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ABSTRACT. In this paper, we establish some comparison theorems for the oscillation of second

order neutral difference equations of mixed type
A (anA (T + bpnTin—oy + CnToto,)”) + qngcrﬁFT1 + pnfrﬁm-g =0,

where o and 3 are ratio of odd positive integers, o1, o2, 71 and 7o are positive integers. Our results

are new even if p, = ¢, = 0. Examples are provided to illustrate the results.
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1. INTRODUCTION

In this paper, we shall study the oscillatory behavior of the second order nonlinear

neutral difference equation of mixed type

(1.1) A (anA (2 4 bpZp—o, + Cnnto,)”) + ang—n + pnx2+72 =0,

where n > ng € N, subject to the following conditions:

[e.e]
(H1) {a,} is a positive sequence for all n > ng and Y. — = o0;
n=ng an

(H2) {b,} and {c,} are nonnegative sequences such that 0 < b, < band 0 < ¢, < ¢,

where b and ¢ are constants;

(H3) {pn} and {¢,} are nonnegative real sequences and not eventually zero for many

values of n;

(H4) 01, 09, 71 and 75 are nonnegative integers and « and [ are ratio of odd positive

integers.

We put 2z, = (25, + bpZTn_o, + CnTnie,)” - By a solution of equation (1.1), we mean a

real sequence {x,} defined for all n > ny—max{oy, 71}, and satisfies equation (1.1) for
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all n > ng. Asis customary, a solution {x, } of equation (1.1) is said to be oscillatory if

it is neither eventually positive nor eventually negative, and nonoscillatory otherwise.

Recently, there has been much research activity concerning the oscillation and
nonoscillation of solutions of various types of second order difference equations be-
cause such equations have applications in various problems of physics, biology, econ-
omy and many other fields. We refer the reader to [1,2] and the references cited

therein.

In [3, 4] the authors studied the oscillation of mixed type equations of the form

(12) A2 (xn + axn—ol + bxn—l—og) = ann—n + pn$n+72
and
(13) Az (xn + axn—ol + bxn+o’2) + ann—n + pTLITL—l—TQ = 0

with {¢,} and {p,} are o;- periodic functions.

In [10] the author discussed the oscillation of mixed type equations of the form
(1.4) A? (2, + aZp_gy + bTni0,) £ (@uZp_r, + PuTpgr,) =0

In [5, 9] the author studied the oscillatory behavior of higher order mixed type
neutral difference equations of the form (1.4). Motivated by the above observation
in this paper we establish sufficient conditions for the oscillation of all solutions of
equation (1.1). The results obtained here generalize and improve the existing litera-
ture [3, 4, 7] . Further when a = 1, ¢, = 0 and p,, = 0, our results improve some of

the results established for the equation
(1.5) A (anA (Tn 4 bpZn_0,)) + urh_,, =0

see, for example [6, 8, 11, 13-15].

In section 2, we present some new sufficient conditions for the oscillation of all
solutions of equation (1.1). In section 3 we provide some examples to illustrate the

main results.

2. OSCILLATION RESULTS

In this section, we establish some new oscillation criteria for equation (1.1).

Throughout this paper, we denote
Q:; = Qn + Pna

Qn = min {qn7 qn—cr1 ) qn+0'2} )

Pn = min {pnupn—o'wpn—l-oz} )
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and

To prove our main results, we need the following lemmas.

Lemma 2.1. Let A>0, B>0, v>1. Then
(A+B) <271 (A + B).
Proof. (i) If A =0 or B =0 then the proof is obvious.
(ii) Suppose that A > 0, B > 0. Define the function by
g(u) =u",u € (0,00).

Then ¢”(u) = y(y — 1)u?=2 > 0 for u > 0. Thus, g is a convex function. By the

definition of convex function, for A =1/2, A, B € (0,00), we have

g <A+TB> < g(A)JQrg(B)

This completes the proof. O

Lemma 2.2. Assume A >0, B>0, 0 <~ <1. Then
(A+B)" <A+ B".
Proof. (i) If A =0 or B =0 then the proof is obvious.
(ii) Assume that A > 0, B > 0. Define
g(A,B)=A"+B"—(A+B)", A,B € (0,00).
Fix A. Then for 0 <y <1

A B
WD) =t (a4 By =4(B — (A4 B 20,
Thus, f is nondecreasing with respect to B, which yields g(A, B) > 0. The proof of
the lemma is complete. O

Theorem 2.3. Assume that § > 1 and

< Q*
& n (0% (0%
(2.1) A (yn + b Yn—o1 + 25—1 yn+02) + 45—1 Rg/—ﬁ yrﬁzén <0
has no eventually positive solution for all sufficiently large n > ngy. Then every

solution of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without loss of gen-
erality, we may assume that there is an integer n; > ng such that z, > 0, z,_,, >
0, Tpnio, >0, p_ry >0, and x4, > 0 for all n > ny. Then 2, > 0 for all n > n;.

Inview of equation (1.1), we obtain

(2.2) A(a,Az,) = —qn:cg_ﬁ — pnsz;’ngT2 <0, n>n;.
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Thus, a,Az, is nonincreasing, and it is easy to conclude that either Az, > 0 or
Az, < 0 eventually. If there exists a ny > n; such that Az,, < 0, then from (2.2),

we see that

anAzy, < a4y Az, <0, 1 > no.

Summing the last inequality from n, to n — 1, we obtain

n—1

1
Zn < Zny F Wy Az, Z o
S

S=ng

Letting n — oo, we obtain z, — —oo due to (H1) which is a contradiction. Thus,

there is an integer ny > nysuch that

(2.3) Az, >0

for all n > ny. From equation (1.1) for sufficiently large n, we have
Ala,Az,) + qn:L'g_T1 + pna:ngT2 + VBA(an—o, A2p_y,) + bﬁqn_alxg_ﬁ_ol

B Ny Y N SR
Pn—o1Tyir—oy 96—1 An+toy R 2n+toy 26-1 Into2ln—1i+0,

CB 3
(24) +an+02xn+rz+02 =0.

Using Lemma 2.1, we have from (2.4)

3 Cﬁ Qn B/a
AanAzy) + VA (an-0,A2p—0,) + FA (@ntoy AZnsoy) + 451 7n=m1
PTL «
(2.5) +4ﬁ_1z,€im < 0.

From (2.3), we have 2,4, > z,—r,. Then from (2.5), we obtain

A Q. /o

(2.6)  A(a,Az,) + VA (an_o,Dzp_g,) + A (antoyDZntoy) + z <0.

i ER
It follows from (2.2) that
A asA\z,
(2.7) Zn = Zn, + Z o > a, Az Ry,

s=ngy

Set y, = a, Az, > 0. From (2.6) and (2.7), we see that {y,}is an eventually positive

solution of

B Q*
& n (0% [e%
A (yn + bﬁyn—m + %yn-l-m) + 46-1 Rg/—n ygéﬁ < 07

which is a contradiction. This completes the proof. O
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Theorem 2.4. Assume that > 1 and
G/a
Q Rn 1 B/a

451 s, e
26-1

has no eventually positive solution for all sufficiently large n > ngy. Then every

(2.8) Au, + <0

solution of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without loss of gen-
erality, we may assume that there is an integer n; > ng such that =, > 0, z,_,, >
0, Thio, >0, zpp—ry, > 0, Tpyr, > 0 for all » > ny. Then z, > 0 for all n > n;.
Proceeding as in the proof of Theorem 2.1, we obtain that y, = a,Az, > 0 is nonin-
creasing and satisfies inequality (2.1). Define
e
Up = Yn + 0P Yn_g, + 251 Yn+on > 0.

Then

P
= (1 + bﬁ + 25—) Yn—0o1-

Substituting the above inequality into (2.1), we see that {u,} is an eventually positive

solution of (2.8). This contradiction completes the proof. O
From Theorem 2.2 and [10] and [12], we establish the following corollaries.

Corollary 2.5. Assume a = [ > 1, and o1 — 71 < 0 holds. If

o n—1 . 41 5 Cﬁ ™ — oy 1+711—01
(29) liminf Y Q) Rir >4 (”b *25—1) <1+ﬁ_o—1)

s=n+o1—T1

then every solution of equation (1.1) is oscillatory.
Proof. The proof follows from Theorem 2.2 and a resulting in [10]. O

Corollary 2.6. Assume 1 < 3 < « and o1 — 11 < 0 holds. If

(2.10) Z Q: RV =

n=ng

then every solution of equation (1.1) is oscillatory.
Proof. The proof follows from Theorem 2.2 and [12, Theorem 1]. O

Corollary 2.7. Assume 1 < 3 < « and 01 — 17, < 0 holds. If there exists a A >
7 log (B/a) such that

(7'1 o1)

(2.11) lim inf [Q R 7 €XP (—e’\”)} >0

n—~o0

then every solution of equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 2.2 and [12, Theorem 2]. O
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Theorem 2.8. Assume that 3 > 1 holds and

Qrso, "' 1\ e
(2.12) Aw, — — > — | w)s, =0
v (e )

s=n1

Ag—
1+ b0+ —— o
+ 07 + 5

has no eventually positive solution for sufficiently large ny > ng. Then every solution

of equation (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.1, we obtain (2.2)—(2.6) for all n >
ne > ny. Summing (2.6) from n to co yields

& > Qr
c : o
(2.13) an,A\z, + bﬁan_glAzn_U1 + W(LMJZAZ,H@ > g P szn.

s=n

Since a, Az, > 0 and nonincreasing, we have

g g
(2.14) anAszbﬁan_UlAzn_al—l—#anJr@Aszr@ < (1 +b° + _1) Aoy A Zp_gy -

¢
28
Inview of (2.13) and (2.14), we have

1

Pl
(2.15) Azp_y, > — 246 - 2%
orams
Summing (2.15) from ny to n — 1, we see that
n—1 1 00 Q: B/a
Zn—o Z _22 Cﬁ £4ﬁ_1 Zt—n
( 2ﬁ—1) As—a1
1 n—1 . Bl s—1 1
2 C’B Z Qs Zsle tz ay ‘
s=ng =ng Ut—0
o (o)
Thus
1 n+o1—1 5/ s—1 1
o SRS e
48— ( e ) s=no t=no t—o1
Let
1 n+o1—1 s—1 1
DRURED SR
48— s=ngo t=ng Qt—a
2
Then z, > w,, and
1 . 8/a n+o1—1 1
Awn = Cﬁ Qn—i—al Zn—/l-cn—‘rl Z a
46_1 t:TLQ t—O’l
231

45—1 o t=no a't—al
2 —

Q*+ n+o1—1 1 ,3/0{
Awn Z o C’B ) Z o wn+0'1—7'1'
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Hence we find that {w,,} is an eventually positive solution of (2.12). This contradiction

completes the proof. O

Corollary 2.9. Assume that 3 = o and o1 — 11 > 0, and

n+o1—11—1 sto1—1 1
lim inf E Qito E ( )
n—oo
sS=n

a
t=n, t+o1

(216) > 45_1 1 i bﬁ i Cﬁ o1 —T1 1+01—71
26_1 1"—0'1—7'1

for all sufficiently large ny > ng. Then every solution of equation (1.1) is oscillatory.

Next we present oscillation criteria for equation (1.1) when 0 < 5 < 1.

Theorem 2.10. Assume that 0 < 3 < 1 and
(2.17) A (yn + bﬁyn—m + Cﬁyn—i-@) + @, Rg/—oql—l ygéil <0

has no eventually positive solution for all sufficiently large n > ng. Then every

solution of equation (1.1) is oscillatory.

Proof. The proof is exactly the same as in Theorem 2.1 except here we have to use

Lemma 2.2 instead of Lemma 2.1, and therefore the details are omitted. O

Theorem 2.11. Assume that 0 < 3 < 1 and

* G/
Qn Rn—ﬁ B/a
1_'_ bﬁ —|—C'B yn—l—ol—n

has no eventually positive solution for all sufficiently large n > ng. Then every

(2.18) Au, + <0

solution of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.2 by using Lemma 2.2 instead of

Lemma 2.1, and hence the details are omitted. O

Similar to Corollaries 2.3 to 2.5, we obtain the following.

Corollary 2.12. Assume a = (3 < 1, and 0y — 7 < 0 holds. If

n—1 o 14+711—01
(2.19) liminf Y Qf Re—p, > (1407 +¢7) (&)

n—oo 1+7 -0y
s=n—4+o01—T1

then every solution of equation (1.1) is oscillatory.

Corollary 2.13. Assume that 1 > (3 > «, and o1 — 7, < 0 holds. If

(2.20) S QRS =00

n=ng

then every solution of equation (1.1) is oscillatory.
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Corollary 2.14. Assume that 1 > 3 > «, and o1 — 71 < 0 holds. If there exists a

A > log(5/a) such that
1 — 01
(2.21) lim inf [Q;: R/ exp (—e’\”)} >0

then every solution of equation (1.1) is oscillatory.

Theorem 2.15. Assume that 0 < 3 < 1, holds and

Q*+ ngl:_l 1 B/

_ n+oy a

(222) Awn (1 + bﬁ + Cﬁ) Us—or, wn+o1—7'1 2 0
s=n1

has no eventually positive solution for sufficiently large ny > ng. Then every solution

of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.6 and hence the details are omitted.
]

Corollary 2.16. Assume that 0 < <1 and a = (3, 01 — 71 > 0 holds. If

n+o1—7m1—1 s+o1—1 o — T 14+01—71
2.23) liminf : > (1+0° N ————
R ; ool t:zn:l <a't_(71) (4874 <1+<71—71>

for all sufficiently large ny > ng then every solution of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Corollary 2.7 and hence we omit the details. [

3. EXAMPLES

In this section we present some examples to illustrate the main results.

Example 3.1. Consider the difference equation

(3.1) A? (2 + bTp_g, + CTpig,) + %xn_ﬁ + %xmﬂz =0, n>1,

where b, ¢, ¢ and p are positive constants and 7, —o; > 0. Herea, = 1,0, =0, ¢, = ¢,
Gn=2p,=2anda=p3=1 Then Q,=—L~, P, = -2 and Q}, = Z-L.. Since

(n4o2)? n+oz (n+o2)"
S «— (p+9
111{1’_1)10];1{‘ Z Q:Rs—Tl = llgl’_l)loIolf Z m(s — 7_1) = (p + q) (7‘1 — Ul)
s=n+01—T1 s=n+o01—T1

we conclude that equation (3.1) is oscillatory if

T — oy 14711 —01
— > (1+b -
oo > (140 (22
due to Corollary 2.3. Suppose that 7 < g;. Since

n+o1—71 s+o1—1 1
3 00 (32 ) e )

t=n1
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we conclude that equation (3.1) is oscillatory if

1+01—T;
ol — T ) 1—T1

o) > (o) (12T

due to Corollary 2.7.

Example 3.2. Consider the difference equation

1
(3.2) A (ﬁA (Tn + bxp_o, + C$n+02)3) + %In—n + %xmﬂz =0, n>1,

where b, ¢, ¢ and p are positive constants and 71 — oy > 0. Here a,, = %, a=3,0=1.

Then @7, = ¢ ::52) and R, = @ Since

n—T1 (n + 0_2) 21/3 = .

i@;Rﬁ/a :i (p+q) (n—71 —1)(n—m))/3

n=1

Then every solution of equation (3.2) is oscillatory due to Corollary 2.4.

Example 3.3. Consider the difference equation

1
(3.3) A <EA (2 + by + cxn+2)> + gexp(e*) 3 4 pad L =0,

where n > 1, b, ¢, ¢ and p are positive constants. Here o = 1, § = 3, a, = %,
¢n = qexp(e2™), p, =p oy =1, 0, =2, 71 =2, 7, = 3. Choose A = 2, then

A > —L_log(B/a) and

T1—01
bt [0 (o] = (1 ) =S o

Hence by Corollary 2.5, every solution of equation (3.3) is oscillatory.

Remark 3.4. The results presented in this paper are new. It is remarkable that our
results possibly valid either p, = 0 or ¢, = 0 (but not p, = ¢, = 0) provided that

either b, =0,¢, =0 or b, = ¢, = 0. Here we omit the details.

Remark 3.5. It would be interesting to obtain results similar to those presented here

for equations of the type

A (an (A (2 4 bpZn—o, + Cpnto,))”) + ang—n + pn:p;ywm =0,

where a, 3, 7 are ratio of odd positive integers and either Y >* L =ocoory 2 L <
- n - n

Q.
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