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ABSTRACT. In this paper we develop the method of Quasilinearization for hybrid Caputo frac-
tional differential equations which are Caputo fractional differential equations with fixed moments
of impulse. In order to prove this result we use the weakened assumption of C%-continuity in place
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1. INTRODUCTION

In the recent years, there has been a significant amount of work done in the
theory of fractional differential equations and many researchers are delving into this
area due to its immense potential in applications such as Fluid Flow, Rheology, Dy-
namical Processes in Self-Similar and Porous Structures, Diffusive Transport Akin
to Diffusion, Electrical Networks, Probability and Statistics, Control Theory of Dy-
namical Systems, Viscoelasticity, Electrochemistry of Corrosion, Chemical Physics,
Optics and Signal Processing, and so on. The works of Kilbas et al [2], Podlubny [1],
Lakshmikantham et al [3] and then references [4-9] bear testimony to the continued

interest in this area.

Another field which has a lot of scope is the theory of hybrid systems or impulsive
differential systems [10]. This is due to the fact that many evolution processes are
characterized by the fact that they experience a change of state abruptly, that is, in
a very short duration of time. This abrupt change can be considered as short term
perturbations whose duration is negligible. Thus we assume that these perturbations
act instantaneously in the form of impulses. Thus it is obvious that hybrid systems

form a better model to represent physical phenomena.
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Combining these two areas of interest, we consider hybrid fractional differential
equations and propose to study existence of solutions. As the method of Quasilin-
earization [11] is a flexible mechanism that gives a sequence of iterations that con-
verges quadratically to a solution, we propose to study it. In [12] Quasilinearization
for IVP of fractional differential equations has been studied and in [13] generalized
Quasilinearization has been developed for IVP of fractional differential equations. In
this paper, we develop the method of Quasilinearization for hybrid Caputo fractional

differential equations.

It is observed in [14] that the results in fractional differential equations can be
studied with the weakened hypothesis of C}, or C? continuity. We propose to use
weakened hypothesis in this paper.

2. PRELIMINARIES

The basic results that are needed to prove our main result are presented in this
section. We begin with the definition of C),-continuity, R — L fractional derivative,
Caputo fractional derivative and proceed to state a lemma with the weakened hy-
pothesis of Cy-continuity. This lemma is essential in proving the basic differential

inequality results. All these results are from [14].

As observed above, the comparison theorems [3], in fractional differential equa-
tions set-up require Holder continuity. Although this requirement is used to develop
iterative techniques such as the monotone iterative technique and the method of
quasilinearization, there is no feasible way to check whether the functions involved
are Holder continuous. To avoid this situation, it has been shown in [14] that compar-
ison results can be proved under the weaker condition of Cj-continuity. Lemma 2.3.1
in [3] is essential in establishing the comparison theorems, a detailed proof of this
result under the weaker hypothesis was given in [14]. The basic differential inequality
theorem, required comparison theorems and the lemma which are proved in [14] all

are stated below.

We begin with the definition of the class C,[[to, T], R].

Definition 2.1. m is said to be C, continuous if m € C,[[to,T],R] that is m €
Cl(to, T), R and (¢ — to)"m(t) € Clto, T], R] with p+q = 1.

Definition 2.2. For m € C,[[to,T],R], the Riemann-Liouville derivative of m(t) is
defined as

t
1 d

(2.1) Dim(t) = () / (t —s)P"tm(s)ds.

to

We next state a lemma that is vital for our main result.
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Lemma 2.3. Let m € C,l[to, T]|,R]. Suppose that for any t, € [to,T], we have
m(t1) =0 and m(t) <0 forty <t < ty, then it follows that

(2.2) D%m(ty) > 0.

We next state the fundamental fractional differential inequality result in the set

up of Riemann-Liouville fractional derivative, with a weaker hypothesis from [14].
Theorem 2.4. Let v,w € Cyllty, T],R], f € Cl[to, T] x R,R] and
(1) Do(t) < f(t, (1))

and
(i) DMw(t) = f(t, w(t)),
to <t < T, with one of the inequalities (i) or (ii) being strict. Then v° < w®, where

VO =v(t)(t —to) )=y, and w® = w(t)(t — to) "=, implies that

(2.3) o(t) <w(t), to<t<T.
The next result deals with the inequality theorem for non strict inequalities.

Theorem 2.5. Let v,w € Cyllty, T],R], f € Cl[to, T] x R,R] and
(i) D(t) < f(t,v(t))

and
(i) D'w(t) = f(t, w(t)),
to <t <T. Assume [ satisfies the Lipschitz condition

(2.4) ftx) = f(ty) < Lz —y), ==y, L>0.

Then, v° < w°, where v° = v(t)(t — to)' " 4=s, and w® = w(t)(t — to)' "=, implies
v(t) <wl(t), t e [ty, T].

We now define a C%-continuous function.

Definition 2.6. u is said to be C'9 continuous that is u € C?[[to, T'], R] iff the Caputo

derivative of u denoted by ¢DY%u exists and satisfies
t

(2.5) Ditu(t) = ﬁ / (t — 5)~1/(s)ds.

to
We note that the Caputo and Riemann-Liouville derivatives are related as follows:
(2.6) °Dix(t) = Dx(t) — x(to)].

We choose to work with the Caputo fractional derivative, since the initial conditions
for fractional differential equations are of the same form as those of ordinary differen-

tial equations. Further, the Caputo fractional derivative of a constant is zero, which
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is useful in our work. Consider the IVP for the Caputo fractional differential equation
given by
(2.7) °Diz = f(t,x), z(ty) = o,
for 0 <q <1, feCty, T] x R", R"].
If x € CY[ty, T],R"] satisfies (2.7), then it also satisfies the Volterra fractional

integral

t

/ (t — )7 f(s, 2(s))ds,

to

1
2.8 z(t) =z + —
(2.8) (t) = xo )
fortg <t <T.

We now state the comparison theorem for the Caputo fractional differential equa-
tion using the same weaker hypothesis. As the proof is similar to that of Theorem 2.4.3

in [3], we omit it.
Theorem 2.7. Assume that m € C[[to, T],R] and
‘Dim(t) < g(t,m(t)), to<t<T,
where g € Cllto, T] x R,R]. Let r(t) be the maximal solution of the IVP
(2.9) ‘Dl = g(t,u), u(ty) = uo,

existing on [to, T] such that m(ty) < ug. Then we have m(t) < r(t), to <t <T.

3. IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we begin with the basic definitions given in [15], where in the
existence and stability results for hybrid Caputo fractional differential equation with

fixed moments of impulse are studied.

Definition 3.1. Let 0 <ty <t; <tg < -+ - <t < --- and t, — oo as k — oo. Then
we say that h € PC,[Ry x R" R"| if h : (ty_1,t;] x R — R™ is C)-continuous on
(t—1,tx] x R™ and for any € R"
i hlt,y) = bt7 )
(t.y) =t )

exists for k=1,2,...,n— 1.

Definition 3.2. Let 0 <ty <t; <ty < -+ - <t <--- and t, — o0 as k — oo. Then
we say that h € PCIYR, x R*" R"] if h : (tx—_1,t] xR — R™ is C%continuous on
(t—1,tk] X R™ and for any z € R”
lim  h(t,y) = h(t}, )
(ty)— )

exists for k=1,2,...,n— 1.
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Consider the hybrid Caputo fractional differential system defined by
‘Diy = f(tax)a t 7& tka
(3.1) z(tf) = L(z(ty)), k=1,2,3,...,n— 1,
I(to) = Xy,

where f € PC[I x R",R"], I, :R" = R", te I =[ty,T],k=1,2,...,n— 1.

Y

Definition 3.3. By a solution of the system (3.1), we mean a PC? continuous func-
tion x € PC[ty, T], R"] such that

)
zo(t, to, o), to <t < ty,

zi(t t,ay), t <t <ty

Tt b, ), te <t < tpia,

\xn—l(ta tn—la x:—l)a tn—l <t S T>

where 0 < tg <ty <ty < -+ <t, 1 <T and x(t, tx, 27 ) is the solution of the IVP
of the fractional differential equation

“Dix = f(t,z),

zp = 2(ty) = Li(z(te)).

Now we state the basic differential inequality result in this set up from [15].

Theorem 3.4. Let u,w € PCY[ty, T],R]| with

*Diu(t) < f(t,v(t), t#t,
v(t)) < I(v(ty)), k=1,2,3,...,n—1,
v(ty) < zo,

and
‘Diw(t) > f(t,w(t)), t#ty
w(tl) > I(w(ty)), k=1,2,3,...,n—1,
w(ty) > o,

where f € PC[I x R*",R"| and f satisfies the hypothesis
fit,x)— fit,y) < L(zx—y), z=z>y, L>0

and Iy is a monotonically nondecreasing function of x. Then vy < wy implies that
v(t) <w(t), t € [to, T.
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Lemma 3.5. The linear non-homogeneous hybrid Caputo fractional differential equa-
tion

‘Dix = —-M(x —y)+ f(t,y), tF# 1,

z(th) = I(x(ty)), k=1,2,3,...,n—1,

x(to) = zo,

has a unique solution on the interval [to, T].

Proof. We proceed to prove the theorem in each subinterval. Let ¢t € [to, ;] and

consider the Caputo fractional differential equation

‘Dix = —M(z —y)+ f(t,y),
x(tg) = wp.

Then from [2], we have that x(t,to,x0) = z(t) = xg E(M(t — t)?) + ft (t —
$)ITVE, J(M(t — s)?) f(s,y(s))ds, t € [to,t1] is the unique solution. Then we have
x(ty, to, o) = x(t1) = xo E (M (t; —1o)? +f (t1 —8)1 B, (M(t;—5)7) f(s,y(s))ds
and x(t]) = I(z(t1)) = z{ (say). Now we consider the interval (¢, t5] and the Caputo

fractional differential equation

‘Dix = —M(zx —y) + f(t,y),

z(t]) = =y
Thus as earlier, the unique solution is given by,

x(t ty, xf) = x(t)
=] E(M(t —t)7)

+/ (t—8) 1 B, J(M(t—5)7) f(s,y(s))ds, t € (ti,ts).

t1

Then
(ta, t1,27) = (t2)
= af B (Mt —t1)?)
+ /t2 (t2 — S)q_l By o(M(ty —8)7) f(s,y(s))ds, t € (t1,1a].
and

x(ty) = I(x(t2)) = 3.
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Then proceeding as earlier, we obtain the unique solution for the linear non-

homogeneous hybrid Caputo fractional differential equation as
(

zo(t, to, To), to <t <t,

21 (t,t, x]), t <t<ty,
(3.3) o(t) = '1( ) ' 2

\:cn_l(t,tn_l,:c:_l), tho1 <t <T.

We begin with the definition of lower and upper solutions for the hybrid Caputo
fractional differential equation given by

(34) {Dw = f(t,2), t # ta(t)) = Lia(t), k=1,2,...,n ~ Lalto) = zo,
where f € PC[Ry x R",R"], I;; R* — R", k=1,2,3,...,n—1land t € [t,,T]. O

Definition 3.6. «, 3 € PC[[ty, T],R"| are said to be lower and upper solutions of
equation (3.4), if and only if they satisfy the following inequalities

;

‘Dl < f(t,a), t # t,

(3.5) a(tf) < I(a(t), k=1,2.3,...,n—1,
\Oé(tO) < o,

and
(D13 > f(t.8), t # b,

(3.6) Bt > L(B(t), k=1,2,3,....n—1,
\ﬁ(to) > o,

respectively.

Lemma 3.7. Suppose that

(i) vo(t) is the lower solution of the hybrid Caputo fractional differential equation
(3.4).
(ii) Let vy(t) be the unique solution of the linear non-homogeneous hybrid Caputo

fractional differential equation

‘D% = f(t,vo) + fo(t,v0) (v1 — o), t# t,

(37) 'Ul(t—kl—) :Ik(vl(tk))7 k:1a2>3a"'an_1a
’Ul(to) = X29.
(iii) Ix is a nondecreasing function in x, for each k =1,2,3,...,n — 1.

(iv) fu is continuous and Lipschitz on [ty, T).

Then vo(t) < vyi(t), t € [to, T].
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Proof. Suppose that vy(t) is a lower solution of (3.4) and v (t) be the unique solution
of (3.7), set p(t) = vo(t) —vi(t), t € [to, ta].

Cqu(t) = CDq’U()(t) — Cqul(t)
f(t,v0) = [f(t,v0) + fo(t, vo) (v1 — vo)]
Mp(t),

where | f.(t,v9) |< M, by assumption (iv). Then

IA

IA

(3.8) ‘Dip(t) < Mp(t)

and
p(to) < 0.

Thus from the solution of the linear non-homogeneous hybrid Caputo fractional dif-

ferential equation, we get
p(t) < p(to) Eg(M(t —t0)?), t € [to, 1],
which yields
p(t) <0, te [to,tl].
Thus we have
'U()(t) < ’Ul(t), te [to,tl],
and therefore we get
Uo(t1> S Ul(tl).
From the assumption (iii) we obtain that
v =wo(t) = Li(vo(tr)) < Ni(vi(th)) = vi () = oy

For t € (11, t3] and consider the Caputo fractional differential equation

“Divy = f(t,vo) + fu(t, v0) (v1 — v0),

vi(t]) = vy

Again setting p(t) = vo(t) — vi(t), we get Dip(t) = “Diug(t) — “D%vy(t) that is,
¢Dip(t) < Mp(t) and p(t]) < 0. Working as earlier, we get that p(t) <0, t € (¢, t2].

From which we can conclude that
Uo(t) < Ul(t), t e (tl,tg].
Proceeding in a similar fashion over each subinterval (tg,tx41], we can show that

'U()(t) S Ul(t), te [tO,T].
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Lemma 3.8. Suppose that in Lemma 3.7, the assumption (i) and (ii) are replaced
by (i) wo(t) be the upper solution of the hybrid Caputo fractional differential equa-
tion (3.4) and (ii) wy(t) be the unique solution of the linear non-homogeneous hybrid

Caputo fractional differential equation

CDq’LUl = f(t, wo) + fx(t, wo) ('LUl — wo), t 7é tk,
wy(t)) = I(wi (tg)), k=1,2,3,...,n—1,

wy(to) = o,

and the assumptions (iii) and (iv) of Lemma 3.7 hold. Then wy(t) < wy(t), t € [to, T].

The proof of Lemma is similar to the proof of Lemma 3.7 and hence we omit it.

4. QUASILINEARIZATION

The method of Quasilinearization is an useful Iterative technique to obtain the
solutions of hybrid Caputo fractional differential equation, where the iterations con-

verge quadratically. In this section, we proceed to develop this technique.

The main result of this paper is as follows.

Theorem 4.1. Suppose that

(i) o, Bo be lower and upper solutions of equation (3.4) such that ag < [y on [to, T].
(ii) f € PCllto, T xR, R] and f(t,x) = f(t,y)+ fo(t,y)(x —y) forag <y < @ < Po;
(iii) Ix is continuous and nondecreasing in x, k =1,2,3...,n— 1.
)

(iv) fu is continuous and Lipschitz on [ty, T).

Then there exist monotone sequences {ay,},{fn} such that o, — p, B, — 7 n —
oo uniformly and monotonically to the unique solution p = r = x of IVP (3.4) on

[to, T'] and the convergence is quadratic.

Proof. For any n € PCY([ty, T],R) such that ag < n < (). Consider the linear
non-homogeneous hybrid Caputo fractional differential equation

Cqu:f(tan)“—fx(tan) (I_n)a t%tka
(4.1) o(th) = L(z(ty)), k=1,2,3,....,n—1,
I(to) = Xy,

then from Lemma 3.5, we obtain that equation (4.1) has a unique solution on the
interval [to, T'.
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Now, replacing n, r with ag, ay. We get the hybrid Caputo fractional differential

equation

‘Diay = f(t,a0) + folt, o) (01 — ), tF#ty,
(4.2) ar(t5) = I(aq(t)), k=1,2,3,...,n—1,

(03] (to) = Xy-.

Since ap(t) is the lower solution of the hybrid Caputo fractional differential equa-
tion (3.4), aq(t) is the unique solution of equation (4.2) and Iy, f, satisfy the hypoth-
esis of Lemma 3.7 we conclude that a(t) < ay(t), t € [to, T]. Similarly, replacing n, «
with Sy, 51. We get

‘DB = f(t, Bo) + fult, a0) (B — Bo), t#t,
(4.3) Bi(t) = (B (te)), k=1,2,3,....,n—1,

Bi(to) = xo.
Clearly (3; is a unique solution of equation (4.3), Gy is an upper solution of (3.4) and
Iy, f. satisfy the hypothesis of Lemma 3.8, we have that 5y > ;. To show a; < [
we set p(t) = aq(t) — G1(t) for t € [to, T], using the hypothesis(i), we get,

‘Dlp = Doy — °DB

[t a0) + fult, ao) (a1 — ao) — [f(t, Bo) + fa(t, o) (B — Bo)]
< falt,a0)(ao — Bo) + fo(t, o) [an — g — Br + Bo]
< fu(t,ao)p < Mp,

where | f.(¢,ap) |< M. Thus
“Dip(t) < M p(t), t # ty.

Now for ¢t € [to, tl]

and

0 for t € [to,tl].
B1(t1), we obtain

Hence using Corollary 2.3.1 from [3], we get relation p(t) <
Using the non-decreasing nature of 1, and the fact that a;(t;) <

that oy (t7) < B1(t7), t = t,, which yields that p(t7) < 0.

Thus repeating the same process over the interval (¢, 5] and continuing over each

subinterval (t;,t;41] for i =3,...,n — 1, we get that ay < (31 on [ty, T].
Hence ag < ay < 31 < By on [to, T.
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Suppose now that for some k£ > 1 ap < a1 < o < B < Br—1 < [o on [to, T.
For t € [ty, T], we claim that

(4.4) a < g1 < Brr < B

Since we know that «y, is a solution of hybrid Caputo fractional differential equa-
tion (4.1) when n = aj_1. Now using hypothesis (i), we obtain that a4 is a lower
solution of equation (3.4) and g4 is the solution of the linear non-homogeneous

hybrid Caputo fractional differential equation

Dicgpr = [t an) + folt, o) (1 — o), tF# T,

(4.5) apr1 () = I(apar (), k=1,2,3,....,n—1,
g y1(to) = To.

On applying Lemma 3.7, we conclude that ay(t) < agi1(t), t € [to, T1.

Similarly gy is the upper solution of equation (3.4), fx41 is the solution of the

linear non-homogeneous hybrid Caputo fractional differential equation

‘D1 = [, Be) + fo(ts an) (Bt — Br)s T # b,
(4.6) Bro1 () = Ii(Brsa (), k=1,2,3,...,n—1,
Br+1(to) = o,
and I, f, satisfy the hypothesis of Lemma 3.7, imply that By < G on [to, 1.
Next to prove ayy1 < Fry1 we set p(t) = agy1(t) — PBrya(t) using the fact that

ar < B and the relation in equations (4.5) and (4.6), we have

‘Dip < folt,ou)ar — B + agsr — o] — fa(t, on) (Beser — Br)

< Mp

and p(tg) = 0. For t € [ty,t;] which gives “Dip(t) < Mp(t) and p(ty) < 0.
Again applying the Corollary 2.3.1 from [3] we have p(t) < 0 for t € [to,t1],
next the non-decreasing nature of Iy, a1 (t]) < Brr1(t]) we obtain that p(¢f) < 0.

Working in a similar fashion, we can show that
py1(t) < Brra(t), t € [to, T

Hence, by the Principle of mathematical induction (4.4) holds for all k. Thus we
have the sequences of functions {«,}, {3,} which are piece-wise continuous functions
satisfying (4.4), (4.5) respectively and satisfying the relation ap < a3 < ap < -+ <
n < B < Bpyr-- < B < By on [to, T

These sequences are uniformly bounded in each subinterval (tx,tx+1]. Now using

the Lemma 2.3.2 in [3] and the relation between the solutions of Caputo fractional
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differential equation and Riemann-Liouville fractional differential equation in [15], we
can conclude that {zc(t)} is equicontinuous on each subinterval (x,t;+1]. Hence by
using Arzela-Ascoli’s theorem on each subinterval (x, 1], we show that the entire
sequences {a,(t)} and {3,(t)} converges uniformly and monotonically to a unique
solution z(t) of the IVP (3.1) on (tg, tx+1], as f is Lipschitz. Since I is a continuous

function for each k =1,2,...,n — 1, we have

lim a,(t)) = lim Tp(a,—1(tx))

and
p(ty) = In(p(te))
similarly
r(ty) = Ie(r(te))-
It is easy to show that p and r are the solutions corresponding Volterra’s integral
equations
1 t
4. = - _ )1
(4.7) nialt) =+ s [ (6= s, 00()ds
to
and
1 t
(4. Buialt) =0+ s [ (6= 970t Bul)ds.

to

where g(s,an(s)) = f(t,Oén(S)) - M(an+l - an) and g(s,ﬁn(s)) = f(taﬁn(s)) -
M(Bn+1 — Bn). Now by taking the limits as n — oo and using the uniform con-
tinuity of f and the uniform convergence of the sequences {«,} and {3,} on each

sub-interval (tx, tx11]. For t € [to, T], we get
Cqu:f(t’p)’ t# t,
p(ty) = I(p(te)), k=1,2,3,...,n—1,
p(tO) = Zo,
and
CDqTIf(t,T>, t%tku
T’(t;):Ik(’F(tk)), k:1,2,3,...,n—1,
T(to) = 2.
Further ag < p < r < ffy on t € [ty, T|. Since the solution is unique p = = = r on
[to, T

To prove the quadratic convergence of {a,},{3,} to the solution, we consider

Pnt1 = X — Qpy
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so that p,41(to) = 0 then using the hypothesis (ii) f, is Lipschitz, we get

f@tx) = [f(t an) + folt, an) (Qn1 — an)]
fx(t 77) fx(t an)(pn pn—i—l)

Cqun—l—l

S L | n—an |pn+ | fx(taan) |pn+1
< L|I_O‘7L|pn+Mpn+l
S L | Pn ‘(2) +Mpn+1

further since I}, is Lipschitz, we obtain

pn+1(t;) = x(t;) - Oén+1(t;)
= Ip(z(tr)) — I(ansa(te))
< K pn+1(tk)

Therefore p,y1(t;) < Kpni1(te), t = tg. Since p,41(0) = 0, we arrive at the hybrid
Caputo fractional differential equation

Cqun-i-l =L | Pn |g +Mpn+1> t 7é t,
pn+1(t;§) = Kypnia(te), k=1,2,3...,n—1,

Prn+1 (0) = 0.

Now using the solution of the linear non homogeneous fractional differential equa-

tion on each subinterval, we get t € (tx, tg11]. For t € (tx, tg11], we have

L|p,|?
Pnt1(t) = K- - - K3 Ko K M(tl —10)! Eqq(M(ty —to)?)Ey(M(t2 — t1)9)

I(g+1)

Ey(M(ts — £2)9) - - E,(M(tpar — t)7) + K - - KoK

L|pn |0 q q q q
g + 1)(75 —t)? By q(M(ta — 1)) Eg(M(ts —t2)?) - Eg(M (tgi1 — tx))

L|pn |(% q q q

+ K- K m(ts — 12)? Eqq(M(ts — t2)7) -+« Eg(M (tgs1 — t0)7) + - - -
+ K, %(tk — th1) B (M (ty — tg—1)?) Eg(M (tp1r — t)?)

F T 1y = )" (M (b1~ 0)7)
< Lip R t t 1 KE
—WZ“_H) aa(M (L H (tip1 —t)7)

9 k+1

= F (¢ + 10 Z 17 Eqq[M(1)7] H KiE,(M(1)?) (since t; —tj—1 =1)
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L D 9 k+1 p
<= lﬁ Fail) qu Kt K By (M) By g(M(1)?)

2kH
< piek > PRI M) (MO))

LK
< ——_E (MO p, |?
— F(q+1) %Q( ) |p ‘0

where

K=K Ky

and

0= qu (M19)]

Thus

LK

<——" _QE, (M|p,|?
|— F(q+1) q,Q( l)|pn|0

|pn+1 (t)

This implies the quadratic convergence of the sequence [a,(t)]. Similarly, we can
prove the quadratic convergence of the sequence {3,(t)} to the solution z(t) of IVP
(3.1). O

Remark: It can be observed that if we set I, = 0 for all k, then IVP (3.1) reduces
to Caputo fractional differential equation and quasilinearization for there equations
has been studied in [6]. Thus these results hold with the weakened hypothesis of

C-continuity.
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