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ABSTRACT. In this paper, we establish the upper semicontinuity of random attractors for the
stochastically perturbed reaction-diffusion equation and damped wave equation with multiplicative

noises defined on the entire space R™ as the coefficient of the white noise term tends to zero.
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1. INTRODUCTION

It is known that the asymptotic behavior of an infinite dimensional random dy-
namical system (RDS) is determined by a random attractor. Many authors studied
the existence of random attractors for the partial differential equations (PDEs) in
bounded domains [6, 7, 8, 9, 10, 11, 12, 13, 14, 20, 23, 31, 33] and in unbounded
domains [2, 25, 26, 27, 28, 29, 30|, and the ordinary differential equations (ODEs) on
infinite lattices [3, 32, 17]. Concerning the properties of attractors for parameters-
depending dynamical systems, it is important to consider the dependence of attractors
on the parameters. In the deterministic case, the upper semicontinuity of global at-
tractors with respect to some parameters were investigated in [4, 15, 16, 18, 21, 24]
and many others. For stochastic PDEs defined in bounded domains, this problem
has been studied by the authors of [6, 7, 19, 22]. Recently, Wang in [28] gave some
conditions for the upper semicontinuity of perturbed random attractors to a global
attractor of the limiting autonomous dynamical system, and then applied it to estab-
lish the upper semicontinuity of random attractors for stochastic reaction-diffusion
equation with small additive white noise defined in R™ as the coefficient of the white
noise term tends to zero, where Wang overcome the obstacles caused by the non-
compactness of embedding by using uniform estimates for far-field values of functions
inside the perturbed random attractors and showed that the values of all functions
in all perturbed random attractors are uniformly convergent to zero when spatial

variables approach infinity.
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In this paper, we consider the following stochastic reaction-diffusion equation and

damped wave equation with small multiplicative noise defined in the entire space R":

du+ (A — Au)dt = (f(x,u) + g(z))dt +cuodW, t>0,

(1.1)

u(z,0) = up(x), r € R,
and
(1.2) d(us + au) + (A — Au + f(u))dt = g(x)dt + eudW, t> 0,

u(z,0) = up(x), u(x,0) =uy(z), r e R,

where A is the Laplacian with respect to the variable z € R", v = u(z,t) is a real-
valued function of x € R” and ¢t > 0; A > 0, a > 0, € are constants, g is a given
function defined on R™; f is a nonlinear function satisfying certain conditions; W (t)
is a two-sided real-valued Wiener process on probability space (€2, F,P), where Q is a
subset of {w € C(R,R) : w(0) = 0}, the Borel g-algebra F on 2 is generated by the
compact open topology, and P is the corresponding Wiener measure on F; o denotes
the Stratonovich sense in the stochastic term. W (¢) acting at w € € is identified
with w(t), ie., W(t)(w) = W(t,w) = w(t) for t € R and w € Q. The authors
have proved the existence of random attractors for the random dynamical systems
associated with (1.1)—(1.2) in [29, 30], respectively. Here we will study the limiting
behavior of random attractors for the stochastic equations (1.1)—(1.2) as ¢ — 0, and

establish the upper semicontinuity of these perturbed random attractors.

The rest of this paper is organized as follows. In the next section, we recall some
basic concepts related to random attractor for general random dynamical systems and
present some conditions for the upper semicontinuity of perturbed random attractors
to a global attractor. In section 3 and section 4, we show the upper semicontinuity of
random attractors for stochastically perturbed equations (1.1) and (1.2) to the global

attractor of corresponding limiting determined equations as € — 0, respectively.

2. PRELIMINARIES

Let (X,| - ||lx) be a separable Banach space with the Borel o-algebra B(X).
Let (Q, F,P, (6;)icr) be an ergodic metric dynamical system. A continuous random
dynamical system (RDS) on X over (2, F,P, (0;)icr) is a (B(RT) x F x B(X), B(X))-

measurable mapping:
P RYxOx X - X, (tw,u)— o(t,w,u)

such that the following properties hold: (i) ¢(0,w,-) is the identity on X; (ii) ¢(t +
s,w, ) = p(t, 0w, p(s,w,-)) for all s,t > 0; (iii) p(t,w,-) : X — X is continuous for
all t > 0 (see [1, 8]). A set-valued mapping {D(w)} : Q — 2% w — D(w), is said

to be a random set if the mapping w +— d(u, D(w)) is measurable for any u € X.
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If D(w) is also closed (compact) for each w € €, {D(w)} is called a random closed
(compact) set. A random set {D(w)} is said to be bounded if there exist ug € X
and a random variable R(w) > 0 such that D(w) C {u € X : |lu — ul|x < R(w)}
for all w € . A random set {D(w)} is called tempered provided for P-a.e. w € €,
tEeroo e Pld(D(0_jw)) = 0 for all 3 > 0, where d(D) = sup{||b||x : b € D}. Let D(X)
denote the set of all tempered random sets of X. A random set { B(w)} is said to be
a random absorbing set if for any tempered random set {D(w)}, and P-a.e. w € Q,
there exists tp(w) > 0, such that ¢(t,0_w, D(6_w)) C B(w) for all t > tp(w). A
random set {B;(w)} is said to be a random attracting set if for any tempered random
set {D(w)}, and P-a.e. w € Q, we have lim; ., dg(¢(t,0_w, D(0_w), Bi(w)) = 0,
where dp is the Hausdorff semi-distance given by dy(E, F') = sup,cp inf,ep [|[u —v|| x
for any E, F' C X. A random compact set {A(w)} is said to be a random attractor
if it is a random attracting set and ¢(t,w, A(w)) = A(fw) for P-a.e. w € Q and all
t>0.

Theorem 2.1 (See [28]). Let (X, | - ||x) be a separable Banach space with Borel o-
algebra B(X) and {p(t) }+>0 be an autonomous dynamical system defined on X. Sup-
pose {¢°(t,w) tesot>0wen @S a family of random dynamical systems on X over metric
system (2, F, P, (0y)ier). Suppose that (i) ¢ has a global attractor Ay in X which
is compact and invariant and attracts every bounded subset of X wuniformly; (ii) for
any € > 0, ¢° has a random attractor A. = {Ac(w)}weq € D and a random absorbing
set B: = {B.(w)}ueq € D such that for some deterministic positive constant cy and
for P-a.e. w € Q, lim, o sup || B:(w)|lx < co, where ||Bo(w)l|x = sup,ep_ (o [17]lx;
(iii) there exists &g > 0 such that for P-a.e. w € Q, Uy .., As(w) is precompact in
X; (w) for P-a.e. w € Q,t >0, e, — 0, and x,, w9 € X with x,, — xg, it holds:
lim,, o 0°"(t,w, z,,) = (t)xg. Then for P-a.e. w € Q, dy(A:(w), Ag) — 0 ase — 0.

3. STOCHASTIC REACTION-DIFFUSION EQUATION ON R" WITH
MULTIPLICATIVE NOISE

In this section, we consider the upper semicontinuity of random attractors for
the following initial value problem of stochastic reaction-diffusion equation (1.1) with

multiplicative noise defined in the entire space R™ (n € N):

(3.1) { du+ (M — Au)dt = (f(z,u) + g(z))dt + cuo dW,

u(z,0) = up(x), v € R",

where v = u(z,t) € R, x € R", t > 0; A > 0, ¢ are constants, g € L?(R"); f
€ C'(R™ x R, R) satisfies certain conditions; W (t) is a two-sided real-valued Wiener
process on the complete probability space (€2, F,P) defined in section 1; o denotes

the Stratonovich sense in the stochastic term. Define (6;)icr on Q via Gw(-) =
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w(-+1t) —w(t), t €R, then (Q,F,P, (6;)ier) is an ergodic metric dynamical system
1, 8].

Note that Eq.(3.1) is interpreted as an integral equation:
2) u(t) = u(0)— Au(s)—Au(s))d T, U x))d u(s)odW,
3:2) ult) = u0)= [ ()= Auds-+ [ (fauls) +ota)ds+e [ u(s)oaw,

where the stochastic integral is understood in the Stratonovich sense.

We make the following assumptions on the nonlinearity f(z,u):

f e C'(R" x R,R),

(3.3) f(xz,0)=0, flz,u)u <0, for all x € R", u € R,
Lwwl<r, |G )| < fl2),
where £ is a positive constant, f(z) € L2(R"), | - | denotes the absolute value of real

number in R.

It is convenient to convert the problem (3.1) into a deterministic system with a
random parameter. Put z(6,w) := — f e*(Qw)(s)ds, t € R, which is an Ornstein-
Uhlenbeck process and solves It6 equation dz + zdt = dW (t). Moreover, the random

variable z(w) is tempered, and there is a f-invariant set Q C Q of full P measure

such that for every w € (2, t — z(Aw) is continuous in ¢; limy 4. |Z(|6tt‘“)| = 0 and
limy o0 + f(f 2(0sw)ds = 0 (see [1, 5, 8]).

Let v(t) = e~#*(%“)qy(t), where u is a solution of problem (3.1). Then (3.1) can
be written as the following evolution equation with random coefficients but without
white noise:

(3.4 PO = Av(t) — Mo(t) + e (f(2, e (1)) + g(2)) + ez(Bw)v(t),
' v(0,7) = vo(z) = e™FWhyy(z), z € R?, > 0.

We will consider (3.4) for w € Q and still write Q as Q. Concerning the solutions

of (3.4), from [29] we knew the following results.

Theorem 3.1 (See [29].). Suppose conditions (3.3), g € L*(R™) hold and ¢ € R.
Then

(1) for anyvy € L*(R™), the system (3.4) has a unique solution v(-,w,vy) € C([0, +00),
LAR™)NC([0,T), HY(R™)) (T > 0) and v(t,w, vo) is continuous in vy in L*(R™)
for all t > 0. Furthermore, for ug € L*(R"), t > 0, w € Q, the mapping

(3.5) ©° R x Q x L*(R") — L*(R"), ¢°(t,w,vo) = v(t,w, o)
forms a continuous RDS {¢°(t,w)}i>0weq over (2, F, P, (6:)ier) and
(3.6) ¢° (t, w, uo) = u(t,w, up) = eI (t,w, e )

generates a continuous RDS {¢°(t,w) }i>0weq associated with the problem (3.1)
on L*(R").
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(2) For any {D(w)} € D(L*(R"))and P-a.e. w € Q, there is Tp(w) > 0 such that
for any ug € D(0_;w) N L*(R"),

2 0
(37) ||¢E(t, Q_tw,UQ)||2 < 62az(w) <1 + ||i\|| / e—2az(03w)+25 ff z(ﬁTw)dT—i-)\st)

[e.e]

= R(e,w),

(3.8) IV 67 (¢, -0, o) ||* < e¥*(Cy + 2ee7(w)) Ro(e, w)
0 o~
st [ (g 4 Gy FI)ar
-1
where C1, Cy are positive constants independent of € and

2 0
(39) Ro(é, w) — 14 Hg>\|| / ee(—2z(03w)+26max0<7g1 |z(67w)\+2f£ z(0,w)d7’)+>\(s+l)d8'

— 00

(3) For anyn > 0, any {D(w)} € D(L*R")) and P-a.e. w € Q, there exist Ty =
Ty(n,w,B) >0 and ry = r1(n,w) > 0 (independent of €), such that the solution
¢° of (3.1) satisfies for P-a.e. w € Q, V t > 11,

(3.10) [ et @ <
|| =71
(4) RDS {¢°(t,w) }1>0weq has a unique global random attractor {A*(w)} in L*(R™).

According to Theorem 2.1, we have the following upper semicontinuity of random
attractors { A°(w)} when ¢ — 0.

Theorem 3.2. Suppose conditions (3.3) and g € L*(R™) hold. Then forP-a.e. w € €,

(3.11) Ay (A% (w), A% = sup inf ||z —y| 2@y — 0 as e—0,
TEA® (w) ycA°

where A° is the global attractor of the autonomous dynamical system associated with

the limiting deterministic equation

Ccll—?+)\u—Au:f(x,u)+g(x), t>0,

3.12
(312) u(x,0) = ug(x), x € R™

Proof. Let us check that RDS {¢°(¢,w) }+>0.weq satisfies the conditions in Theorem 2.1

one by one.

(i) It is clearly that under the conditions (3.3) and g € L*(R™), the solutions of
limiting deterministic equation (3.12) determines a continuous autonomous dy-
namical system {¢°(¢)}s>0 and {¢°(¢)}i>0 has a global attractor A° in L?(R")
(see [28, 29]).
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(ii) Given |e| < 1. By the properties of z(6;w), there exists 7\ > 0 (independent of
e) such that

~22(0w) + 2 [7 2(6w)d
(3.13) W) +2), 2Or)dr) Ay s
s 2
Then
(3.14)
lall* [° 0
R(é,bu) _ e2€z(w) (1 + g / ea(—2z(€5w)+26fs z(QTw)dT)-l—)\s)
N o

2 =T
+ ||g>\H e2az(w)/ A 65(—22(05w)+2f£z(GTw)dT)+)\sd$

2 0 2
2
coron (13 BE [° vty 268 3n) g
P

and similarly,
(3.15)

62€z(w) (Cl + 266’)/(60))1:{0(57 W) + /

-1

0 ~
gl + ColFPar ) < Raf)
where R (w), Ro(w) are independent of e. Let

(3.16) Bf(w) = {u € L*(R™) : ||ul|® (5,w)},

<R
B(w)={ue L*R"): |lul]* < Ri(w)}.

Then by (3.14), B® = {B*(w)}.eq € D(L*(R™)) is a closed tempered random
absorbing set for {¢°(t)}+>0 and

(3.17) U Bf(w) € B°(w)
lel<1
By (3.7),
(3.18) lirr(l) sup R(e,w)
2 0
— lim sup 62az(w) 1+ ||g|| 65(—2z(€sw)+2 fSO z(@Tw)dT)—l—)\sds
e—0 )\ oo
lgll?
=1+ VR

So, for P-a.e. w € Q,

(3.19) lin(l)sup | B*(w)|| = liIr(l)sup sup ||ul|

ueB® (w)

2\ 2
< lir%sup VR(e,w) < (1 + Hig ) )
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By Theorem 3.1 (4), the random attractor A° = {A%(w)},cq € D(L*(R")) for
{¢°(t,w) hi>0wen satisfies that for P-a.e. w € Q,

(3.20) Aw) CBw), |JAWw B W B W).

lel<1 le|<1
(iii) Given |¢|] < 1. By (3.7), (3.8), (3.14) and (3.15), for P-a.e. w € Q, there is
Tpo(w) > 0 (independent of €) such that
(3.21) 1= (¢, 0w, B®(0-e0)) 7y
= [|6°(t, 0w, BY(O0-w) |* + I VG=(t, 0w, B°(0_w)) |
< R1<u)) + RQ(CU), t Z TB()((U).

Thus, by (3.20), we have that |J ¢, A°(0—w) C B°(w) and for |e < 1,
(3.22) 16 (t, 0w, A*(0-)) [ Fr ey < Rr(w) + Ra(w), > To(w).
By the invariance of the random attractor A%(w), it follows that for P-a.e. w € Q
and t > 0,
(3.23) O (t, 0w, A*(0_w)) = A% (w).
By (3.22),
(3.24) sup ||u||%11(Rn) < Ri(w) + Ry (w).

u€lU) <1 A% (W)

Now let us show that the precompactness of [ J_ ¢, A*(w) in L3(R"), i.e., given
any 7 > 0, find a finite covering of balls of radius less than 7 for [J ¢, A°(w) in
L*(R™). Let r > 0, and write

(3.25) Q ={zecR":|z|<r}, Q ={xcR":|z|>r}=R"\Q".

By Theorem 3.1 (3), for P-a.e. w € §, there exist Ty = Ty(n,w, B%) > 0 and
ry = r2(n,w) > 0 (independent of €), such that for V¢ > Ty and ug € A*(f_w)) N
L*(R™) C BY(0_w),

2
(3.26) / 16°(t, 0_yw, uo) (z)2dr < L.
|z|>r2 16
From the invariance of A°(w), for P-a.e. w € ,
%
(3.27) sup ul L2(gray = sup (/ |u(x)\2dm) < Z
UAEU‘E‘gl AE(W) uEU‘sKl Ag(w) ‘1“>T‘2

By (3.24), for P-a.e. w € Q,

(3.28) sup ||u||§{1(Qr2) < Ry (w) + Ry (w),

uGU‘EKl A (w)

implying that |, A°(w) is bounded in H'(Q"). Since the embedding H'(Q"?) —
L*(Q) is compact, |, <, A*(w) is a compact subset of L*(Q"?), hence, |, <, 4°(w)
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has a finite covering of balls of radii less than Z in L?*(Q™). Combining with
(3:27), Uj<1 A%(w) can be covered by finite balls with radii less than n in L?(R™).
Therefore, for P-a.e. w € Q, [J <, A:(w) is precompact in L*(R™).

(iv) Let v® and wu be the solutions of (3.4) and (3.12) with initial data v§ and wuy,

respectively. Set w = v® — u, then

% + 2w — Aw = 7520 (3 220wl (1)) — f(2,u)
(3.29) +(e75*0w) — 1)g(z) + ez(Ow)v®, t>0,
w(0,z) = v§(x) — uo(z), z € R™

Taking the inner product of (3.29) with w in L*(R"™), we find that

(3.30) Ll + 02 4+ Al

2 dt
:/ (e‘az(‘gtw)f(x, eaz(et“)va) — f(a:,u)) wdx
+ (750 — 1) g, w) + (e2(fw)v®, w).

We find by condition (3.3) that
(3.31) / (70 f(, %) — f(a,u)) wd
— oc#(0uw) / (f(ZE, eaz(etw)va) _ f(:l?, eEz(etw)u)) wdx
+ 6—az(9tw) / (f(!lﬁ', 682(9tw)u) — f(:)j', u)) wdx

+ (e_az(et“) —1) f(z,u)wdx

Rn
of 5 _ of
_ 1 — ez(frw) / “J
. Du —(z,&)w dx+( e ) . au(z,fg)uwd:p
0
b (e 1) [ W0 g uwda
Rn
< wllulf+ 261 =] [ Jul-ulda
< wllwl]® + £ |1 = e | 2)lull + 7)),
—ez(Urw ||gH2 —ez(Urw )\
(332 (72 — 1)g,w) < (0 12 4 D,
8 €
(3.33) (e2(frw)v®, w) < T‘ 2(Ow)]? v H2+1Hw|l2-

Since

2 t
(3.34) u(t, uo)|2 < e [luol)? + @ / e =9 g5 — P (1),
0
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and for |e] < 1,

(3.35) [0 (t, w, v (@) ||> < 2o S 0swddsA e () |2

A
< PQ(t7w)7

2 t )
+ ||g|| o2 fot z(0sw)ds—At / e—2ez(93w)—25 I z(@Tw)dT—l—)\st
0

where P (t), Py(t,w) are positive-valued and continuous in ¢ but independent of
€.
By (3.30)—(3.35), we get

d 2 2 2Hg||2 —ez(0rw 2
(8:36)  —llwll” < (26 = A [wl® + =5 |1 — ==
2 2
+26 |1 — e (2P, (1) + Pa(t,w)) + §|z(9tw)|2Pz(t, w).
By the Gronwall inequality to (3.36),

(3.37)

[v° (¢, w, v5) — u(t, uo) | = [Jw(t, w, w(0))]*

t 2 2
< €(2n—)\)tHU8 _UOH2+/ 6()\_2ﬁ)(t_8)%‘,2(03w>|2P2(S,W)ds
0

t 2
+/0 e()\—2/~c)(t—s)(||g)\|| }1_6_&(95@‘2

+ 251 — e~e#(0sw) |(2P1(s) + Pa(s, w)))ds.

From (3.37), we see that for P-a.e. w € Q, t >0, &, — 0, and vj", ug € L*(R")
with vg" — wo, it holds: lim,, . v®"(t,w, vg") = u(t, up). Thus, for P-a.e. w € Q,

t>0,e, —0,and ui", ugp € L>(R") with ui® = e“*@ySr — vy,

(3.38) lim ¢ (¢, w,ugy*) = nh—{go v (tw, vE) = u(t, ug) = ¢°(t)uo.

n—oo

By Theorem 2.1, the proof is completed.

4. STOCHASTIC DAMPED WAVE EQUATION ON R" WITH
MULTIPLICATIVE NOISE

Consider the following stochastic damped wave equation (1.2) with multiplicative

noise defined in the entire space R™:

d(ur + au) + (A — Au + f(u))dt = g(x)dt + eudW, t>0,

(4.1)
u(z,0) = ug(x), u(x,0) =uy(z), r e R,
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where u = u(z,t) € R, x € R" and t > 0; a > 0, A > 0, € are constants, g is a given

function defined on R"; f is a nonlinear function satisfying the following conditions:
(4.2) feC'R,R), |f(uw)|<c, |f(u)]<ec, VucR,

where cg, ¢; are non-negative constants, W (t) is as in section 3.

Let & = uy + ou, then (4.1) can be rewritten as the following equivalent system

du = (£ — ou)dt,
(4.3) dé = ((6 — @) + (a0 — A — dH)u+ Au— f(u) + g(x)) dt + e&dW,
u(z,0) = up(x), £(z,0) = &(z) = ui(z) + oup(z), x€R™

Let the metric dynamical system (€2, F, P, (6;):cr) be defined as in section 3. Put

the Ornstein-Uhlenbeck process as

Z(Ow) = —a/ e (Ow)(s)ds, teR,

which solves the It6 equation dZ + aZdt = dW(t) [5]. From [2, 11, 13], it is known

that the random variable |Z(w)| is tempered, and there is a f;-invariant set Q; C Q

of full P measure such that for every w € €, t — Z(f,w) is continuous in ¢ and

z t
(4.4) lim 20 / 2(0,w)ds = 0,
t—=+oo |t‘ t—too ¢ 0
(4.5) lim —/|z6’w|d8—— lim —/|z€w2d5——
t—=+oo Oé t—+oo {
Let

(4.6) v(x,t) =E&(x,t) —eu(z, ) 2(Ow) = u(x, t) + ou(x, t) — eu(z, t)Z(bw),
then (4.3) can be rewritten as the following equivalent random system with random
coefficients but without white noise

(du
dt

(4.7 B = (o(a—0)— A= Au+ (a—0)v—e(v—20u + cui(bw))Z(fw)
+g(x) — f(u),
Lu(z,0) = uo(x), v(x,0) =vo(x) = ui(z) + oup(r) — eup(r)Z(w), v € R,

=v —ou+ecuZ(fw),

where A = —A. In the following, we still write Q, as .

Let E = H'(R") x L*(R") be the phase space endowed with the usual norm
1Y |gixze = ([[Vu|? + [|u||* + |[v]|?)? for Y = (u,v)" € E, where || - || denotes the
usual norm in L?(R"). It is known from [30] that the following statements hold.
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Theorem 4.1 (See [30]). (1) Under condition (4.2) and g € L*(R™), for any vy =
(ug,v9)" € E, (4.7) has a unique solution . (t,w, Vo) = (u(t,w,ug), v(t,w, vp)) "
with 1-(0,w, o) = o and VY. (t,w, 1) is continuous with respect to YPoin E for

all t > 0, furthermore, the solution mapping

(4.8) Ve (t,w) g = Yot w b)) = (u(t,w, w),v(t,w,v))", E—FE

generates a continuous RDS to (4.7), and VU (t,w) = P(Ow).-(t,w) P71 (fw)
generates a continuous RDS associated with (4.3), where P(Qw) : (u,§) —
(u, E4+euz(Bw)), (u,&)T € E is a homeomorphism on E and P~Y(0,w) : (u, &) —
(u, & —cuz(bw)).

(2) Take a sufficient small number o > 0 such that A + 0®> — aoc > 0, « — 30 > 0.

Let
4o 1
4.9 e = Coy=14—
(4.9) 0 \/ﬂ<1+m+\/(1+m>2+3&> 7 A+o0?2—ao
Define a new norm || - | g, which is equivalent to the usual norm || - ||g1xr2, by
(4.10) 1¢lls = (Il + (A + 0* = ao)[[ul]” + [[Vul?)z, ¥ = (uv)" € E.

Then for |e| < eq, there exists a random ball {B-(w)} € D(E) :
(4.11) B.(w) ={p e E:¢lle < ole,w)}
centered at 0 with random radius o(e,w) > 0, where
4
4.12 2 =——(c? 2
(@12)  Pew) = ——(+ gl
0
/ (2 (a0} 2 Olel- (0,0 + 32 (0,0 )i g
such that {B:(w)} is a closed random absorbing set for ¥ (t,w) in D(FE), that
is, for any {D(w)} € D(E) and P-a.e. w € Q, there is Tp(w) > 0 such that
(4.13) Ye(t,0_yw, B(0_w)) C B.(w) forallt > Tp(w).

(3) Given |e| < eg. Let Yo(w) € B:(w). Then, for every n > 0, there exist Ty =
T3(B,n,w) > 0 and r3 = r3(n,w) > 1 (independent of €) such that the solution
W of (4.7) satisfies that for P-a.e. w € Q, V t > T, r> R,

(4.14) [0 (¢, 01w, 1o (0—1w)) | Zm\or) < -
(4) Define a smooth decreasing function p € C'(R,,[0,1]) satisfying
p(s) =1, 0<s<1,

(4.15) 0<p(s)<1, 1<s<2,
p(s) =0, s> 2.



26 S. ZHOU AND Z. WANG

Fixr > 1 and set
(4.16) b= p( ) = (@,9) = p(S) (u.v).
It is known that the eigenvalue problem “Au = pa in Q* with @ =0 on 0Q*”
has a family of eigenfunctions {e;}ien with the eigenvalues {\;}ien : A1 < Ao <
<A<, A — 400 (1 — +00), such that {e;}ien is an orthonormal basis
of L*(Q*"). Given n, let X, = span{ei, -+ ,e,} and P, : [*(Q*) — X,, be
the projection operator. Let 1g(w) € B:(w). Then, for given |e| < ey and any
n > 0, there exist Ty = Ty(B,n,w) >0, ry = r4(n,w) > 1 and N = N(n,w) >0
(independent of €) such that the solution Yof (4.7) satisfies that for P-a.e. w €
QVt>Ty, r>ry andn > N,

(4.17) 1T = P, 0 vo(0-0)) 30y < 1
(5) {v(t,w) }i>owenhas a unique global random attractor {A.(w)} € D(E) in E.
Theorem 4.2. If conditions (4.2) and g € L*(R") hold, then for P-a.e. w € €,

(4.18) du(A.(w),Ag) = sup inf ||l —yllp —0 as e—0,

z€A: (w) yedo

where Ag is the global attractor for the autonomous dynamical system associated with

the limiting deterministic equation

(4.19) & = (o(a—0) = A= Au+ (a—o)v+g(x) — f(u),

u(z,0) = ug(x), v(r,0) =vo(x) = ui(x) + oup(x), =x€R™

Proof. The proof is based on Theorem 2.1, we then check that {¢.(t,w)}+>0weq sat-

isfies the conditions of Theorem 2.1.

(i) Let (4.2) and g € L*(R"), then the solutions of limiting deterministic equa-
tion (4.19) generates a continuous autonomous dynamical system {1 () };+>o and
{1(t) }+>0 has a global attractor Ag in L*(R™) (see [27, 30, 24]).

(ii) Given |e| < 9. By the properties (4.4)-(4.5) of z(6;w),

(4.20)
0*(e,w) < %(63 + 191?) /_(; o2 JJ (=ote0l2(0-w) 47, (00| 2(0-w) |+ 5 €3 2(0+w) [2))dr g
= Ry(go,w).
Let

(4:21) Bo(w) = {p € E : lgll3 < Ralco,)}
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Then by (4.11), (4.20)-(4.21),

(4.22) U 4cw) € | B-(w) € Bo(w) CE, P-ae we.

0
(4.23) 1in(1] sup 0%(g,w) = lin% sup (?+ ||g||2)/ e*7%ds

a—o oo

2 2 2
= m(cl + llglI%),

implying that for P-a.e. w € 2,

(4.24) limsup || Ac(w)|| = limsup sup ||ull
=0 e—0 u€Ac(w)

< (=@ 1)

(i) Let {tn(w)}Zy C Ujejce, Ae(w) be a given sequence of |J| ., A-(w) in E. Then
{n(w)}5, C By(w) is bounded and there exist |e,| < o, such that ¢, (w) €
A, (W) = ., (8,0 4w, A (0_4w)), n = 1,2,..., thus there exist {t,}>2, C R
and Y, o(0_,w) € A, (0_,w) C By(w), n = 1,2,..., such that ¢, — oo and
Vn(Ww) = Ve, (tn, 01, w, Yno(0_¢,w)), and

(4.25) [dn ()l = [[e, (tns 01,0, Y 0(0-1,))l[ &
<R4(80,W), n:1,2,....

By the proof of Lemma 4.2 and Lemma 4.3 of [30], for P-a.e. w € © and any
n > 0, there exist Ny = Ny(n,w) > 0, r5 = r5(n,w) > 0 and M; = M;(n,w) >0
(independent of ) such that for every n > My,

(4.26) 12, (tns 01,0, Y0 (01, 0)) [T\ rs) < 7
and
(4.27) (I = Py)e, (tn, 01,0, Y0 (0—1,0)) | B g2rsy < 70

It follows from (4.16) and (4.26) that {PNQZ;(tn, 0_t,w, Yno(0_y,w))} is a bounded
in PyE(Q¥3), and {¥e, (tn, 01, w,hno(0_y,w))} is precompact in H(Q*5) x

L*(Q*s). Note that p(@—f) = 1 for |z| < 75, this implies that {., (t,,0_; w,

Yno(0—r,w))} is precompzmct in F(Q™), along with (4.14) shows that the pre-

compactness of {¢,(w)};2; in E. Therefore |J ., A:(w) is precompact in E.
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(iv) Let 1. and 1 be the solutions of (4.7) and (4.19) with initial data . and 1y,
respectively. Set y =¥, — 1 = ((,<) = (us — u,v. — v), then

( dC =¢—o0(+euz(bw),

% =(ocla—0)— A=A+ (a—0)s —e(v. — 20u. + euz(w))Z(6w)

(4.28) —f(ue) + f(uw),

¢(2,0) = veo(x) — uo(x),

($(2,0) = ue,1(2) + ouco(7) — ctep(2)2(w) — ui(z) — oup(z), = €R"

Taking the inner product of the second equation of (4.28) with ¢ in L*(R"™), we

have
1d

4.2
(429) 2dt

—[lslI> = (o = a)[lsI” = (A + 0 = a0)(¢, ) — (A¢, <)
— (e(ve — 20ue + cuZ(Oiw))2(0iw), ) — (f(ue) — f(u),s).

For the terms in the right side of (4.29), we find that

_ dC - 2y 1 2 L 2 2
(69 = (.5 + 06 = cuci(6) ) 2 5 lclP+ (o = 5 ) I6IP = GleP 26 Pl
(4.30) — (e(ve — 20u. + cuZ(Ow)) 2(Ow), )

< lef - [2(0w)] - lve = ue(20 — e2(6w)) || - [l<]]

i . 1
< e+ [20w) Pllloe | + [l (20 — £2(60))] + 5 lI<]I*,

(4.31) —(fue) = f(u),¢) < collCl - [lsll < EO(HCH2 +[I<II®)-
By (4.29)-(4.31), it follows that

d
(4.32)  —(llsl* + (A + 0" = ao) [ C* + V)

<ald?+2 (0~ a0l = o)+ 5+ 5 ) ICIP + (1 - 20V P

2 2
4206l 20 (ol + el (2o — e3(0))? + 1)]
By the inequality (4.13) in [30], for |¢| < &y,
(4.33)  [lvell® + (A + 0® — ao)|Juc|*

< 2o (—otlel13(0-w) [+, (ool 126w+ 3% 2(0-) )T | 1) |2,

t
2@ gl?) / o2 Lo Hel 5 0ro) vy (olel (0o b e212(0,) 2))dr g
a—o ! 0
< Py(t,w), (independent of ¢).
Thus,

(4.34) [2(00w) | [Jlvell* + [luell? (20 — e2(6iw))* +1)] < Pat, w),
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where Pj(t,w) is continuous in ¢ but independent of €. By (4.32) and (4.34),

d
(4.35) T 9lE < Cllylls + 2l - Palt,w), >0,
where C7 depends on ¢y, A, o, a but independent of €. By the Gronwall inequal-
ity,
(4.36) [9e(t, w, ¥e0) — ¥ (t,%0) I

— Iyt 0, w(O)I3
t

< 0 — volfy + 2ef? [ IR (s, w)ds.
0

From (4.36), we see that for P-a.e. w € Q,t >0, £, — 0, and ., 0,0 € E with
Y., 0 — o, it holds:

(4.37) lm 4, (t,w, ¥e, 0) = ©(t, Yo) and Tim U, (t,w, U, o) = ¥(£).

n—~o0

By Theorem 2.1, the proof is completed.

5. CONCLUSION

In this paper, we establish the upper semicontinuity of random attractors for the
stochastically perturbed reaction-diffusion equation and damped wave equation with
multiplicative noise defined in the entire space R™ as the coefficient of the white noise
term tends to zero. The method here can also be applied to other types of stochastic

evolution equations.

Acknowledgment. The authors would like to express their sincere thanks to the
anonymous referee for his/her time and useful suggestions and comments, which led

to a much improved quality of this work.

REFERENCES

[1] L. Arnold, Random Dynamical Systems, Springer-Verlag, New York and Berlin, 1998.

[2] P. W. Bates, K. Lu and B. Wang, Random attractors for stochastic reaction-diffusion equations
on unbounded domains, J. Diff. Eqns., 246: 845-869, 2009.

[3] P. W. Bates, H. Lisei and K. Lu, Attractors for stochastic lattice dynamical systems, Stochastics
and Dynamics, 6: 1-21, 2006.

[4] J. M. Ball, Continuity properties and global attractors of generalized semiflows and the Navier-
Stokes equations, J. Nonl. Sci., 7: 475-502, 1997.

[5] T. Caraballo, P. E. Kloeden and B. Schmalfuss, Exponential stable stationary solutions for
stochastic evolution equations and their perturbation, Appl. Math. Optimization, 50:183-207,
2004.

[6] T. Caraballo, J. A. Langa, J. C. Robinson, Upper semicontinuity of attractors for small ran-
dom perturbations of dynamical systems, Commu. Partial Differential Equations, 23:1557-1581,
1998.



30

[7]

S. ZHOU AND Z. WANG

T. Caraballo, J. A. Langa, On the upper semicontinuity of cocycle attractors for nonautonomous
and random dynamical systems, Dynamics of Continuous, Discrete and Impulsive Systems
Series A: Mathematical Analysis, 10: 491-513, 2003.

I. Chueshov, Monotone Random Systems Theory and Applications, Springer-Verlag, New York,
2002.

H. Crauel, A. Debussche, F. Flandoli, Random attractors, J. Dyn. Diff. Eqns., 9: 307-341,
1997.

H. Crauel, F. Flandoli, Attractors for random dynamical systems, Probab. Th. Re. Fields, 100:
365-393, 1994.

J. Duan, K. Lu and B. Schmalfuss, Invariant manifolds for stochastic partial differential equa-
tions, Ann. Probab., 31:2109-2135, 2003.

X. Fan, Random attractors for damped stochastic wave equations with multiplicative noise,
Internat. J. Math., 19:421-437, 2008.

X. Fan, Attractors for a damped stochastic wave equation of sine-Gordon type with sublinear
multiplicative noise, Stoch. Anal. Appl., 24: 767-793, 2006.

F. Flandoli and B. Schmalfuf}; Random attractors for the 3D stochastic Navier-Stokes equation
with multiplicative noise, Stoch. Stoch. Rep., 59: 21-45, 1996.

J. K. Hale, X. Lin and G. Raugel, Upper semicontinuity of attractors for approximations of
semigroups and PDE’s; Math. Comp., 50:89-123, 1988.

J. K. Hale and G. Raugel, Upper semicontinuity of the attractor for a singularly perturbed
hyperbolic equation, J. Diff. Eqns., 73: 197-214, 1988.

X. Han, W. Shen and S. Zhou, Random attractors for stochastic lattice dynamical systems in
weighted spaces, J. Diff. Eqgns., 250:1235-1266, 2011.

P. E. Kloeden and J. A. Langa, Flattening, squeezing and the existence of random attractors,
Proc. R. Soc. A, 463:163-181, 2007.

0. V. Kapustyan, O. V. Pereguda and J. Valero, Qualitative behavior of solutions of a randomly
perturbed Reaction-Diffusion equation, Nonlinear Oscillations, 8: 172-183, 2005.

Y. Lv and W. Wang, Limiting dynamics for stochastic wave equations, J. Diff. Eqns., 244:
1-23, 2008.

J. C. Robinson, Infinite-Dimensional Dynamical Systems, Cambridge University Press, Cam-
bridge, UK, 2001.

J. C. Robinson, Stability of random attractors under perturbation and approximation,J. Diff.
FEqns., 186: 652-669, 2002.

B. Schmalfuf}, Measure attractors and random attractors for stochastic partial differential equa-
tions, Stoch. Anal. Appl., 17:1075-1101, 1999.

R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, Springer-
Verlag, New York, 1998.

B. Wang, Asymptotic behavior of stochastic wave equations with critical exponents on R?,
Trans. Amer. Math. Soc., 363: 3639-3663, 2011.

B. Wang and X. Gao, Random attractors for wave equations on unbounded domains, Discrete
Contin. Dyn. Syst. Syst. Special issue, 800-809, 2009.

B. Wang, Random attractors for the stochastic Benjamin-Bona-Mahony equation on unbounded
domains, J. Diff. Eqns., 246:2506-2537, 2009.

B. Wang, Upper semicontinuity of random attractors for non-compact random dynamical sys-
tems, FElectronic J. Diff. Eqns., 139:1-18, 2009.



UPPER-SEMICONTINUITY OF ATTRACTORS 31

[29] Z. Wang and S. Zhou, Random attractor for stochastic reaction-diffusion equation with multi-
plicative noise on unbounded domains, J. Math. Anal. Appl., 384: 160-172, 2011.

[30] Z. Wang, S. Zhou and A. Gu, Random attractor for a stochastic damped wave equation with
multiplicative noise on unbounded domains, Nonlinear Analysis: RWA, 12:3468-3482, 2011.

[31] D. Yang, The asymptotic behavior of the stochastic Ginzburg-Landau equation with multiplica-
tive noise, J. Math. Phy., 45:4064—4076, 2004.

[32] C. Zhao and S. Zhou, Sufficient conditions for the existence of global random attractors for
stochastic lattice dynamical systems and applications, J. Math. Anal. Appl., 354: 78-95, 2009.

[33] S. Zhou, F. Yin and Z. Ouyang, Random attractor for damped nonlinear wave equations with
white noise, SIAM J. Appl. Dyn. Syst., 4: 883-903, 2005.



