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ABSTRACT. In this paper we consider a one-dimensional linear Timoshenko system in a bounded
interval. The dissipation in the system is in the rotation-angle equation through heat conduction.

We show that in the non-equal wave speed situation, the decay rate is polynomial.
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1. INTRODUCTION

In [13], Rivera and Racke studied a Timoshenko-type system of the form

prow — k(pe +¢). =0, in (0,L) x Ry
pget — /iﬁm + ’)/Qﬂxt = 0, in (O, L) X ]R,_|_,

where ¢,1, and 6 are functions of (z,t), denote the transverse displacement of the
beam, the rotation angle of the filament, and the difference temperature, respectively,

and p;, b, k,7, Kk, L are positive constants. Under the equal-speed wave-propagation
condition (p—li = ;%)7 they established exponential decay results for (1.1) together

with initial conditions and boundary conditions of the form

(12) QP(Ovt) = @(Lv t) = ¢(Ovt) = w(Lvt) = em(ov t) = em(Lvt) =0
(1.3) ©(0,t) = (L, 1) = 1:(0,1) = ¢, (L, ) = 0(0,t) = 0(L,t) = 0.

In addition, they showed that the equal-speed wave-propagation condition is necessary
for the exponential stability of (1.1), (1.3). However, in this case of non-equal speed,

no rate of decay has been discussed.
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In the isothermal case, (1.1) reduces to

prow — k(ps +¢), =0, in (0,L) x Ry
pg'@btt — wax + k(@x + 'QD) = 0, n (O, L) X ]R,_;,_.

This system is conservative and one would be interest in adding some kind of damping

(1.4)

that may help in stabilizing such a system. In this regard, different types of dampings
have been introduced to system (1.1) and several uniform stability results have been
obtained. Kim and Renardy [7] considered (1.4) together with two boundary controls

of the form

]{ZQO(L,t)—]{ZUm(L,t) = aut(Lvt)v Ol’l]R,+
EIQDm(L,t) = _ﬂ(pt(Lut)v Ol’l]R,+

and used the multiplier techniques to establish an exponential decay result for the

natural energy of (1.4). Raposo et al. [16] studied the following system

prug — k(uy —9)e +u, =0, in (0,L) x Ry
pP2p1e — bpre + k(uy — @) + @, =0, in (0,L) x Ry
U(O, L) = u(L>t) = QD(O, t) = @(La t) =0, on ]R-i-

and proved that the energy decays exponentially. Soufyane and Wehbe [17] considered

Pu = (]{Z(Um - (p))wv in (07 L) X ]R,+
(1.5) L = (Elpg)y + k(uy — @) — by, in (0,L) x R4
u(0,t) = u(L,t) = p(0,t) = o(L,t) =0, on R4,

where b is a positive and continuous function, which satisfies
b(z) > by >0, Ya € lag,a1] C[0,L]

and proved that the uniform stability of (1.5) holds if and only if the wave speeds are
equal (% = ]f—pl), otherwise only the asymptotic stability has been proved. This result
has been recently improved by Rivera and Racke [15], where an exponential decay of
the solution energy of (1.5) has been established, allowing b to be with an indefinite
sign. Also, Rivera and Racke [14] considered the following nonlinear Timoshenko
system
{ prow — 0(@e, ¥)e =0, in (0,L) x Ry
pathyy — Uy + k(e + ) +dipy =0, in (0,L) x Ry,

with homogeneous boundary conditions and proved that the system is exponentially
stable if and only if pﬁl = p%. Otherwise, only the polynomial stability holds. Alabau-
Boussouira [1] extended the results of [14] to the case of nonlinear feedback a(v),
instead of di;, where « is a globally Lipchitz function satisfying some growth condi-

tions at the origin.
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Ammar-Khodja et al. [2] considered a linear Timoshenko-type system with mem-

ory of the form

(1 6) P1Ptt — k(gpx + w)m = 0, n (O, L) X ]R,_|_
' potlie — Wy + [ gt — 8)ua(s)ds + k(g +10) =0, in (0,L) x Ry

together with homogeneous boundary conditions. They used the multiplier techniques
and proved that the system is uniformly stable if and only if the wave speeds are equal
(pﬁl = p—bQ) and g decays uniformly. Precisely, they proved an exponential decay if g
decays in an exponential rate and polynomially if g decays in a polynomial rate. They
also required some extra technical conditions on both ¢’ and ¢g” to obtain their result.
Guesmia and Messaoudi [4] obtained the same uniform decay result under weaker
conditions on the regularity and the growth of the relaxation function. Recently,
Messaoudi and Mustafa [11] treated (1.6) for a wider class of relaxation functions
and established a more general decay estimate, from which the usual exponential
and polynomial decay results are only special cases. This latter result has been
improved by Guesmia and Messaoudi [5] to accommodate systems, where frictional

and viscoelastic dampings are cooperating.

Fernandez Sare and Rivera [3], considered a Timoshenko-type system with a past

history of the form

(L.7) prow — k(o +¢) =0, in (0,L) x R4
' p2¢tt - wax + fOOO g(s)wmﬁ(t -5, )dS + k(@x + ’QD) = O> n (0’ L) X IR-i—

and showed that if ¢ is of exponential decay, the dissipation given by the history
term is strong enough to stabilize the system exponentially if and only if the wave
speeds are equal. They also proved that the solution decays polynomially for the
case of different wave speeds. Messaoudi and Said-Houari [12] considered the case of
polynomially decaying relaxation functions and improved the result of [3]. For more

results, we refer the reader to [9] and [10].

In the present work we are concerned with (1.1) with the boundary conditions

(1.3) or with boundary conditions of the form

(1'8) @x(oat) = SOJ:(L>t) = ¢(0>t) = ?ﬂ(L,t) = ex(oat) = Hsc(L’t) =0.

We discuss the situation of different speed wave propagation and show that the rate
of decay is polynomial provided that the initial data are regular enough. We also
establish a non-exponential decay result for case when (1.1) is supplemented with
(1.8).

The paper is organized as follow. In section 2, we discuss system (1.1) with
the boundary conditions (1.3) and establish a polynomial decay result in the case

of non-equal wave speed propagation. A similar result is obtained for system (1.1)
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supplemented with (1.8). Section 4 is devoted to the proof of the non-exponential
decay for system (1.1) with (1.8).

2. BOUNDARY CONDITIONS p =0 =9, =0at x =0,1

In this section, we consider (1.1), (1.3), for L = 1, and the initial conditions

o(z,0) = po(z), @i(z,0)=¢i1(z), 0<a<l1
(2'1) ¢(93>0) = %(95% ¢t(IvO) = ¢1(I)a O<z <l
0(x,0) = Oy(z), 0<z<]l.

Our goal is to establish a uniform decay of solutions. To do so, we introduce a new

dependent variable. Namely,

Ja,t) = (e 1) - ( / 1 %(ax)daz) \/gt - \/% ( / 1w1(:):)dx) in \/gt.

It is straight forward to check that (g, ¥, 8) satisfies system (1.1), ¥, (0,t) = ¥(1,t) =

0, and more importantly, we have

1
/1ﬂawm:0w%za
0

Remark 2.1. With this change of dependent variable, we do not need to assume
that

1 1
[ o0, [ iz =0
0 0
as in [13].
In what follows, we work with ¢ but we use v for simplicity. The well-posedness

is standard. It can be established by adopting the method mentioned in section 5 of
[13]. See also [6].

The first-order energy functional is then given by

2
In addition, for any HZ2-regular solution, we define Fy(t) = Ey(¢s, s, 0;). Standard

1
(22)  E(t)=Ei(p.t,0) =+ / (0167 + P} + 002 + k(0 + )% + ps6?] .
0

computations yield
1 1
23) B0 =B = [ 02, B0 = 6.
0 0

Theorem 2.1. Let (p,1,0) be any H?-reqular solution of (1.1), (1.3), (2.1). Then
there exist two positive constants X\, cgo, for which the energy functional E satisfies,
Vit >0,

(2.4) E(t) < coe™ #i:g
(2.5) E(t) < 2 T
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In order to prove our main result, we introduce, similarly to [13], several func-

tionals and establish several estimates. We start with

(2.6) Li(t) = po /01 Yda — pr /01 o (/Oxtb(y,t)dy) dz.

Lemma 2.2. Let (p,,0) be the solution of (1.1),(1.3). Then I, satisfies, for any
g1 >0,

bl c 1 1 1
(2.7) [{(t) < —5/ ?/1926 + <P2 - 4—) @DE —|-€1/ (pf —l—C/ 95,.
0 €1 0 0 0

Proof. A simple differentiation of I, using (1.1), (1.3), gives

1 1
Juw=:paéwmx+lzwwm—kwf+w—v@wx

—p /01 ©1 (/Ox%(y,t)dy) dw—k/ol(sowrib)dw—v/olw@xd:c
::méﬂmwwﬂﬁmwwéﬁmm—mAQ(lew@)m

By integrating by parts and using the fact fol Y(y,t)dy = 0 (remember that we are

working with ), we obtain

L(t) szfolwfdx—bfolwidév—vfoltb@xdx—plfols@t (/Ox@bt(y,t)) dy

By exploiting the inequality

(/Ox ¢t(y,t)dy)2 < (/01 |¢t(y,t)|dy)2 < /Olwf(y,t)dy

and using Poincaré’s and Young’s inequalities, the desired result (2.7) is established.
O

Next, we define

(2.8) I(t) = —pa2ps /01 0 (/Om wt(y,t)dy> dx

Lemma 2.3. The functional Iy satisfies, along solutions of (1.1),(1.3), and for any
€9 >0,

(2.9) I3(t) <—M/ ¢t+52/(soz+w) 2/0195-
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Proof. By using equations (1.1), a simple integration leads to

B0 = o [ 00—~ s [ 00— ko)

+p3k/ </ P(y,t dy)
1
. / U2+ / by — pb / oo,
0 0 0
1 1 1
P / 0 + kpy / O — psk / 0.,
0 0 0

By recalling Young’s and Poincaré’s inequalities, (2.9) is established. O

For N and N, large enough, we set
Is=NE + I, + Ns1s.
Direct calculations, using (2.3), (2.7), and (2.9), yield

1 b 1
(2.10) [é(t) < —(N&—Ngg)/ 92—(——52]\]2)/ @Di
2
VP2 ! !
<N27 — P2 — 4—51) ?/)t ‘|’51/ Pt +N252/ %-

To obtain a negative term of fol(tpx +1)?, we introduce the functional

1 b 1
4(1) :,02/0 wt(¢x+¢)+%/o Pite.

Similar Calculations, using equations (1.1), lead to
k 1 1 1 plb 1
(2.11) L) < —5/ (b +0) +p2 | 7+ C/ 0% + <? - 02) / 1t
0 0 0 0

The following functional allows us to obtain negative terms involving fol (97 +7):
1 1
I5(t) = —01/ PPt —P2/ V.
0 0
Again, similar computations, using (1.1), yield

1 1 1 1
2.12 I — 2 214k . 24 é 24+ 62).
(2.12) (1) < plfosot o vt /O«o +w>+c/0<w+ )

Proof of Theorem 2.1. We introduce the functional £ = I3 + uly + 715, for ;1 and

T to be carefully chosen. It is, then, easy to see that

1 1
L'(t) < —[NH—NQE—Mé—TC}/ 0 — (Mﬂ1—81)/ o3
0

b AWE !
_ (5—2]\[282—70) / ¢2 (Nz%—ﬂpz—ll—+7'02)/ ¢t2
0 €1 0
k 1 b 1
(2.13) - (,u§ — 7k — 2N252) / (00 + 1) + (% — Pz) / Ozt
0 0
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where we have used
02 < 2(p, + )%+ 207

Now, we choose our constants. Let 7 > 0 be small enough so that
b
5—76>0and,u:37'.

We then pick e; = %,upl and Ny large enough so that

c
MNz—Mpz‘i‘T@ - —>0.
2 481
Once Ns is fixed, we pick €5 so small that

b
5—T&—2N282>0

and k 37k
% — 7k — 2Ney = % — 2Nyey > 0.
Finally, we choose N large enough so that
(2.14) L~F
and N
N/{——zc—ué—7‘6>0.
€2

Therefore, we arrive at

b 1
2,15 £0 <m0+ (% =) [ o
0
for some constant 3y > 0. We distinguish two cases:
Case1l. £ =2
p1 P2

In this case, we use (2.14) and (2.15), to get
L'(t) < =AL(t), Vt>0.
A simple integration then leads to
L(t) < L0)e™, Vt>0.
Again, the use of (2.14) yields (2.4).
Case 2. £ £ 2

p1 7 p2
In this case, we require that our solutions are H? regular and define the functional

(216) L:N(E1+E2)+]1+N2]2+M]4+T[5.
Note here that (2.14) does not hold. Again, a similar choice of the constants leads to
/ plb ! ! 2
(2.17) L'(t) < =6iE{) + el Qithar — N |03,
0 0

where 3; > 0 and c is a generic positive constant.
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By exploiting equation (1.1); and the boundary conditions (1.3), we easily see

that
1 1 1
K
/@twmt = —/ Sotezv:v_@/ Sptet
0 Y Jo Y Jo

1 1
K
(218) = __/ prtesc— @/ Sptet
7 Jo 7 Jo

K d 1 K 1 1
= T Som‘gm + _/ ¢w9mt - @ / @t‘gt
ydt Jo Y Jo Y Jo

Consequently, if

K b 1
F@=L@+M—Gi—m)/¢wx
Y k 0
then

b 1 1 1
P < -mE)+u (50 =) (5 [ o2 [Can) -on [0
7 Jo 7 Jo 0

Therefore, exploiting Young’s inequality and Poincaré’s inequality, we get, for some

constant ¢ > 0,

1 N
F'(t) < =B E(t) + 8/ (92 +¢}) — (cN - g) / 62,  Ve>0.
0 0

By using (2.2) and the the fact that

/01(¢i+<pf) < /01<p§+2/01(%+w)2+2/01¢2

< [ova[ urvrea [

2 4 4
< (—+—-+-)E
< <p1+k+b) (),
one can easily deduce that

) 2c  de  4e &\ [*
P<-(s-E-F-F)eo - (wv-5) [,

Choosing € small enough and N even larger (if needed), we get

(2.19) F'(t) < —%E(t), Vit > 0.

By integrating (2.19) over (0,t) we arrive at
2

t
2
| Beds < 2 o) - Fey < -
0 b b
We then use the fact that E is non-increasing to obtain

tE(t) < BoF(0) < B3(£(0) + E3(0)),

F(0) = B2 F(0).

which yields, in turn,
E(t) < % Vit > 0.
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This completes the proof of Theorem 2.1. O

Remark 2.2. In the case of equal speed, the exponential decay result can be
established for H'-solutions. See [13].

3. BOUNDARY CONDITIONS ¢, =¢v=0,=0at x =0,1

In this section, we consider system (1.1) together with the initial conditions (2.1),
and the boundary conditions (1.8); namely,

From equation (1.1); and the boundary conditions (3.1), we easily verify that

d 1

i ), O(x,t)dz = 0.

So, we set

O(x,t) = 0(x,t) — /0 Oo(x)dx

to conclude that (p,1,0) satisfies system (1.1), 0,(0,¢) = 0,(1,t) = 0 and more
importantly

1
/ O(x,t)dr =0, Vt>0.
0

Similarly to Section 2, we work with @ but we use @ for simplicity.

Our main result in this section is

Theorem 3.1. Let (p,,0) be any H?-reqular solution of (1.1),(2.1),(3.1). Then
there exist two positive constants X\, cqo, for which the energy functional E satisfies,
Vit >0,

kb
(3.2) E(t) < ce if P

Co . k’ b
(3.3) B < 2 i

In order to prove this result, we define

(3.4) Jo(t) = ,02P3/0 (0 /Ox 0(y,t)dy.

Lemma 3.2. The functional Jy satisfies, along solutions of (1.1), (3.1) and for any
€9 >0,

5 1 1 ¢ [
(35 no <2 [wree [+ L[
0 0 0

&9
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Proof. By taking in account equations (1.1) and fol O(x,t)dx = 0, we get

1 1 1
L) = po /0 (kB — ) — pab /0 0+ I /0 0

(3.6) ook /0 K ( /0 x@(y,wdy) - /0 o

By using Young’s and Poincaré’s inequality, (3.6) yields the desired result. O

For N and N, positive constants, we define
Js = NE + I, + NoJs.

It is straight forward to see that

! Novyp c !
7w < —(Ne—S_ < /92_ g__/ 2
0 < (- S-2) [ (B2 [y
b 1 1 1
(3.7) —<§—N2€2)/¢§+51/ S0?+N252/ 2.
0 0 0

At this point, we introduce our functional £ = J3 + uly + 715, where I, and I
are given in Section 2. Direct computations, using (2.11), (2.12) and (3.7), lead to

N c !
—( 2;p2———upz+7pz)/¢?
€1 0
b L !
—<§—3N252—7'C)/ wi +(Tp2—€1)/ ‘P?
0 0

k ! b !
— {§(u —27) — 2N262} /0 (po +1)* + (% - p2) /0 it

where we have used again
0% < 2pr + ¥)* + 207,

A similar choice of the constants, then leads to

1
L'(t) < —agE(t) + p (%b - ,02) /0 O1at,

for some ay > 0. The rest of the proof goes exactly as in the previous section.

4. NON-EXPONENTIAL DECAY IF p—kl + p%

For the problem discussed in Section 3, we will show that the equal-wave speed
propagation is necessary for the exponential decay.
Theorem 4.1. If
k b
p1’ op2
Then any solution of problem (1.1),(2.1),(3.1) is not exponentially stable.
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Proof. As in [13], let V = (p, @1, 1,14, 0)T, then V satisfies, formally, the problem
Vi = AV, V(0) =V,

where Vi = (o, 1, V0, %1, 0)T and A is the "formal” differential operator

0 10 0 0
kg2 0 Lo, 0 0
P1 P1
A= 0 0 0 1 0
-k, 0 i@i —k —29,
P2 P2 P2 P2
0 0 0 —19, L2
p3 p3

Let
H =H"(0,1) x L*(0,1) x Hj(0,1) x L*(0,1) x L2(0,1) x L*(0,1)

be the Hilbert space with

L*0,1) = {w c L*(0,1) / /01 w(zx)ds = 0}
and the norm given by
VIl = VL V2V VE VAT,
= klIVy + VO[T + OlIVPIZ + pal [VIT2 + psl V]2

The domain of A is then

DA) = {VeH /V'eH 1), V}, V> V' V> e Hj0,1),

V3 e H*(0,1) N Hy(0,1), V> € HX(0,1) N L2(0,1)}

with

HZ(0,1) = {w € H*(0,1) / /Olw(x)ds = 0} :

To prove the non-exponential decay, we use the same approach as in [13]. From
Theorem 1.3.2 in [8], it suffices to show the existence of sequences (A,) C R with
lim, 4 o0 |An| = +00, (V,,) C D(A), and (F,) C H, such that (i\, ] — A)V,, = F, is
bounded and lim,, . ||V,|| = +oc.

We choose F,, = F = (0,0, f3, f4, f5) € H with
fa(x) = cos(dAx), fi(x) =sin(0Ax), f5(x) = cos(dAx),

where
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We solve the following system of equations

(4.1) Np—u = 0
(4.2) M —v = 0
, k
(4.3) 1A — p—(apm +1,) = f3
1
. b k
(4.4) iIN— —Vpe + — (e +0) = f4
P2 P2
(4.5) i = o, rid Ty, = f
P3 P3
Eliminating w, v in (4.1)-(4.4), we obtain
2 k
(4'6) —A 2 E(‘sz + %) = f3
9 b k
P2 P2
(4.8) i — o, rid Ty, = f
P3 P3

This can be solved by
(4.9) p(z) = Acos(dAx), (x) = Bsin(dAx), 6(x) = C cos(d\x),

where A, B and C are constants depending on A to be determined. Inserting (4.9) in
(4.6)—(4.8) we get

k k
(=N =N A+ —6AB = 1
P1 P1
k EIC
—— N+ [(=A+ —=0"N)+a]B = 1
P2 P2
(ix+a22 Do+ lp = 1.
P3 P3
k
Letting a = Epy and (= 1P and using the fact —d% — 1 = 0, we arrive at
kps kps p1
pp1 (kb pa 1 P1 a—fF . apk
410) A="—1(———)—-—F+—, B=— = — .
(4.10) 12 (p1 pg) oA A2 % N1 AN A

Now, let V,, = (¢, 1, i)\, i\, 0)T, where ¢, 1) and @ are given by (4.9) and (4.10). It
is easy to check that

L
1
[Vallr = p1>\2A2/ cos®(6Az)dw = 500\2142 — 400, as |[A\| = +o0.
0
On the other hand, using (4.1)—(4.8) we deduce that

, 8
1GAL = AWVall = pill sl |20, + Pl fa + gﬁx\\iz(o,m + psllfsllZ20.0
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which implies that

p20”y?

2
3

NGAT = A)WVallw < 5 | (o1 + p2 + p3) + NICP

N~

Recalling (4.10), we easily see that ||(i\] — A)V,||» remains bounded as |A| goes to
~+00. The proof is thus complete. O

Remark. By repeating exactly the computations of Rivera and Racke [13] and
estimating the term fol ©ihyr as in (2.18), Theorem 3.1 also holds for problem (1.1),
(1.2).
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