory of functional differential equations with unbounded delay. The investigation
of convergent solutions in abstract retarded difference equations in phase phase under
the condition of existence of dichotomies has been considered in (3], [5], [6], [7], [16],
for example. The similar problem as in our point of view has been considered by

Pinto in [20] in the case of nonlinear integro-differential equations with infinite delay.

2. THE HOMOGENOUS LINEAR SYSTEMS

Initially we are going to prove some basic but very importante results associated

the linear system (1.1) as consequence of the existence of a sumable dichotomy.

Proposition 2. Assuming that system (1.1) possesses a summable dichotomy, then

x = 0 is the unique bounded solution on Z of the linear homogeneous system (1.1).

Proof. Note that any solution of (1.1) is given by z(n) = X (n){ = X(n)PE+ X (n)QE.

Define BY = {¢ € C" / £ is a initial condition of a bounded solution on Z of (1.1)}.
Take any vector ¢ € BY and assume first that P¢ # 0, and consider the auxiliary
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function « (n)~" = |X (n) P€|. Then

ZX )Péa(s+1) = niX(n)PX_l(s+1)X(s+1)P§a(s+1),
i | X (n) P¢|a(s+1) Z | X (n) PX (s + || |X (s + 1) P¢la(s+1),
a(m) Y als 1) Z 1X (n) PX " (s + 1)

Since the dichotomy is summable, we have that

n—1
a(n)™! Z a(s+1) <p,
uniformly in n. Thus, the serie Y _" a(s+ 1) is convergent for each n fixed, it

follows that the limit of the general term must be zero, in particular a (n) — 0 as
n — —oo, i.e., | X (n) P§| — +o00 as n — —o0.

On the other hand, if we assume that Q& # 0, then defining the function (n)_l =
|X (n) Q€|, by similar arguments as in the previous case, we obtain that | X (n) P¢| —
+00 as n — +0o0.

Thus, the only possibility for boundeness of the solutions of system (1.1) is that
B° = {0}, ie.,, z = 0. O

Remark 3. It is clear by the previous proposition that under the hypothesis of the
existence of a summable dichotomy for Eq. (1.1), it follows that the linear system (1.1)

does not have non-null periodic solution neither non null almost periodic solution.

It is interesting to observe that, under the hypothesis of summable dichotomy,
X (n) PX ' (n) and X (n) QX ! (n) are bounded. In fact, for each n € Z,

+00
> G sl <,

S§=—00

and in particular,

X () PXT ()] = |G (nn)l| < Y G (n,8)]] <

S§=—00

uniformly in n, and from this || X (n) QX! (n)|| is also bounded. Thus, we have

Lemma 4. If system (1.1) has a summable dichotomy, the X (n) PX~(n) and
X (n) QX' (n) are uniformly bounded in n € Z.
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Lemma 5. If system (1.1) has a summable dichotomy, then for every ng € Z, there
exists My > 0, such that

| X (n) P|| < My, for alln > ng, and || X (n) Q| < My, for alln < ny.

Proof. Let o (n) = || X (n) P|| and u (n) = 32"=" a(s+1)"". We have that u (n) is

s=no

an increasing function, and so u (ng + 1) < u (n), for all n > ny. Moreover,

ZHX YP|la(s+1)7"

s=ng

< i | X (n) PX (s + )| I X (s + 1) Pla(s+1)7" < p

s$=ng
Then
X (n) P|| = a(n) < pu(n) ™ < pu(ng+1)"" = e,
for all n > ny.

Now, let 3(n) = | X (n) Q|| and v (n) = 32" B(s+1)"'. We have that, for all
ny < ny < ng, v(ng) <wv(ng). In particular, v (ng) < v (n), for all n < ny. Then

<ZHX )QIB(s+1)7"

< S X M QX (s DI IX (s + QY s+ 1) <

Then
X (n) Q| =8(n) < (n)_l < v (no)_l = ko,
for all n < ny.

Taking My = max {co, ko}, we concluded the proof. O

Proposition 6. If the linear system (1.1) has a summable dichotomy with data (1, P),
then the projection operator P is unique, i.e., P is decided uniquely by the summable

dichotomy.

Proof. Assume that there is another projector P satisfaying the summable condition.
In a similar way to the previous discusion, there exists My > 0, such that HX (n) P H <
M,, for all n > 0, and HX(n)QVH < My, for all n < 0, where Q = — P. If £ € C"

and n > 0, we have

X () PQE| < |1 () PI|| Q8| < M0 |Q

and if n <0,

X () PQE| < ||X () PX ()| |[X (m) Q|| @) < o |Q].
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Then, = (n) = X (n) PQ¢ is a bounded solution on Z of system (1.1). By Propo-
sition 2, we have that P@f = 0. As £ is arbitrary, it follows that P@ =0, ie.,
P = PP. On the other hand, as X (n) QX (n) is also bounded, in a similar way to
the previous discussion, we have Qﬁ =0, i.e., P = PP. Therefore P = P. O

Lemma 7. Assuming that the linear system (1.1) has a summable dichotomy and
A (n) is a p-periodic matriz in n, then X (n) PX ™' (n) is also a p-periodic function
mmn.

Proof. We note that X (n + p) is also a solution matrix of (1.1). Define

P = X (p) PX~*(p). Then P is a projection. In addition, we have X (n)PX (s +
1) = X(n+p)PX (s +p+1) and X(n)QX (s +1) = X(n + p)QX (s +
p + 1), where @ = 1—P. Then, the dichotomy is also summable with projec-
tion P. By Proposition 6, it follows that P = P, i.e., X (p) PX~*(p) = P. Thus
X (n+p)PX ' (n+p)=X(n) PX"!(n), completing the proof. O

Remark 8. By the previous Lemma, and under the same hypotheses, it follows that

the Green function satisfy the identity
G(n+ps+p) =GCG(n,s),

for all n, s € Z.

3. THE NON-HOMOGENEOUS LINEAR SYSTEM

In this section we will consider the non-homogeneous linear system
(3.1) z(n+1)=AMn)z(n)+ f(n),
where f : Z — C" is for instance an arbitrary function.

Initially we will consider the problem of existence of bounded solutions Z of the

initial value problem

w(n+1) =An)zn)+ f(n),

(32) x (0) =& € Cr.

We denote by [ := [*(Z,C") the Banach space of all bounded functions ¢ :
Z — C" endowed with the norm

lplloo == sup | (n)],
nez
where |-| denotes the Euclidean norm in C’.

Proposition 9. If system (1.1) has a summable dichotomy and f € [, then the

system (3.1) has exactly one bounded solution x on Z, which can be represented by

(3.3) z(n)= Y G(ns)f(s).

S§=—00
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Proof. 1t is not difficult to check that = (n), given by (3.3) is a bounded solution on
Z of (3.1). If there exists another bounded solution y (n) on Z, then x (n) —y (n) is
a bounded solution on Z of the homogeneous linear system (1.1). By Proposition 2,
x(n) —y(n) = 0. Therefore the uniqueness of the bounded solution on Z of (3.1) is
proved. O

Corollary 10. If If system (1.1) has a summable dichotomy, A (n+p) = A(n), and
f(n+p)=f(n) foralln € Z, then the solution x of system (3.1) is p-periodic in n.

Proof. 1t is sufficient to observe that for each n € Z

+o0o
x(n+p) = ZGn+p,s+p f(s+p) = ZGns x(n).

4. THE DELAY NONLINEAR SYSTEM

In this section we will consider the nonlinear system
(4.1) z(n+1) = A(n) + g(n, 2(n), z(n — 7(n)),
where g : Z x C" x C" — C" function under convenient conditions, and 7 : Z —
Z+ U {0} is bounded function such that 7(n) < n, which involves the bounded delay
n (4.1).

For each A > 0, we denote by [*° [A] the ball [j¢|_ < A in [*.

Using Proposition 9, we define the funcional on [* by
+00

(4.2) (Tp)(n) = Y Gln,s)g(s, ols), p(s = 7(s)),

and it is clear that each fixed point of " give us a solution of system (4.1). In order,

to obtain bounded solutions on Z we will assume:

(E1) System (1.1) has a summable dichotomy on Z with data (u, P).
(E2) The function g(n,&,n) is locally Lipschitz in &, 7 € C', ie., for each positive
number R, for all &, &, m,n2 € C7, with ||&, [[;]| < R, for j = 1,2, it is valid

lg(n,&1,m) — g(n, &, me) || < CL(R)[§1 — &af + | — nal],

where C': [0,400) — [0,400) is a function and there is a positive constant A,

such that 2C(\) < % and sup,¢z{|g(n,0,0)|} < %[1 —C(\) pl.

Let A be the constant given by (E,) satisfying (E3). We will prove that I'(p) €
[*[)], for all ¢ € [*[)\]. In fact,

“+oo

(Te) ) < Y G0, sl |g(s, @(s), (s = (s))]

S=—00
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<O Y IGm, ) (o)l + Y 1IG(n.s)lllg(s.0,0)]

S§=—00 S§=—00

<O o + usug{\g(n,O,O)l}
ne
-\

This prove that 'y € [*°[A], for all ¢ €[> [A].

Now, we will prove that I' is a contraction. In fact,
\(Fsi) (n) — (FY)(n)]
< 22 IG(n, 9)lg(s, ¢(s), o(s = 7(s)) — g(s,¥(s), (s — 7(s))]

S=—00

< C) 2L NG, s)llp(s) = w(s)] + le(s = 7(s)) = ¥(s = 7(s))]]
< 2uCA) |l = Yoo

Now using contraction fixed point theorem we deduce by (E;)-(Eg), that T" has a
fixed point ¢ € [*° [\]. Therefore, we have proved

Theorem 11. Assume that the hypotheses of the previous theorem are satisfied.

Then, there exist a unique bounded solution y(n) of equation (4.1) on Z.

If in equation (4.1) we have conditions on periodicity, using Corollary 10 it follows

the following result.

Theorem 12. Assume that all the hypotheses of the previous theorem are satisfied,
and that A, g in the first variable and T are p-periodic. Then, there exist a unique

p-periodic solution y(n) of equation (4.1) on Z.

Proof. In this case we define the closed and convex subset of [ [)] by [>°[\] =
{p € I*[)\ : ¢ is p-periodic}. Under the conditions it is verified that the map T’
given in (4.2) is well defined in [>° [A] onto [5° [A]. Thus we conclude the proof of the

theorem. O

4.1. Existence of bounded and periodic solutions on Z via Schauder’s Fixed
Point Theorem. Here we will assume the same notation as in the previous section,

but we will suppose that:
(H1) System (1.1) has a summable dichotomy on Z with data (u, P).
(H2) g is continuous.

(H3) |g(n,&,n)| < U(n)f(n,|&], |n]), where f: Z x RT x RT — RT is nondecreasing

with respect to the second and third variable and [ : Z — R™ is a sequence in [*°.

(H4) palf] == sup,ez f(n, A, A) € R and the inequality

12l oA [f] < A
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holds.

(H5) There is sequence [ € [* for which for every € > 0 there exists Ny > 0 such that
SU NG, 8| U(s) < € and Y15 G, )| U(s) < e.

S§=—00

Remark 13. Since system (1.1) has a summable dichotomy on Z with data (u, P),
it follows that

400 +oo

D NG sl Us) <y Us).

s=N1 s=N1
Thus, if the sequence [ lies in [1(Z), then clearly the hypothesis (H5) is satisfied. More
generally, (H5) is satisfied if [ such that [ (s) — 0 as |s| — oo.

First, we prove that I" as in (4.2) is well defined. In fact, if ¢ € [*°[\] we have

—+00

(Ce)) < Y 11G(n,s)lllg(s, o (s), (s — (s))]

S§=—00

< Y MG, 8)I[Es) f (s [lelloos lllo)

< [l oo oAl f]-

Let (om) be a sequence in [*[A] such that ¢, — ¢ in [*°[A] as m — oo. The continuity
of the operator I' follows by the following estimative
+oo

(Cem)(n) = ) () < Y G0, 5)lllg(s, @m(s)s omls = 7(5))—
9(s,¢(s), (s = 7(s)))]
= _2: 1G(n, $)[[lg (55 om(s), pm(s = 7(s))) = g(s, ¢(s), (s = 7(s))) |+
2 1G(n, $)l[lg (55 om(s), pmls = 7(s))) = g(s, (s), (s = 7(s))) |+
Y IG5 llg(s, pm(s), omls = 7(5))) = 9(s,0(8), (s = 7(5)))]
(43) < _z: 1G(n, $)l[lg (55 om(s), pm(s = 7(s))) = g(s, (s), (s = 7(s))) |+

P 9060 (5): ons 7)) = 5, 000), 5 =7 (D)

N1—1

Y G, s+

s=—Ni+1

> G, 5)lllg(s, pm(s), omls = 7(5))) = g(s,0(8), (s = 7(5))]

s=N1
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N

<2pf] D G, s)ll 1(s)+

S=—00

P 900 (8): ons = 70D) = (5, 9(0), 5 =7 (D)

Ni—1
S G, )| + 20:[f] ZHGnsHl
s=—Ni+1 s=Ny

Now, using the previous argument we prove that the image of I' is relatively
compact or pre-compact. In fact, let Y = I'(I°°[A]), then y = 'z satisfies

Ay(n) = (A(n) = Dy + g(n, z(n), z(n — 7(n)),
where
Ay(n) =y(n+1) —y(n),
and it is uniformly bounded on each bounded interval on Z. It is not difficult to check
that the sequence y(n) is Lipschitz in each bounded interval I = [N, M] C Z. Thus,
the set Y is relatively compact in any interval I, i.e., Y C U, B(z;, €).

Now, let Z = I UI{ with I} = [-Ny, N;] and N; as in hypothesis (H5), therefore
the set Y is relatively compact or totally bounded. In fact, the finite set {z;} defined
on I; can be completed with constants in I, i.e., in all Z.

Using the Schauder’s fixed point theorem I' has a fixed point y € [°°[\] which

give us a solution of Eq. (4.2). Thus, we have proved

Theorem 14. Suppose that the conditions (H1)—(H5) are satisfied, then there exist
a bounded solution y(n) of equation (4.2) on Z.

Remark 15. To our knowledge the compactness condition derived from (H5) is new
in the literature. It is an equiconvergence type condition (see [4],[5], [7]) associated
to a dichotomy on Z.

In the periodic case, we obtain

Theorem 16. Assume that the following hypotheses are verified:
(H1) System (1.1) has a summable dichotomy on Z with data (u, P).
(H2) A, g in the first variable and T are p-periodic.

(H3) g:7Z x C" x C" — C" is continuous in the second and third variables, and it it
1s uniformly continuous in the first variable.

(H4) |g(n,&,n)| < f(n, €], |n]), where f: Z x RT x R — R* is nondecreasing with
respect to the second and third variable.

(H5) palf] == sup,ez f(n, A, A) € R and 0 < !

Then, there exists a p-periodic solutz’on y(n) of equation (4.2) on 7Z satisfying
ly(n)| < A, for alln € Z.
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5. APPLICATIONS AND EXAMPLES

As a first application we can consider the ordinary nonlinear system
(5.1) z(n+1)=An)x (n) + F(n,z(n)),

where F' is a C"-valued function defined on the product space Z x C" under suit-
able conditions. According the notation of the previous section, this particular case

corresponds to take
g(n> 1’(”), x(n - T(n)) = F([L’, le'(n)),

in the equation (4.1). As consequence of Theorem 11 we have the following result:

Theorem 17. Suppose the following conditions are satisfied

(Dy) System (1.1) has a summable dichotomy on Z with data (u, P).
(Dg) The function F(n,§) is locally Lipschitz in & € C", i.e., for each positive number
R, for all &, & € C, with |&1], |&) < R,

|F'(n,&) — F (n,&)| < C(R)|& — &,

where C' : [0, +00) — [0, +00) is a function and there is a positive constant X,
such that C(\) < % and sup,,c;{|F(n,0)|} < ﬁ[l —C(A\)p].

Then, there ezist a unique bounded solution y(n) of equation (5.1) on Z.

Analogously, by Theorem 12 we have

Theorem 18. Assume that all the hypotheses of the previous theorem are satisfied
and F' is p-periodic in the first variable. Then, there exist a unique p-periodic solution

y(n) of equation (5.1) on Z.

Now, as application of the Schauder Fixed Point Theorem, we must assume the

same notation as in the previous section, but we will suppose that:

(H1) System (1.1) has a summable dichotomy on Z with data (u, P).

(H2) F is continuous.

(H3) |F(n, &) <l(n)f(n,[€]), where f : Z x R — R* is nondecreasing with respect
to the second variable.

(H4) palf] == sup,ez f(n,A) € R and [|I]| ppalf] < .

(H5) There is a sequence [ € [*, for which for every e > 0 there exists N; > 0 such
that Z_Nl |G(n,s)|| I(s) < e and Z:S\h |G(n,s)|| U(s) < e.

S=—00

So, by Theorem 14 follows that

Theorem 19. Suppose that the conditions (H1) — (H5) are satisfied, then there exist
a bounded solution y(n) of equation (5.1) on Z.
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In the periodic case, by Theorem 16 we obtain

Theorem 20. Under similar hypotheses as in Theorem 16 with F' p-periodic in the
first variable. Then, there ezist a p-periodic solution y(n) of equation (5.1) on Z.

2710
A(n):A:<0 2),

and we consider the homogeneous linear system of difference equations in C?

5.1. Examples. Let

z(n+1)=Azx(n) ; neZ,

(52) x (0) =¢ € C2.

If we take the projections

P = Lo and Q=1—P = 00 ,
0 0 0 1

then, the Green function is

( 2—n+(s+l) 0

X(n)Px—l(s+1):< . .

) ; formn>s+1,

G (n,s) = . .
0 2n—(s+1)

—X(n)QX_l(S—i-l):( ) ; forn<s+1.

\
Therefore, the system (5.2) have a summable dichotomy with data (u, P), where

+00
pi=sup > |G (n,s)| =3

neL "

Let {b(n)} and {c(n)} be nonzero bounded sequences in Z, with b = sup |b (n)]
nez

and A > 0 a positive constant such that bA < ¢. Let 7(n) = n and g(n, z(n), z(n —
7(n))) = b(n)(Jz(n)|z(n) + |x(0)|z(0)) + c(n). Consider the system

(5.3) z(n+1l)=AMm)zn)+gMn,z(n),z(n—7(n))), n€Z,
Let &, &o, i, m2 € C2, &1, &), Iml, 2] < A, we have

lg (n,&1,82) — g (nymu,me)| < C(A) (16— &l + m —me2l),

where C' (t) = 2bt, and
1 A
CAN)=20A<—; c¢n)<—01-=CN\)pu).
p p
Thus, we see that if the Eq. (5.3) satisfies the hypothesis of Theorem 11, then
there exist a unique bounded solution of (5.3), y (n), n € Z.

Similarly, if we consider the delay difference system (5.3) with

g (n,&,m)| < a(n)wi ([€]) + 6 (n)wa (In]) + 7 (n),
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we have
lg (n, &)l < 1(n) (wi ([€]) + w2 (In]) +1),
where [ (n) = a(n) + G (n) + v (n).
Assume that
(i) L(n) — 0 as |n| — oo.

(17) w;, @ = 1,2, are increasing functions such that there exists A verifying

<37 %

w1 ()\) + wa ()\) +1
. H e
Note that several cases satisfy (5.4), wy (A) = wq (A) = A, with v > 1 for [|{|| , small
enough. For 0 < v <1 Eq. (5.4) holds for A big enough.

(5.4)

Then by Theorem 14, there exists a bounded solution y on Z satisfying |y| < A.

The existence of periodic solutions of system (5.3) can be studied in a similar
way.

Elaydi in [12] consider the application of difference equations to study the distri-
bution of heat through a thin bar composed of a homogeneous material. zq, ..., x; de-
note k equidistant points on the bar and T;(n) be the temperature at time ¢, = (A)n
at the point z;, © = 1,...,n. Using the Newton law of Cooling the correlation of

change in the temperature can be written in the compact form

(5.5) T(n+1)=AT(n)+ f(n),
where
(1-2a) a 0 0

a (1 —2a) e 0
(5.6) A= 0 a (1 —-2a) . 0 ;

: : : : a

0 0 0 o (1= 2a)
and f(n) = a(b(n),0,0,...,0,c(n))T, with a a real parameter associated the problem

and b(n) and ¢(n) are sequences that depend on n and the temperature. Now, taking
attention to the case k = 2, firstly we observe that the eigenvalues of A are \; =
1 —2a+ |af and Ay = 1 — 2a — |o|. In particular, if @ > 0 the eigenvalues are
A =1—aand Ay =1 —3a. Considering a = 1.1 we have \; = —0.1 and A\, = —2.3,
so M| < 1 and |Ay] > 1. In particular the homogeneous linear system associated
to (5.5) has a summable dichotomy, in particular has a exponential dichotomy. Here
f € 1 so the results obtained in Section 3 can be applied. On the other hand, we
can modify the perturbation f in order to apply our results obtained for more general

perturbations as in Section 4.



14 L. D. CAMPO, M. PINTO, AND C. VIDAL
REFERENCES

[1] R. P. Agarwal, Difference Equations and Inequalities, Marcel Dekker, New York, 1992.
[2] C. Baker and Y. Song, Periodic solutions of discrete Volterra equations, Math. Comput. Sim-
ulation, 64: 521-542, 2004.
[3] C. Cuevas and C. Vidal, Discrete dichotomies and asymptotic behavior for abstract retarded
functional difference equations in phase space, J. Differ. Eqs. Appl., 8 7: 603-640, 2002.
[4] C. Cuevas and M. Pinto, Asymptotic behavior in Volterra difference systems with unbounded
delay, J. Comp. Appl. Math., 113: 217-225, 2000.
[5] C. Cuevas and M. Pinto, Convergent solutions of linear functional difference equations in phase
space, J. Math. Anal. Appl., 227: 324-341, 2003.
[6] C. Cuevas and L. Del Campo, L., An asymptotic theory for retarded functional difference
equations, Comput. Math. Appl., 49: 841-855, 2005.
[7] C. Cuevas and L. Del Campo, L., Asymptotic expansion for difference equations with infinite
delay, Asian-FEuropean Journal of Mathematics, 2 1: 19-40, 2009.
[8] L. Del Campo, M. Pinto and C. Vidal, Almost periodic solutions of abstract retarded functional
difference equations in phase space, J. Difference Eqs. Appl., 17, 6: 915-934, 2011.
[9] S. Elaydi, Periodicity and stability of linear Volterra difference equations, J. Math. Anal.
Applic. Difference Eqs. Appl., 181: 483-492, 1984.
[10] S. Elaydi and S. Zhang, Stability and periodicity of difference equations with finite delay,
Funkcialay Fkvacioj, 37: 401-413, 1994.
[11] S. Elaydi, Asymptotics for linear difference equations I: Basic theory, J. Difference Eqs. Appl.,
5: 563-589, 1999.
[12] S. Elaydi, An introduccion to difference equations, Third Edition, Springer, 2005.
[13] J. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcialaj Ekvacioj,
21: 11-41, 1978.
[14] Y. Hamaya, Existence of an almost periodic solution in a difference equation with infinite
delay, J. Difference Eqs. Appl., 9 2: 227-237, 2003.
[15] J. Hong and C. Ntifiez, The almost periodic type difference equations, Math. Comput. Mod-
elling, 12: 21-31, 1998.
[16] R. Medina and M. Pinto, Convergent solutions of functional difference equations, J. Differ.
Equations Appl., 3: 277-288, 1998.
[17] G. Papaschinopoulos, Exponential separation, exponential dichotomy, and almost periodicity
of linear difference equations, J. Math. Anal. Appl., 120 1: 276287, 1986.
[18] G. Papaschinopoulos, Exponential dichotomy for almost periodic linear difference equations,
Ann. Soc. Sci. Bruxelles Sér. I, 102 1-2: 1928, 1988.
[19] M. Pinto, Weighted convergent and bounded solutions of difference equations, Computers
Math. Applic., 36: 391-400, 1998.
[20] M. Pinto, Bounded and periodic solutions of nonlinear integro-differential equations with in-
finite delay, Flectronic J. of Qualitative Theory of Diff. Equ., 46: 1-20, 2009.
[21] Y. Song and H. Tian, Almost periodic solutions of nonlinear Volterra difference equations with
unbounded delay, J. Comp. Appl. Math., 205: 859-870, 2005.
[22] Y. Song, Almost periodic solutions of discrete Volterra equations, J. Math. Anal. Appl., 314:
174-194, 2006.
[23] Y. Song, Asymptotically almost periodic solutions of nonlinear Volterra difference equations
with unbounded delay, J. Differ. Eqs. Appl., 14 9: 971-986, 2008.



BOUNDED AND PERIODIC SOLUTIONS USING SUMMABLE DICHOTOMIES 15

[24] V.I. Tkachenko, On the exponential dichotomy of linear difference equations, Ukrain Mat. Zh.,
48 10: 1409-1416, 1996; translation in Ukrainian Math. J., 48 10: 16001608, 1997.

[25] S. Zhang, Almost periodic solutions of difference equations, Chinese Sci. Bull., 43: 2041-2047,
1998.

[26] S. Zhang, Existence of almost periodic solution for difference systems, Ann. Differential Equa-
tions, 43 2: 184-206, 2000.



