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ABSTRACT. In this paper, we investigate the positive invariance, permanence and global as-
ymptotic stability of a non-autonomous predator-prey model with Hassell-Varley type functional
response. Meanwhile, we also obtain criteria for the existence, uniqueness and uniformly asymptotic

stability of the positive almost periodic solutions for the associated almost periodic system.
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1. INTRODUCTION

In population dynamics, interactions between populations determine the stability
of ecology system. The predator-prey relationship is one of the main problems that
has been extensively studied in both ecology and mathematical ecology. A functional
response of the predator to the prey density refers to the change in the density of
prey per unit time per predator as a function of the prey density. The prey-dependent
functional response depends solely on the density of prey. The most popular prey-
dependent functional responses are Holling I, II, III type, especially the Holling II
type which has been studied extensively. The Lotka-Volterra predator-prey system
with Holling II type functional response [10] takes the form
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where z(t) and y(t) represent population densities of prey and predator at time ¢
respectively, a/b is the carrying capacity of the prey, and a, ¢, f,d, m stand for prey
intrinsic growth rate, capturing rate, conversion rate, death rate and half saturation
constant, respectively. The model exhibits the well known “paradox of enrichment”,
observed by Hairston et al. [13] and by Rosenzweig [22], which has been highly con-

troversial.

Recently, there is a growing explicit biological and physiological evidences [3, 5, 6]
that a more suitable functional response in a predator-prey model should be ratio-
dependent or predator-dependent. Roughly speaking, the per capita predator growth
rate should be a function of the ratio of prey to predator abundance, which has been
strongly supported by laboratory experiments and observations. Generally, a ratio-
dependent predator-prey model first proposed by Arditi and Ginzburg [4] in 1989

behaves as the following

(1.2)
my(t) + z(t)

Furthermore, (1.2) has been studied by several authors and much richer dynamics has
been obtained in Fan et al. [9], Freedman and Mathsen [11], Hsu et al. [16], Jost et

al. [18], Kuang and Beretta [19], and Xiao and Ruan [23]. If the functional response

x x
my +x my” +x
predator-prey model with Hassell-Varley type functional response [14]

in system (1.2) is replaced by , v € (0,1), one obtains the following

2 (t) = o®)a — ba(t)) - A,

y(6) = ~dy(t) + LI Ve o),

(1.3)

which is appropriate for interactions where predators form groups. Here v stands for
the Hassell-Varley constant [14]. Mathematically, when one chooses v =0 or v = 1,
(1.1) or (1.2) can be viewed as extreme cases of system (1.3). In [8], Cosner et al.
provided a unified mechanistic approach to derive the functional response in (1.3).

Hsu et al. [17] give a systematic global qualitative analysis for (1.3).

However, it is well known that many biological and environmental parameters
vary in time in reality. Therefore, one may consider its non-autonomous case. In this
paper, we will study a non-autonomous predator-prey system with Hassell-Varley

type functional response which takes the following form

(1.4)
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In addition, in most natural and social science branches, such as electrical sys-
tems, ecological systems, economics, engineering etc, almost periodic phenomena are
more easily seen. So it is more realistic to seek for the almost periodic solutions of the
associated differential equations as mathematical models. Recently, many researchers
[1, 2, 12, 15, 20, 21, 24, 25, 27] have made progress on the study of properties of al-
most periodic functions and almost periodic phenomena emerging in some biological

models. In this paper, we will explore the almost periodicity of system (1.4).

The organization of this paper is as follows. In Section 2, we mainly show the
permanence and global asymptotic stability by using Comparison Theorem and Li-
apunov function. In Section 3, we show the existence, uniqueness and uniformly
asymptotic stability of positive almost periodic solution for almost periodic system.

We close with a conclusion in Section 4 on our mathematical results.

2. PERMANENCE AND GLOBAL ASYMPTOTIC STABILITY

The objective of this section is mainly to investigate the permanence and global
asymptotic stability of system (1.4). Throughout this paper, we always assume that
the parameters in (1.4) are all continuous and bounded above and below by positive
constants. For biological reasons, we only consider solutions (z(t), y(t)) with the
initial conditions z(ty) > 0, y(to) > 0.

2.1. Preliminary.

Definition 2.1. The solution of system (1.4) is said to be ultimately bounded if
there exist B > 0 such that for every solution (z(t), y(t)) of (1.4), there exists 7" > 0
such that ||(z(t),y(t))]] < B for all t >ty + T, where B is independent of particular

solution while T" may depend on the solution.

Definition 2.2. System (1.4) is said to be permanent if there are positive constants
0 and A with 0 < 8 < A such that all solutions of (1.4) with positive initial values
satisfy

t——+o0

min {tliin inf z(t), lim infy(t)} >0,

t——+o00

max{ lim sup:c(t),tlier supy(t)} < A.

Definition 2.3. Let (2(t),y(t)) be a bounded non-negative solution of system (1.4).
If for any other solution (x(t), y(t)) of (1.4) with positive initial values, it holds that

lim (|z(t) —2(0)| + |y(t) —g(0)]) =0,

t——+o0

then (z(t),y(t)) is said to be globally asymptotically stable.
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2.2. Permanence. For convenience and simplicity, in the sequel we will adopt the

notations

A I A -
g = ilelp 9( )7 g —%611 9( )7

where ¢(t) is any bounded continuous function in the model (1.4).

Lemma 2.4. B2 £ {(z,y) € R? | x > 0,y > 0} is positively invariant set of system
(1.4).

Proof. System (1.4) is equivalent to the following one

x@)zxm»wp{ljbw>—ng@»— e as),

m(s)y’(s) + x(s)

o) =t { [ a0+ il oo}

For t > tg, the correctness of the conclusion is obvious according to the above system.
O

Theorem 2.5. If f! > d*, mla' > ¢*(M5)'77, then the set
(2.1) L. 2 {(z,y) € R* | m{ <2 < Mi,mj <y < Mg}

is a positively invariant set of system (1.4), where

e, M;é[(f——

(2.2) me A

and € > 0 is assumed to be sufficiently small such that mj > 0.

Proof. Let (z(t),y(t)) be a solution of system (1.4) satisfying the initial condition
mi < x(ty) < M5, m§ < y(ty) < MS5. It can be derived from the first equation of
(1.4) that

/ u au €
(2.3) 2'(t) < x(t)[a* — ba(t)] < bl:r(t)[ﬁ +e —a(t)] = bla(t)[M: — z(1)].
Since 0 < z(ty) < Mg, it follows by Comparison Theorem that z(t) < M5, t > t.

According to the second equation of (1.4), one can see

, P
24 0 <90 |-+ TS
€ D ey 0+ M)+ 0]
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_ d'm'y’ (1)
iy (t) + M;
In view of 0 < y(to) < M5, we have y(t) < M3, t > t,.

[(M5) Yy = (t) — y(1)).

Again by the first equation of (1.4), one has

2 v () 2 2(t) [al ~bhalt) - mly’f:tg;(—?x(t)]
> a0l — ba(t) - S (M)

> bua(t)[ms — x(2)].

Together with x(ty) > mJ, we obtain z(t) > mJ, t > t,.
By the second equation of (1.4), one derives
fla(t)

m*y’ (t) + z(t)
fims

m*y’(t) +mj

(2.6 zﬂ02y®{ﬂﬂ+

Zy@[ﬂﬂ+

t
= Mty e) - i+ ]
_dwe [mi )
-0 [ o - g0
_d'm"y(1)
-y (t) +mj

[(m3)y' (1) — y(1)].
In light of y(tg) > m§, it is easy to claim that y(t) > m§, t > t. O

Theorem 2.6. Assume that f' > d* and m'a' > c*(M5)'=7. Then system (1.4) is

permanent.

Proof. Suppose that (x(t),y(t)) is a solution of system (1.4) with the initial condition
x(tg) > 0, y(to) > 0. If m'al > ¢*(M5)'=7, then from (2.3) and (2.5) and Comparison
Theorem one can easily derive tliin sup z(t) < MY and ) li+m inf x(t) > mY;

Based on th+m supz(t) < MY, for any sufficiently small € > 0, there exists a

ty > to such that x(t) < M} +¢ for t > t;. Using the second equation of system (1.4),
one finds that
frMy }

y'(t) < y(t) {—dl + iy () + ME

 wldy [Mﬂﬂ—w>
B mby? (t) + M: mtd'

0 - 310
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m'd'y(t)  [M;(f*—d)
B mly?(t) + M; mtd'

—y W),  Vit>t.

Since f! > d*, mla' > c¢*(M5)'77, letting ¢ — 0, one has

lim supy(t) < Mj.

t——+o0
Similarly, one obtains

lim infy(t) > ms.

t——+o0

The proof is complete. O
From the proof of Theorem 2.6, one can get the following theorem directly.

Theorem 2.7. Assume f' > d* and m'a' > c*(M5)*™. Then T.(¢ > 0) is the
ultimately bounded region of system (1.4).

2.3. Global asymptotical stability. The following lemma, which can be easily

derived in [7], will be used in the proof of the main result of this section.

Lemma 2.8. [7] Suppose that h € R and f is a non-negative function defined on
[h, +00). If f is integrable and uniformly continuous on [h,+00), then tliin f(t) =

Theorem 2.9. Let (z(t),y(t)) be a positive bounded solution of system (1.4). If
o e, mlal > (M), and
in (1) [e(t) +m(t)f (¢
telg {b( [m(t)(m5)” + ml] [m(?)
D - ﬂj((jf;( JOMLY
inf {f(t)m] —c(t)} > 0,

teR
where ms, Mg, (i =1,2) are defined in (2.2), then the solution (Z(t),y(t)) is globally

asymptotically stable.

)

Y

(M)
ww+ﬂm}>Q

Proof. Suppose that (x(t),y(t)) is any solution of system (1.4) with positive initial
condition. Based on Theorem 2.7, there is a 77 > 0 such that (z(t),y(t)) € I'. and
(2(t),y(t)) € T for Vt >ty + T1.

Let

(2.8) V(t) = [In{x(t)} —n{Z()}] + [y(t) — 9(t)],

then the derivative of V() along the solution of system (1.4) has the following ex-

pression

c()y(t)
m(t)y(t) + x(t)

DTV (t) = sgn{xz(t) — 2(t)} | =b(t)(z(t) — 2(t)) — <



+x(8))(m()g7 (1) + 2(1))
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c@m®)g")ly(t) — 4]

m(t)y(t) + &(t)

(m(t)y(t

cO)m@)y )y (t) —y(1)]

m(t)y?(t) + x(t)
= —b(t)|x(t) — £(t)| — d(t)[y(t) — §(1)]

~ sgn{a(t) — #(1) [
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) — c®)mB)g(t)
(

] () — ()]

07 + ) OT 0 + 50
) JOE) + FOmOOLY) ],
< lb(t) () (ma) + i) (m <t>w<t>+a:~<t>>}' (t) = ()
) (1) + 10 o

)~ TRy~ goo)

(f()yms — c())m(t)g(t) o
[( ()(Ms) + M) (m()g(t) + & (t))py (t) =97 (t)]-

According to the assumption (2.7), one concludes that there is a constant p > 0 such
that

(2.9) DYV (t) < —pll(t) = 2(6)] + |y (t) — ()]
+Hy () =g O]t = to + T

Integrating both sides of (2.9) from ¢y + T} to ¢ yields
t

V() + s / z(s) — 2(s)

o+T1
+ly(s) = 9(s)| + [y (s) = 97(s)[]ds < V(to +T1) < 400, t =10+ T,

which indicates that
t
/ [z(s) — 2(s)| + [y(s) — ()| + |y (s) — 47 (s)|]ds
< ,U_IV(tO + Tl) < 400, Vt >ty + 11,

and hence |z(t) — 2(t)] + |y(t) — 9(&)| + [y (t) — 47 (t)| € L' ([to + T1,+00)). From
the boundedness of Z(¢) and y(¢) and the ultimate boundedness of x(t) and y(t), it
follows that z(t), g(t), =(t), y(t), y"(t), y7(t) and their derivatives remain bounded
fort > to+ 1. So |x(t) — ()| + |y(t) —g(t)| + |y (t) — 97 (¢)] is uniformly continuous
on [to + 11, +00). By Lemma 2.8, we have

lim [lz(t) = 2(2)| + |y(¢) — g(@)| + |y (t) =97 ()] = 0,

t——+o0

which is equivalent to

lim [lz(t) —2()] + |y(t) — 9(0)[] = 0,

t——+o0

as desired. 0

3. ALMOST PERIODIC SYSTEM

In this section, we will assume further that all parameters in system (1.4) are

almost periodic.

Consider the following system

(3.1) ¥ = f(t,z), f(t,z)e C(Rx D,R")
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and its product system
(3.2) = ftx), ¥ =f(ty),
where D is an open set in R" and f(t, ) is a uniformly almost periodic function in ¢
forx € D.
Lemma 3.1 ([26]). Assume that there is a Liapunov function V(t,z,y) defined on
[0,400) X D x D which satisfies the following conditions

(i) a(|lt—y||) < V(t,z,y) < B(||z—y|), where a(d), B(5) are continuous, increasing
and positive definite functions;
(il) [V (t,z1,91) — V(E, 22, y2)|] < K(||lx1 — x2|| + |lyr — v2ll), and K is a positive
constant,
(i) Vi)t z,y) < —pV([[z —yll), and p is a positive constant.
Moreover, assume that system (3.1) has a solution in a compact set S C D for
t > to > 0. Then system (3.1) has a unique almost periodic solution in S, which is

uniformly asymptotically stable in D.
Theorem 3.2. Assume that f' > d* and mla’ > ¢*(M5)'=7, then
I2 2 {(z.y) € B* [In{m{} <o <In{M},In{m3} <y < In{M;}}

s an ultimately bounded positive invariant set of the following system

(3.3) #(t) = alt) — b(t) exp {3} — s G} rem BT
: Lo £ exp {30}
7 (t) = —d(t) + Zies o) ror EOT v € (0,1).

Here, mé, Mg, (1 =1,2) are defined in (2.2).

Proof. Let z(t) = exp{Z(t)},y(t) = exp{y(t)}, then system (1.4) is reduced into
system (3.3). Then the conclusion is easy to be derived from Theorem 2.7 and (3.3).
0

By virtue of Theorem 3.2, we obtain the following corollary.

Corollary 3.3. System (1.4) has a unique positive almost periodic solution which is
uniformly asymptotically stable in T if and only if system (3.3) has a unique almost

periodic solution which is uniformly asymptotically stable in I'%.

Theorem 3.4. Assume that f' > d*,m'a' > c*(M5)*™7, and
. _c(O)M5 + f(H)m(t)(Ms5)
R o e e
(3.4) inf {ym(t)(m3)” [f()mi — () My] — c(8) Mz [m(t)(M3)" + Mi]} > 0

hold, then there is a unique positive almost periodic solution of system (1.4), which is
uniformly asymptotically stable in T'.. Here, m$, Mg, (i = 1,2) are defined in (2.2).
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Proof. For (u(t),v(t)) € R?, define ||(u(t),v(t))| = |u®)| + |v(t)].

Consider
(7 () = . c(t) exp {71 (1)}
Zi(t) = a(t) — b(t) exp {Z1(t)} — D) oxp {vglg)fﬁexp OIS
L IWeem)
(3.5) m(t) exp {751 ()} +exp {Z1(8) ]’

)

- o(t) exp {32(1))

= b(t) exp {Z2(1)} — Sirem (4 (0) top B0
o £ exp {E(8)}

L Y2 t)=—d t) + m(t) exp {vg2(t)} +exp {Z2(t)}

Define a Liapunov function on [0, +00) x I'f x I'? as follows

VI(t, 21,51, Ta, Jo) = |21(t) — T2(0)] + |2(F) — 2(D)]-

Choose a(6) = B(5) =0 (0 > 0). Then it is easy to see that V (¢, Z1, 91, To, §o) satisfies
condition (7) of Lemma 3.1. Furthermore,

\V(t, &1, 91, 2, §2) — V(L T3, Y3, Ta, )|
= [(|21() = Z2(8)| + [91.(6) = G2(D)]) — (|23(¢) — T4 ()] + [93(¢) — Ga()])]
< |21(t) = Z3()] + |91(1) — g3 (D)] + [Z2() — Ta(8)] + [92(2) — 7a(?)]
(3.6) = [1(@1(8), 5:(2)) = (Z5(2), s ()| + [1(Z2(2), G2(2)) — (Za(t), Ga(£)) I,

which implies that V (¢, Z1, 1, T2, o) satisfies condition (i7) of Lemma 3.1. O

Let (Z;(t), 9:(t)), (i = 1,2) be any two solutions of system (3.3), which are defined
on [0, +00) x I'f x I'!. Then

D*V(t) = sgn{s(t) — #a(t)) {—b(txexp (51(0)} - exp {a(0)))

(1) exp {1 (1)) . (1) exp {1a(1)}
D) oxp (130} + oxp 0] | M) oxp (15a(0) + oxp (D)
o £() expli (8)}
+sgn{in () ~ a(0)} [m@) SO0} + oxp (D)
) £8) exp {a(0)} }
() 5 (15200} + oxp (0]
— sgn{in(t) - (1) [ b()(exp (1)} — oxp {E2(1)))
(Omlexp{1(6) + 15(8)} — exp{Falt) + 151 (O}
) xp (771 (1)) + exp (i (O} () exp (1320 + exp {7a(0))]
) () lexp{d(t) + 72(0)} — exp{ii(t) + #1(1)}
[0 xp (13 (0] + exp (o (0} (0) exp (7520 + exp {7a(0))]
+ sgn{i(t) — Gua(t))
PO mOfexp{E1(6) + 17a(0)} — exp{Es() + 15 ()]
() oxp (131 (0] + oxp (o (O} m(0) exp (1320 + oxp {7a(0)}]
< b(0)] exp {#1(1)} — oxp (E2(0}] + | exp {1 (6)} — exp {1(0)}
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y c(tym(t) exp {7:(t)}

[m(t) exp {791(t)} + exp {Z1(t) }][m(t) exp {7a(t)} + exp {Z2(t)}]
+ [exp {71(t)} — exp {Fa(t)}|
y c(tym(t) exp {vi(t)}

[m(t) exp {791(t)} + exp {Z1(t) }][m(t) exp {7a(t)} + exp {Z2(t)}]
+ exp {Z1(t)} — exp {Za(t)}]
" c(t) exp {71 (1)}

[m(t) exp {v9:1(t)} + exp {Z1(t) }][m(t) exp {v§a2(t)} + exp {Ta(t)}]
+ |exp {71(t)} — exp {a(t)}|
" ct) exp {21(¢)}

[m(t) exp {v9:1(t)} + exp {Z1(t) }][m(t) exp {v§a2(t)} + exp {Ta(t)}]
— Jexp {741 (t)} — exp {v72(t)}|
y f()m(t) exp {7:(t)}

[m(t) exp {791(t)} + exp {Z1(t) }][m(t) exp {7Ja(t)} + exp {Z2(t)}]
+exp {Z1(t)} — exp {Z2(t) }|

y f)m(t) exp {va:(t)}
[m(t) exp {771 (t)} + exp {71 () }][m(t) exp {772(t) } + exp {Ta(t)}]
< —|exp{Z1(t)} — exp {Z2(?)}]
« () — c(t) exp {71 (1)} + f(t)m(t) exp {v3:(1)}
[m(t) exp {v71(t)} + exp {Z1(¢) }][m(t) exp {772(t) } + exp {Z2(t)}]
+ |exp {71(t)} — exp {7a(t)}|
[c(t)m(t) exp {y§1(t)} + c(t) exp {T:()}]

[m(t) exp {v9:1(t)} + exp {Z1(t) }][m(t) exp {Fa2(t)} + exp {Ta(t)}]

+ [exp {741 ()} — exp {v72(t)}|
c(tym(t) exp {G:(t)} — f(t)m(t) exp {Z1(t)}
[m(t) exp {771 (1)} + exp {Z1(¢) }][m(t) exp {772(t) } + exp {Z2(t)}]

In addition,

X

exp {Z1(t)} — exp {Z2(t)} = exp{&(t) }[T1(t) — Z2(1)],
exp {71 (1)} — exp {7(t)} = exp{n(H}H7a() — 52(0)],
exp {791 (1)} — exp {v9a(t)} = vexp{e(¢) 71 (t) — 92(2)],
where £(t), n(t), 1¥(t) lie between Z1(t) and Zo(t), 71(t) and go(t), v71(t) and ~vga(t)

respectively. Hence

c(t) M5 + f(O)m(t)(M5)"
[m(t)(m5)” + mi]*

(t)[zgg Efff ig])sz exp {n(¢)}|71(t) = 52(0)]

DYV (t) < |-b(t) +

exp {€(2) }|Z1(£) — Z2(t)]
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EZE&%/ <>f“emw¢<»wﬂw—@xw

o)+
M; + f{H)m(t) (M)

+7

e
< P T @ me) + mi
() [ (Oms — e()M5] — e()MEIm(AE) + M7
oA, 52(6) — a(0)
<l (0) — 2a(0)] + 17(6) - Ba(0))
)

— —ll(E1 (), 52(5) — F2(0), B2(0)]]

o)

s { S 0 o015~ NG00 M)
ih ) s + i |

Thus, condition (iii) of Lemma 3.1 is also satisfied. Applying Lemma 3.1 and Theo-

mi| Ty (t) — 2(t)]

where

rem 3.2, we conclude that there is a unique almost periodic solution (z*(t), g*(t)) of
system (3.3) which is uniformly asymptotically stable in I'f. Set 2*(t) = exp{Z*(¢)}
and y*(t) = exp{y*(¢t)}. Then, from Corollary 3.3, it follows that system (1.4) has a
unique uniformly asymptotically stable positive almost periodic solution (x*(t), y*(t))
inI',.

4. CONCLUSION

In this paper, we investigate the dynamics of a non-autonomous predator-prey
system with Hassell-Varley type functional response. When v = 1, the non-autonomous
predator-prey system with Hassell-Varley type functional response is reduced into a
non-autonomous ratio-dependent predator-prey system which has been studied by
Fan et al. [9]. In [9], sufficient conditions are obtained for the permanence if f! > d*

l

and m'a’ > ¢ which coincide with Theorem 2.6 when v = 1 in this paper. When

v = 0, it is a non-autonomous predator-prey system with Holling II type functional

response. Theorem 2.6 is still valid in this case.
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