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ABSTRACT. In this paper, we establish oscillation criteria for second order damped dynamic
equation

(r(H)z (1)) + p()x> () +q(t) f(27 (1) =0, t € [to,00)r
on a time scale T. In particular, Our results obtained here can be applied to arbitrary time scales
T and drop the restriction p(t) > 0 on [tg,00)T in the literature. Some applications and examples

are given to illustrate the main results.
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1. INTRODUCTION

The theory of time scales, which has recently received much attention, was intro-
duced by Hilger [8] in order to unify continuous and discrete analysis. For complete-
ness, we recall the following concepts related to the notion of time scales, see [3, 4]
for more details. A time scale T is an arbitrary nonempty closed subset of the real
numbers R. Since the oscillation of solutions near infinity is our primary concern,
throughout this paper we assume that sup T = oo, and define the time scale interval
[to, 00)1 by [to, 00)T := [tp,00) NT. On any time scale T we define the forward and

backward jump operators by
o(t):=inf{s €T :s>t}, p(t):=sup{se T, s<t},

where inf () := sup T and sup () := inf T; here () denotes the empty set. A point t € T
with ¢ > inf T, is said to be left-dense if p(t) = ¢, right-dense if ¢ < sup T with
o(t) = t, left-scattered if p(t) < t and right-scattered if o(t) > t. The graininess
function p for the time scale T is defined by p(t) := o(t) — ¢, and for any function
f : [to,00)T — R, the notation f7(t) denotes f(o(t)). A function g : [tg,00)r — R is
said to be rd-continuous provided g is continuous at right-dense points in [tg, 0o)r and
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¢ has finite left-hand limits at the left-dense points in [tg, 00)r, The set of all such rd-
continuous functions is denoted by C,4(T), and the set of functions ¢ : [ty, 00)r — R
which are rd-continuous and 1+ p(t)g(t) > 0 for all ¢ € [ty, co)r denoted by g € R™.

If p e R*, then we can define the exponential function by

ert:5) = o0 ([ €40 (p(r))7)

for t € T, s € T*, where &,(2) is the cylinder transformation, which is defined by
log(14-hz) h 7& 0
Z — h ) )
&(2) { z, h =0.
Alternately, for p € RT, one can define the exponential function e,(.,%y) to be the
unique solution of the IVP: 22 (t) = p(t)z(t) with z(ty) = 1.

In this paper, we consider the second order damped nonlinear dynamic equation
(1.1) (r(t)z(1))> + p(t)a>(t) +q(t) f(27(1) = 0, t € [to, 00)r,
on a time scale T. Throughout this paper, we always assume that

(

A1) r(t), q(t) are positive rd-continuous functions on [tg, 00)r;
(A2) p(t) is a rd-continuous function on [ty, 00)r, and —p/r € RT, i.e., 14 u(t) (_p(t)) >

r(t)

)

Y

(A3) f : R — R is a continuous function such that zf(z) > 0 and f(z) > Kz for
x # 0 and some K > 0.

As will be seen later, in order to discuss the oscillatory properties of (1.1), it is
necessary to consider both two cases:
<1
(1.2) / ——e_p(t,to) At = 00,
W @

and
> 1
(1.3) /t el t0)A < oo

By a solution of (1.1) we mean a nontrivial real-valued function z € C},([T}, 0o)r,
R), T, € [to, o0)T, which has the property that ra® € C%, ([T}, c0)r, R) and satisfies
Eq. (1.1) on [T, 00)r. The solutions vanishing in some neighborhood of infinity will
be excluded from our consideration. A solution z(t) of (1.1) is said to be oscillatory
if it is neither eventually positive nor eventually negative, otherwise it is said to be

nonoscillatory.

During the last decades, there has been an increasing interest in studying the
oscillation of solution of second order damped dynamic equations on time scale which
attempts to harmonize and the oscillation theory for the continuous and the discrete.
We refer the reader to the papers [2, 5, 6, 7,9, 11, 12] and the references cited therein.
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Recently, in [11], the authors considered the dynamic equation
(1.4) (r(t)a®(6)> + p(t)z27 () +q(t) f(27() = 0, € [to, 00)r,
under the following conditions:

(H1) r(¢),p(t), q(t) are positive rd-continuous functions on [ty, c0)T;
(H2) f:R — R is such that zf(z) > 0;
(H3) f:R — R is such that f(z) > Kz for  # 0 and some K > 0,

and they established the following results:

Theorem 1.1 (see, [11, Theorem 2.1]). Assume that (H1)-(H3) and (1.2) hold. Fur-

thermore, assume that there exists a positive rd-continuous differentiable function p(t)

such that , )
lirtrisogp/t [KP(S)Q(S) - %]As = 00,
where
_r()pR () = p(t)p(t)
?/)(t) Tg(t)

Then Eq. (1.4) is oscillatory.

Theorem 1.2 (see, [11, Theorem 2.2]). Let (H1)-(H3) and (1.2) hold. Let p(t) be as
defined in Theorem 2.1 and let H : D — R be rd-continuous such that H belongs to
the class R and

: ' (p7(s))?r(s)A%(t, 5)
hﬁ‘l‘iljp At /to [KH(t, s)p(s)q(s) — (5 H(Ls) As = 00,

where

A(t,s) = Hit, s)% + H2:(t,s),

and the function set R is defined in [11]. Then Eq. (1.4) is oscillatory.

Here, we note that Theorems 1.1 and 1.2 (see also, [11, Theorems 2.1, 2.2]) are
valid only when p(t) > 0 which is a restrictive condition. The aim of this paper is
to obtain some new oscillation criteria dropping the restriction p(t) > 0. Our results
obtained here can be applied to arbitrary time scales T. Finally, some applications

and examples are given to illustrate the main results.

2. MAIN RESULTS

For simplicity, define, for t € [to, 00)rT,

L R L SO (N
R(t) = 6—p/r(t,t0)/t07’(8) -oir(8:f0) s, alf) =

and
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We begin with the following lemma.

Lemma 2.1. Let (1.2) hold. Assume that Eq. (1.1) has a positive solution x(t) on
[to, 00)1. Then

(2.1) 2 (t) > 0, ;(8) a(t), tE€ [ty, 00)T.

Proof. From (1.1), and noting that x(t) > 0 on [ty, o), we have

a(t
(r(t)z2(1) +p(t)2™(t) < 0.
Hence, by [3, Theorem 1.20],

( r(t)z2(t) )A :(T(t)ZEA(t))At?—p/r(t to) — €2, (t to)r(t) 2 (t)
e—p/T’(t>t0) —p/T’(t tO) p/r(t>t0)
(r(t)z2(t)> +p(t)z> (1)

= < 0.
p/T(t fo)

Then, T(t w(t(t)) is strictly decreasing on [tg, o0)r. We now claim that z2(t) > 0 on
te [to, )T If not, then there exists t; € [ty, 00)r such that z2(¢;) < 0. It follows

that
r()z2(t) _ r(t)e ()

< =c<0, t>t,
epr(tito) ~ e_ppr(ti,to) 1
ie.,
&
2.2 At) < ——e_pn(t,to).
(2.2) x()_r(t)ep/( 0)

Integrating (2.2) from ¢; to ¢, we find from (1.2) that

t
1
x(t) < x(ty) + c/ e e_p/r(8,t0)As — —o0 as t — oo,
r

t1
this implies that z(t) is eventually negative, which is a contradiction to z(¢) > 0 on
[to, 00). Thus, z2(¢) > 0 on [t, c0)r. Therefore,

Er(s)z®(s) e_ (s, 10
z(t) > x(t) — x(to) :/t e_(p/)r(s,(to)) pjﬂ((s>t )As

r .CL’A ¢
o @) (t)) /to T1 (5. 10) A,

€—p/r (tv to (3)

which yields
z(t) > R(t)x™(1).

Consequently,
(t) x(t) R(t)
w0 20+ a2 0 - FO+ 0
This completes the proof. O

We are now in a position to state and prove our main results.
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Theorem 2.1. Let (1.2) hold. Assume that there exists a positive A-differentiable
function 6(t) such that

‘ (r(5)0%(s) — B(5)0°(s))

(2.3) lim [ (Ka(s)9°(s) -

to

Then Eq. (1.1) is oscillatory on [ty, 00)T.

Proof. Suppose to the contrary and assume that Eq. (1.1) has a nonoscillatory solution
x(t) on [tg, oo)r. Without loss of generality, we assume that there exists a T' € [ty, 00)r
such that z(t) > 0 for t € [T, 00)7. Let

r(t)z2(t)
By [3, Theorem 1.20] and (1.1), we have
A A A
A_gaTt o (T
()
A AVA A2
_5_w+50[(m > )]
0 x° xx’
A A A2
P a2
0 x° xx°
If p(t) > 0, then, by the fact z(t)/x7(t) > a(t) (in view of Lemma 2.1), we get
54 8 T rrty?
A Y o| S e
w—6w+5[ Kq La— r:c”(a:)]
54 . ap a w2
< Gwtd| = Ke= Tge-0(5) |
" 5 apd’ ad?
(2.4) =—Kq¢b +(7_ 5 )w—ﬁpw.
If p(t) < 0, then, noting that #°(t) > 0, we have
A A AN2
wh < —w—é”[Kq—l—ZiﬂLr(x ) ]
0 x xx°
- 6% pd? ad’
(2.5) < —Kqd’ + (7 - W)w o
Hence, by (2.4), (2.5) and the definition of 3(t), we get
55 B ad?
A _ o P — P
we s Kq5+<5 ns)w o2 ¥
ad? §(ré® — B4°)12  (ré® — B6°)?
— Ko — 20 |, 0 PO \ro- —Po )
a0 r? [w 2000 } dard®
(rd® — 36°)?
. < - T
(2.6) < —Kqgd? + larse
Integrating (2.6) from T to t, we obtain
t A o 2
(r(s)07(s) — B(s)0°(s))
Kq(s)07(s) — A T)—w(t) <w(T
| (atos(s) - RO ) A < w(T) — w(t) < w(T).
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which contradicts (2.3). This completes the proof. O

We next establish Philos-type oscillation criterion [10] for Eq. (1.1). First, let us
introduce the class of functions H which will be extensively used in the sequel.

Let Dy = {(t,s) € T?: t > s> totand D = {(t,s) € T?> : t > s > ty}. We say the
function H is belonged to the class H, denoted by H € H, if H : [to, 00)T X [tg, 00)r —
R and satisfies

(i) H(t,t) =0 for t € [ty, 00), H(t,s) > 0 on Dy;
(ii) HA:(t,s) < 0 on D, and for each fixed ¢, H(t,s) is rd-continuous function with

respect to s.

Theorem 2.2. Let (1.2) hold. Assume that there exist a positive A-differentiable
function 6(t) and H € H such that

/T H(t,s) (Kq(S)(S"(S) _ (T(S)ia((z))r—(jéjzg(s»

for sufficiently large T. Then Eq. (1.1) is oscillatory on [tg, 00)t.

2.7) 1i
(2.7) i SUp

)As = 00,

Proof. Suppose to the contrary and assume that x(¢) is a nonoscillatory solution
of Eq. (1.1) on [ty,00)r. Without loss of generality we suppose that z(¢) > 0 for
€ [T,00)r C [tg,00)r. Proceeding as the proof of Theorem 2.1, we get (2.6) hold.

ie.,

(2.8) Kq(t)o(t) —

Multiplying (2.8)(with t replaced by s) by H(t,s), and integrating with respect to s

< —wh(t).

from T to t, we get

/T H(t,s) (Kq(s)5°(s) — (T(S)iai ; (fé(”zé) As < — / H(t,s)w

Integrating by parts, for ¢t € [T, 00)r, gives

frenlesan S

< H(t,T)w /HAts (s)As

< H(t,T)w(T)
Note that H2:(¢,s) <0 on D and w(t) > 0, then

1 ' - (r(5)02(s) — B(5)07(s))?
TET /T H(t, s) (Kq(s)5 O O OO )As < w(T),

which contradicts (2.7). This completes the proof. O

As an immediate consequence of Theorem 2.2, we have
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Corollary 2.1. Let assumption (2.7) in Theorem 2.2 be replaced by

limsup / H(t,s)q(s)0%(s)As =
and
. 1 [P H(ts)(r(s)0%(s) — B(5)0°(5))”
tmsup 7 / 1a(s)7 ()07 (5) As < 0.

Then Eq. (1.1) is oscillatory on [ty, 00)T.

The results in Theorem 2.2 are very general, with appropriate choices of the
function H (¢, s) in Theorem 2.2, we can obtain different conditions for oscillation of
(1.1). For instance, define H(t,s) by

H(t> S) = (t - S)m> m > 1> (t> S) S ]D(),
we have the following oscillation result.

Corollary 2.2. Let (1.2) hold. Assume that there exists a positive A-differentiable
function 0(t) such that

¢ r(s)02(s) — B(5)87(s))”
e - L)

where m > 1. Then Eq. (1.1) is oscillatory on [ty, o0)T.

In the following, we consider the case when (1.3) holds.

Theorem 2.3. Let (1.3) hold. Assume that there exists a positive A-differentiable
function 6(t) such that (2.3) holds, and

29) [t [ arettatpassi = o

0 T(t> to
Then Eq. (1.1) is oscillatory on [to, 00)T or converges to zero ast — oo.
Proof. Suppose to the contrary and assume that (1.1) has a nonoscillatory solution

x(t) on [to, co)r. Without loss of generality, we assume that there exists a T' € [ty, 00)r

such that x(t) > 0 for t € [T, 00)r. Proceeding as the proof of Lemma 2.1, we know

that ; 2(?) is decreasing. Hence 22(t) is either eventually positive or eventually
e p/r

negative. Thus, we shall distinguish the following two case:
(i) z2(t) > 0 for t € [T, 00)T;
(i1) 22(t) < 0 for t € [T, c0)r.
Case (i). Since the proof when x2(t) eventually positive is similar to that of

Theorem 2.1, we omit the details.
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Case (). It follows from the fact #2(t) < 0 and z(t) > 0 on [tg,00)r that
limy .o z(t) = b > 0. We will show that b = 0. If not, then, by (A2), there exists a
t1 € [T, 00)r so that f(z7(t)) > 2K for ¢ € [t1,00)7 C [T, 00)7. From (1.1), we have

(2.10) —(r(t)a® () = p(t)a™(t) + q(t) f(27(t)) > p(t)2>(t) + qu(t).
Let u(t) = r(t)z2(¢). It follows from (2.10) that
u(t) < —%u(t) — qu(t).

Hence, by [3, Theorem 6.1], we obtain
b t
r(t)z () = u(t) < u(ts)e—p(t, t1) — §K/ e_p/r(t,o(s)) q(s)As
t1

<K / e pnlt, ()5,

since u(t;) = r(t;)z(t;) < 0. Dividing both sides by r(¢) and integrating from #; to

/ w2 (5)As < ——K / / Je_y (s, 0(7))ArAs,

hence, by (2.9),

t, we have

x(t) < z(ty) — gK/t % /sq(f) e_p/r(5,0(7))ATAs — —o00 as t — 00,

1 t1

which contradicts the fact x(¢) > 0, Thus b = 0. This completes the proof. O

Using the same ideas as the proof of Theorems 2.2 and 2.3, we obtain.

Theorem 2.4. Let (1.3)and (2.9) hold. Assume that there ezist a positive A-differ-
entiable function 6(t) and H € H such that (2.7) holds. Then Eq. (1.1) is oscillatory

on [tg, 00) or converges to zero ast — 0.

Remark 2.1. Theorems 2.1 and 2.2 improve and extend [11, Theorems 2.1, 2.2],

respectively.

3. APPLICATION AND EXAMPLES

In this section, we apply our main results to the time scales T = N and T = ¢
and establish some oscillation criteria for Eq. (1.1). Finally, we give two examples to

illustrate our main results.

When T = N, Eq. (1.1) reduces to the second order difference equation

(3.1) A(r(n)Az(n)) + p(n)Az(n) + q(n) f(z(n+1)) =0, n > ny.
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Hence, for Eq. (3.1), (1.2) and (1.3) become
1

(32) Z ’T’(Z —p/r i nO) 0,
i=no

and

(3.3) Z:Zno ) e—p/r(1,n0) < 00,

respectively. Note that, for all n > ny,

i) = L ST ) () -

e_p/r(n, M0

1=ng

and

By Theorems 2.1-2.4, we have

Theorem 3.1. Let (3.2) hold. Assume that there exists a positive sequence 6(n) such
that

=Y N [r() 3(i) = BE)(+1)]*)
(3-4) ,JLHSOZ,:Z“O[K‘](")‘S(Z“)_ ()00 + 1) J=

Then Eq. (3.1) is oscillatory on N.

We say a double sequence H € H; if H satisfies
(B1) H(m,m) =0 for m > mqy >0, H(m,n) > 0 for m >n > ng > 0;
(B2) AgH(m,n) = H(m,n+ 1) — H(m,n) <0 for m >n > ny > 0.

Theorem 3.2. Let (3.2) hold. Assume that there exist a positive sequence §(n) and
H € Hy such that

55 gy & A [ - O] <o

Then Eq. (3.1) is oscillatory on N.

Theorem 3.3. Let (3.3) hold. Assume that there exists a positive sequence 6(n) such
that (3.4) and

(3.6) Z Z i)e_pp(n,i+1) =

nno zno

hold. Then Eq. (3.1) is oscillatory on N or converges to zero as n — 0o.

Theorem 3.4. Let (3.3) hold. Assume that there exist a positive sequence 6(n) and
H € H; such that (3.5) and (3.6) hold. Then every solution of Eq. (3.1) is oscillatory
on N or converges to zero as n — oo.
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When T = ¢ = {t : t = ¢*, k € NU {0}, ¢ > 1}, then Eq. (1.1) reduces to

B.7)  Adr(d")Az(q") + p(d") Agx(d") + q(¢") f (") = 0, k > ko.

Hence, for Eq. (3.7), (1.2) and (1.3) become

L e_pr(q' q™)
(3.8) P2 L = oo,
i:z,;o r(¢)
and
> e—p/r(qiaqko)
i=ko

respectively. It is easy to show that

oo @) Nmewnldhd™) o R
Rla) = e—p/r(q*, q*) :Zko r(q") W), eld) = R(¢*) + ¢"(q — 1)’
and
w ) oal@®)pd®),  pld") >0,
ﬁ“)‘{fo p(t) <0

By Theorems 2.1-2.4, we have

Theorem 3.5. Let (3.8) hold. Assume that there exists a positive sequence §(n) such
that

k1 . . . . 9
, sy 1@)A(g) = B(a)d(d )]y
10y i 30 [Kataote™) ~ ey e =

Then Eq. (3.7) is oscillatory on ¢™°.

We say H € H, if H satisfies

(C1) H(q*, ¢*) =0, k > ko > 0,H(¢*,¢°) > 0,k > s > ko > 0.
(C2) HA(¢" @) = 7y [H(d", ) — H(d", ¢)] <0, k> s>Fko>0.

T (¢—1g®

Theorem 3.6. Let (3.8) hold. Assume that there exist a positive sequence 6(n) and
H € Hy such that

E—1

1 . . .
3.11 lim su 75 H k’ N K a(a))s (gt
(a.11) P H(q", q*) & (4 q)[ a(a')o(¢™")

[r(q)Ad(q") — Bg")o(g)]?
4o(q')r(q")o(g 1)

Then Eq. (3.7) is oscillatory on ¢™°.

]qi:oo.
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Theorem 3.7. Let (3.9) hold. Assume that there exists a positive sequence §(n) such
that (3.10) holds, and

(312) Z T(j]k) [i e—p/T(qka qH_l)q(ql)ql] qk = 0.

Then Eq. (3.7) is oscillatory on ¢™° or converges to zero as n — oo.

Theorem 3.8. Let (3.9) hold. Assume that there exist a positive sequence 6(n) and
H € Hy such that (3.11) and (3.12) hold. Then Eq. (3.7) is oscillatory on ¢~° or

CONVETGES to zero as n — 00.

Finally, we give two examples to illustrate our main results.

Example 3.1. Consider Eq. (3.1) with K =1 and n > 2,

1 1
(3.13) rn) =1, pln) = 5. qln) = 1+ 7.
Here,
p(n)
1- =1-—=>0
By [1, Lemma 2], we have
n—1 . n—1 n—1
p(7) 1 1 1
—n/r ,2 Z 1 - -~ = - - > 1 - . . = 9
epir(n:2) — (i 212 (t—1) n-—1
=2 1=2 =
and
n—1 n—1 1
epp(n2) Sexp (= Dop(i)) e (=Y ) <1,
=2 i—2 !
for all n > 2. Then
oo 1 . n—1 1 n—2 1
——e_p/r(i,2) > — = — — 00 as n — 00.
= rli i | im1
Hence, (3.2) is satisfied. Also, we have
1 n—1 n—1 n—2 1
R(n) = e_pr(i,2) > e_pr(i,2) > -,
o 2y e 2 el 2

and
_ R Rn) 1
o) = Re0F1 7 2RM) 2

for sufficiently large n. Let d(n) = 1, we get

Tim ni [q(i) - %pw)} > lim ni [Q(i) —p2(i)]

11
— lim (1+,—4—,—4):hm <n—2>:oo,
n—oo i—2 1 VA n—oo
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i.e., (3.4) holds. Hence, by Theorem 3.1, Eq. (3.13) is oscillatory on N.
Example 3.2. Consider Eq. (3.7) with ¢ =2, K =1 and k£ > 0,

k_ 1 k k_
(3.14) r(2F) =¥t p(2h) = 2k(1—22 e
1
q(2") =1+ ol - 22")2¢2" 1.
Here,
0 P(2°) _ o1 2ky 2k 1 _ 5ok
1_M(2)r(2’f)_1_2 = 2—k(1—2 Je =27 >0,
and
k=1 log, [ M(T)p(zz)}
(2%) i
e_pr(28,1) —exp<z ;LQ))
1=0
k—1
= exp ( 2’) = 2!
1=0
Thus,
= 6—p/7’(2i>1) 7 - i
—————u(2") = 2" = o0,
% M

i.e., (3.8) is satisfied. Also, we have

r2f) e n(201) ., R
R(2") = PO 29t =N "9t =9k 1,
e_p/r(28,1) ; r(27) ;
Then
R(2%) 2F -1  2b—1

2M) = = = :
%) = R ) T B i B
Clearly, 1/3 < a(2¥) < 1 for k > 2. Let 6(2%) = 1, we get

k—1

2(91
i 3 [o) 2]y
e 2 1a@)r(@)
k—1 ,
N 302,
li 2') — = 12"
= 1) - 1)
=0
. . p*(2Y)4
| 2Y) — |2
== o) @)
=0
k—1 i i i i
) (1 _ 22 )262 -1 (1 _ 22 )262 -1 ;
2 Jim 3 14+ = -2

=0

~ lim (2’f _ 1) _
k—oo

i.e., (3.10) holds. Hence, by Theorem 3.5, Eq. (3.14) is oscillatory on 2MNo.
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