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ABSTRACT. This article continues our earlier work, [16] and [17], in pricing the indifference
continuous annuity benefits for the insurance contract with reference to a home reversion plan that
involvs a single insured and a pair of insureds using the principle of equivalent utility. Whereas
in [16] we analyzed this problem with fixed interest and volatility rates, we extended the analysis to
a case of stochastic interest rates in [17], while keeping the volatility rate fixed. In this work, we look
at the more general case of stochastic interest and volatility rates. We assume that the dynamics
of the stochastic interest and volatility rates are governed by two diffusion processes. We show that
the systems of partial differential equations under the stochastic interest and volatility rates parallel
in form with those under the constant interest and volatility rates. However, the ramifications show
the existence of connections as well as the differences between them.
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1. INTRODUCTION

A reverse mortgage, in its broadest sense, is a special type of financial tool. It

allows the elderly home-owners to tap their home equity but still maintain ownership

and residence in their homes. With a reverse mortgage, the house-rich but cash-

poor seniors can obtain much needed cash for their living expenses, premiums for

long-term care, and/or other necessary expenditures, deferring the final disposition

of their houses.

With the increase in the aging population, the pressure on social security and

medicare entitlements is on the rise. Since the reverse mortgage will help the seniors

from the inadequate fixed income, several countries, such as America, Great Britain,
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and France, have introduced the different types of reverse mortgage systems, such

as the American home equity conversion mortgage, the French rente viager, and the

British lifetime mortgage, and home reversion plan. Since the advent of the reverse

mortgage in 1980s, several researchers and practitioners have analyzed the reverse

mortgage system putting emphasis on qualitative research, particularly involving:

(i) the feasibility and the effectiveness of the reverse mortgage, see [19], [20], [23],

[24], [21], [5];

(ii) the risk of the reverse mortgage, see [4], [28], [29], [14] [26];

(iii) the pricing of annuity of the reverse mortgage, see [7], [25], [28], [4].

(iv) the law and regulation relevant to the reverse mortgage, see [2], [3];

(v) and the financing of long-term care insurance using reverse mortgage, see [9],

[10], [1], [11], [27].

The pricing of insurance risk is a classical problem in actuarial mathematics.

The presence of mortality risk associated with insurance contracts causes the eco-

nomic market to be incomplete. The equivalent martingale measure is not unique

for incomplete markets. Hence, the standard no-arbitrage arguments do not provide

unique prices any more. Therefore, the utility indifference pricing is applied increas-

ingly in order to price the insurance risk in incomplete markets; for the equity-indexed

life insurance see [22], [15], [12], [32], [31], for the life insurance liabilities see [6], for

the catastrophe bonds see [8], [33]. Several of the recent literatures for utility indif-

ference pricing of insurance risk have relaxed some restrictive assumptions, mainly

including:

(i) The price process of risky asset or the claim process: from Geometric Brownian

motion (see [22], [32], [31]) to the jump-diffusion processes (see [6], [12]);

(ii) The interest rate: from the constant interest rate (see [22], [32], [31]) to the

stochastic interest rate (see [15], [33]);

(iii) The mortality: from the deterministic mortality model (see [22], [12], [32], [31])

to the stochastic mortality model (see [6], [15]).

However, research work on pricing the reverse mortgage and the insurance con-

tract linking the reverse mortgage to the long-term care is still lagging behind. The

recent work [30] designs first a special insurance contract linking the home reversion

plan to the long-term care involving a single insured, and then prices the contract

with the equivalent utility principle. Ma-Zhang-Kannan [16] follows similar ideas and

methods to design and price the continuous annuities of home reversion plan and

the insurance contract linking home reversion plan to long-term care for a pair of in-

sureds (’pair’ meaning husband and wife). In [16] we assume that (a) the insurer can

choose investment proportion dynamically between the risky assets and the riskless

bonds, (b) that the instantaneous yield of the risky assets is governed by a geometric
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Brownian motion, and (c) the riskless bonds accumulate with constant interest rate.

Following that, [18] generalizes the dynamics of the risky assets (i.e. home price)

to follow a Lévy process, while the riskless bonds still accumulate with the constant

interest rate. Our recent article [17] moves from the assumption of constant inter-

est rate to the stochastic interest rate that is modeled by a diffusion process, while

the instantaneous yield of the risky assets continues to be governed by a geometric

Brownian motion. In this current article, we further extend the above by assuming

that the volatility rate is also stochastic. In this, we use different diffusion processes

to model the stochastic interest rates and stochastic volatility rates.

The remainder of the paper is organized as follows: In section 2, we present

the results of the optimal investment without the insurance risk under the stochastic

interest and volatility rate. In Section 3, as for the home reversion plan involving

a couple presented by [16], we derive the partial differential equation system that

the indifferent annuities satisfy under the exponential utility function. In Section 4,

as for the contract linking home reversion plan and Long-term care insurance for a

single insured, which are researched in [30], we derive the partial differential equation

system that the indifferent annuities satisfy under the stochastic interest and volatility

rates. It is of interest to note that the partial differential equation system that the

indifference annuities satisfy under the stochastic interest and volatility rates are the

same in form with that under the constant interest and volatility rates. However, the

ramifications provide different meanings. The final Section 5 presents the conclusion.

2. THE OPTIMAL INVESTMENT UNDER STOCHASTIC INTEREST

AND VOLATILITY RATES

The goal of this section is to obtain the results for the optimal portfolio investment

without the insurance risk, where we assume that both the interest rate and the

volatility rate to be stochastic. We start by setting up the basic notations.

• We have a complete probability space (Ω,F , P ) with a filtration Fo = (Fs)t≤s≤T ,

where T denotes the term of the trading horizon.

• The filtration Fo = (Fs)t≤s≤T satisfies the usual conditions: viz, it is right

continuous, increasing, and complete (i.e., F0 contains all the sets of P-measure

0).

• Since we deal with risk-free and risky assets, and stochastic interest and volatility

rates, we further assume that the filtration Fo consists of three subfiltrations:

Fo = FH ∨ Fσ ∨ F r.

Here, FH = (FH
s )t≤s≤T and Fσ = (Fσ

s )t≤s≤T contain the information about

risky asset, and F r = (F r
s )t≤s≤T contains the information about the stochastic

interest rate.
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• We assume that FH ,Fσ and F r are independent.

• The instantaneous yield Hs of the risky asset is governed by a geometric Brow-

nian motion:

(1) dHs = Hs(µds + σsdBH
s ), Ht = H > 0, t ≤ s ≤ T,

where BH
s is a standard Brownian motion on (Ω,F , P ), and adapted to the

filtration FH
s = σ(BH

u : t ≤ u ≤ s), s ≥ t. Here, µ is the constant return rate.

• The σs in Equation (1) represents the stochastic volatility rate of risky asset,

and its dynamics is described by the following diffusion process:

(2) dσs = c(s, σs)ds + d(s, σs)dBσ
s , σt = σ > 0, t ≤ s ≤ T,

where Bσ
s is a standard Brownian motion defined on the complete probability

space (Ω,F , P ), and adapted to the filtration Fσ
s = σ(Bσ

u : t ≤ u ≤ s), s ≥ t.

As mentioned above, the filtration {Fσ
s } independent of the Brownian motion

{BH
s } 0≤s≤T . We assume Equation (2) has a unique strong solution.

• The value of risk-free asset grows subject to the stochastic interest rate rs > 0,

for t < s ≤ T . The dynamics of the stochastic interest rate is governed by the

SDE

(3) drs = a(s, rs)ds + b(s, rs)dBr
s , rt = r > 0, t ≤ s ≤ T,

where Br
s is a standard Brownian motion defined on the probability space (Ω,F , P )

and adapted to the filtration F r
s = σ(Br

u : 0 ≤ u ≤ s). As noted above, the filtra-

tion {F r
s } is independent of the Brownian motions {BH

s } 0≤s≤T and {Bσ
s } 0≤s≤T .

We assume that a(s, rs) and b(s, rs) ≥ 0 are so that rs ≥ 0 almost surely and

so that Equation (3) has a unique strong solution, see Section 5.2 of [13]. Now,

the dynamics of risk-free asset Ms (t ≤ s ≤ T ) is given by

dMs = rsMsds, t ≤ s ≤ T.

• Let Ws denote the wealth of the insurer at time s, with initial wealth w. The

insurer can adjust the dynamic proportion of risky to risk-free asset; in partic-

ular, the insurer invests a portion πs into the risky asset (the real estate, in our

context) at time s (t ≤ s ≤ T ), and the remainder Ws − πs of the wealth into

the riskless asset. Then, the wealth process of the insurer Ws associated with πs

is a solution to the following SDE

dWs = πs
dHs

Hs

+ (Ws − πs)
dMs

Ms

= [rsWs + (µ− rs)πs] ds + σsπs dBH
s , (t ≤ s ≤ T ),

with the initial condition Wt = w.
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• Without the insurance risk, the value function of the insurer is defined by

(4) U (0)(w, σ, r, t) = sup
{πs∈A}

E[u(WT )|Wt = w, σt = σ, rt = r],

where the utility function u : R → R is assumed to be strictly increasing and

concave. Let A denote the set of all admissible strategies πs that are Fs-adapted,

self-financing and square integrable (i.e. E

(∫ T

t

π2
sds

)
< ∞).

• Throughout this paper, we will always assume that the utility function u is given

by the exponential utility function

(5) u(w) = − 1

α
e−αw (α > 0),

where the parameter α measures the absolute risk aversion of the insurer.

We introduce the following partial differential operators for the notational brevity

and quick reference.

Definition 1. Let 6Aπ
b and 7Aπ

b denote, respectively, the following partial differential

operator

6Aπ
b f(w, σ, r, H, t)

.
=

∂f

∂t
+ (rw + (µ− r)π − b)

∂f

∂w
+ c(t, σ)

∂f

∂σ

+a(t, r)
∂f

∂r
+ µH

∂f

∂H
+

1

2
σ2π2 ∂2f

∂w2
+

1

2
d2(t, σ)

∂2f

∂σ2

+
1

2
b2(t, r)

∂2f

∂r2
+

1

2
σ2H2 ∂2f

∂H2
+ πσ2H

∂2f

∂w∂H
(6)

7Aπ
b f(w, σ, r, t)

.
=

∂f

∂t
+ (rw + (µ− r)π − b)

∂f

∂w
+ c(t, σ)

∂f

∂σ
+ a(t, r)

∂f

∂r

+
1

2
σ2π2 ∂2f

∂w2
+

1

2
d2(t, σ)

∂2f

∂σ2
+

1

2
b2(t, r)

∂2f

∂r2
.(7)

(8) 0Lr,σ
b f(H, t)

.
=

∂f

∂t
+ rH

∂f

∂H
+

1

2
σ2H2 ∂2f

∂H2
+ bαer(T−t).

Here the partial derivatives in Equations (6) and (7) are defined as a function of

(w, σ, r, H, t) and (w, σ, r, t), respectively. For instance, ∂f
∂t

in (6) means that ∂f
∂t
≡

∂f
∂t

(w, σ, r, H, t), and ∂f
∂t

in (7) means that ∂f
∂t
≡ ∂f

∂t
(w, σ, r, t). The parameter α is

the same as in the utility function (5). T , µ, σ denote, respectively, the term of

trading horizon, the mean return rate, and the volatility of the risky asset given by

the Equation (1). Let r denote the initial value of stochastic interest rate given by

(3).

Lemma 1. Assume that the exponential utility function u(w) = − 1
α
e−αw is given.
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1. The value function U (0)(w, σ, r, t) solves the following HJB equation

∂U (0)

∂t
+ rw

∂U (0)

∂w
+ c(t, σ)

∂U (0)

∂σ
+

1

2
d2(t, σ)

∂2U (0)

∂σ2
+ a(t, r)

∂U (0)

∂r

+
1

2
b2(t, r)

∂2U (0)

∂r2
+ max

π

{
(µ− r)π

∂U (0)

∂w
+

1

2
σ2π2∂2U (0)

∂w2

}
= 0,(9)

satisfying the terminal condition U (0)(w, σ, r, T ) = − 1
α
e−αw.

2. Let ᾱ = αer(T−t). If the value function in the form

(10) U (0)(w, σ, r, t) = − 1

α
exp

(
−αwer(T−t)

)
g(σ, r, t),

then g(σ, r, t) solves the following PDE with the terminal condition g(σ, r, T ) = 0:

∂g

∂t
+ c(t, σ)

∂g

∂σ
+

1

2
d2(t, σ)

∂2g

∂σ2
+

1

2
b2(t, r)

∂2g

∂r2

+
[
a(t, r)− b2(t, r)ᾱw(T − t)

] ∂g

∂r
− (µ− r)2

2σ2
g(σ, r, t)

+ ᾱw(T − t)

[
−a(t, r) +

1

2
b2(t, r)(T − t)(ᾱw − 1)

]
g(σ, r, t) = 0.(11)

3. Moreover, the optimal investment strategy π∗t is given by

(12) π∗t =
µ− rt

σ2
t αert(T−t)

.

Proof. Applying the Itô formula to U (0)(w, σ, r, t), we obtain

dU (0)(w, σ, r, t) =
∂U (0)

∂t
+ (rtWt + (µ− rt)πt)

∂U (0)

∂w
+ c(t, σt)

∂U (0)

∂σ
+ a(t, rt)

∂U (0)

∂r

+
1

2
σ2

t π
2
t

∂2U (0)

∂w2
+

1

2
d2(t, σt)

∂2U (0)

∂σ2
+

1

2
b2(t, rt)

∂2U (0)

∂r2

+ σtπt
∂U (0)

∂w
dBH

t + d(t, σt)
∂U (0)

∂σ
dBσ

t + b(t, rt)
∂U (0)

∂r
dBr

t .(13)

To obtain the HJB equation, we fix the investment strategy {πs} as π in the

time interval [t, t + h] (h � 1), and after the time t + h, we invest with the optimal

investment strategy {π∗s}. From the definition of U (0)(w, σ, r, t), it easily follows that

U (0)(w, σ, r, t) ≥ E[U (0)(Wt+h, σt+h, rt+h, t + h)| Wt = w, σt = σ, rt = r]

(14)

= U (0)(w, σ, r, t) + E

[∫ t+h

t

dU (0)(Ws, σs, rs, s)|Wt = w, σt = σ, rt = r

]
.(15)

Let b0 = 0. Applying the operator 7Aπ
b0

, defined by (7), to U (0)(w, σ, r, t), in-

serting (13) into (15), dividing both sides of the inequality by h, and finally letting

h → 0, we obtain

(16) 0 ≥ 7Aπ
b0

U (0)(w, σ, r, t).
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When we invest with the optimal investment strategy {π∗s} in the time interval

[t, t + h], h � 1, the equality holds true in (14). This yields the equality in (16) and

hence (9) holds.

In order to achieve the explicit expression for U (0)(w, σ, r, t), we make an ansatz

of the form

(17) U (0)(w, σ, r, t) = − 1

α
exp(−αwer(T−t))g(σ, r, t).

Let w̄ = wer(T−t). Note the definition of utility function u(x) given by Equation

(5), then u(w̄) ≡ − 1
α

exp(−αwer(T−t)). We can obtain, from (17), the corresponding

partial derivatives of U (0)(w, σ, r, t) in (9):

∂U (0)

∂σ
= u(w̄)

∂g

∂σ
,

∂U (0)

∂t
= u(w̄)

[
ᾱwrg(σ, r, t) +

∂g

∂t

]
,

∂2U (0)

∂σ2
= u(w̄)

∂2g

∂σ2
,

∂U (0)

∂r
= u(w̄)

[
−ᾱw(T − t)g(σ, r, t) +

∂g

∂r

]
,

∂U (0)

∂w
= −ᾱu(w̄)g(σ, r, t),

∂2U (0)

∂w2
= ᾱ2u(w̄)g(σ, r, t),

∂2U (0)

∂r2
= u(w̄)

[
ᾱw(T − t)2(ᾱw − 1)g(σ, r, t)− 2ᾱw(T − t)

∂g

∂r
+

∂2g

∂r2

]
.

Inserting the above partial derivatives into (9), we can obtain g(σ, r, t) solves the

partial differential equation (11) with the boundary condition g(σ, r, T ) = 0.

If we take

π = −
(µ− r)∂U(0)

∂w

σ2 ∂2U(0)

∂w2

=
µ− r

σ2αer(T−t)
,

the term maxπ {· · · } in the Equation (9) attains the maximum value, thus we observe

that the optimal investment strategy is given by (12).

3. HOME REVERSION PLAN FOR A PAIR OF INSUREDS

Under the assumption that the interest rate and volatility are both fixed, our

earlier work [16] prices the home reversion plan for a pair of insureds under the

equivalent utility principle. In this section, we shall first extend the fixed interest and

volatility rates case to the stochastic interest and volatility rates case, and then we

continue to explore the utility indifference pricing of home reversion plan.

For the states and transitions of the corresponding policy we refer to Figure 1(a).

Figure 1(a) implicitly assume that the couple of insureds cannot die simultaneously.

Without the implicit assumption, we can employ Figure 1(b) to describe the actuarial

structure of policy. We introduce the policy states for the couple as follows:

A. State 3 represents that both (x) and (y) are alive;

B. State 2 represents that (x) is dead and (y) is alive;



40 L. MA, J. ZHANG, AND D. KANNAN

0

12

3

(a)

0

12

3

(b)

01

2

(c)

Figure 1. Markov models for home reversion plan for a pair of insureds

C. State 1 represents that (x) is alive and (y) is dead;

D. State 0 represents that both (x) and (y) are dead.

Here, as in [16], (x) and (y) denote the x-year old husband and y-year old wife,

respectively. Let τi = inf{t; Zt = i} denote the stopping times of entrance into state

i, (i = 0, 1, 2).

The home reversion plan applied jointly by a couple is designed as follows:

• As for the benefits are concerned, we assume that a continuous annuity benefit

is paid at an instantaneous constant rate bi when the insureds are in state i,

i = 1, 2, 3.

• In return, the insurer will be repaid with g(Hτ0 , τ0) at the time the system enters

into state 0, where 0 ≤ g(Hτ0 , τ0) ≤ Hτ0 . In other words, the insureds agree,

at the beginning of entering the contract, that the whole or part of the cash

generated from the sale of the house will automatically go to the insurer at time

τ0.

When the insurer underwrites the home reversion plan for the couple, the dy-

namics of wealth, based on the financial market in Section 2, becomes

Wt = w,

Wτ+
0

= Wτ−0
+ g(Hτ0 , τ0), t < τ0 < T ,

dWs = [rsWs + (µ− rs)πs − b3]ds + σsπsdBH
s , t < s < min(τ1, τ2) < T ,

dWs = [rsWs + (µ− rs)πs − b2]ds + σsπsdBH
s , t < τ2 < s < τ0 < T , τ1 = ∞,

dWs = [rsWs + (µ− rs)πs − b1]ds + σsπsdBH
s , t < τ1 < s < τ0 < T , τ2 = ∞,

dWs = [rsWs + (µ− rs)πs]ds + σsπsdBH
s , t < τ0 < s < T .

For the above home reversion plan for a pair of insureds, the corresponding value

function U (i)(w, σ, r, H, t) is given by

(18) U (i)(w, σ, r, H, t) = sup
{πs∈A}

E[u(WT )|Wt = w, σs = σ, rt = r, Ht = H, Zt = i].
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The following lemma presents the HJB equation that the value function U (i)(w, σ,

r, H, t) solves.

Lemma 2. The value function U (3)(w, σ, r, H, t) solve the HJB equation

(19)

max
π

[6Aπ
b3

U (3)(w, σ, r, H, t)] +
∑
i=1,2

λ3i(t)[U
(i)(w, σ, r, H, t)− U (3)(w, σ, r, H, t)] = 0,

where U (i)(w, σ, r, H, t), (i = 1, 2), satisfy the following HJB equation

(20)

max
π

[
6Aπ

bi
U (i)(w, σ, r, H, t)

]
+ λi0(t)[U

(0)(w + g(H, t), σ, r, t)−U (i)(w, σ, r, H, t)] = 0.

Here the Equations (19) and (20) are subject to the boundary conditions

U (i)(w, σ, r, H, T ) = u(w), i = 1, 2, 3.

Proof. Assume that the insurer fixes the investment strategy {πs} as {π} in time

interval [t, t + h], which may not be the optimal investment strategy. From the time

t + h to the end of horizon, the insurer follows the optimal investment strategy {π∗s}.
Then, it follows from the definition of U (3)(w, σ, r, H, t) that

(21)

U (3)(w, σ, r, H, t) ≥
∑

i=1,2,3

P3i(t, t + h)Ew,σ,r,H,t[U (i)(Wt+h, σt+h, rt+h, Ht+h, t + h)],

where the notation Ew,σ,r,H,t stands for the conditional expectation given {Wt =

w, σt = σ, rt = r, Ht = H}.

Assume that U (i)(Wt, σt, rt, Ht, t) (i = 1, 2, 3) is sufficiently smooth. Apply the

Itô formula to obtain

U (i)(Wt+h, σt+h, rt+h, Ht+h, t + h)

= U (i)(w, σ, r, H, t) +

∫ t+h

t

[
6Aπ

bi
U (i)(Ws, σs, rs, Hs, s)

]
ds

+

∫ t+h

t

[
σsπ

∂U (i)

∂w
+ σsHs

∂U (i)

∂H

]
dBH

s

+

∫ t+h

t

[
b(rs, s)

∂U (i)

∂r

]
dBr

s +

∫ t+h

t

[
d(σs, s)

∂U (i)

∂σ

]
dBσ

s ,

where let b0 ≡ 0, and ∂U(i)

∂w
, ∂U(i)

∂H
, ∂U(i)

∂r
and ∂U(i)

∂σ
are the partial derivatives at the point

(Ws, σs, rs, Hs, s).

Insert these equations into (21), reorganize the terms, divide both sides of the

equation by h, and finally let h → 0 to obtain

(22) 0 ≥ 6Aπ
b3

U (3)(w, σ, r, H, t) +
∑
i=1,2

λ3i(t)[U
(i)(w, σ, r, H, t)− U (3)(w, σ, r, H, t)].
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Finally, we follow the optimal strategy π = π∗ in the time interval [t, t + h]. Now

the equality part holds in each of (21) and (22). Thus we obtain (19).

Considering all transitions and the next arrival states, and applying the cor-

responding method that we used to derive Equation (19), we obtain the Equation

(20).

When the insurer pays out the annuity so that the optimal investment with the

insurance risk and paying the continuous annuity coincide with the optimal invest-

ment without insurance risk and not paying the annuity, the insurer is indifferent

with and without underwriting the insurance risk. In such a case, the annuity rates

are known as the indifference annuity rates. Thus, when the annuity rate is the same

with the indifference annuity rate, we have

U (0)(w, σ, r, t) = U (3)(w, σ, r, H, t; b1, b2, b3).

In order to solve the indifference continuous annuity rates, we need to reduce the

dimension of HJB equation of Lemma 2. The following Theorem 3 provides the HJB

pricing equation for the indifference annuity rates b1, b2, b3. The associated functions

there are dependent on two variables: viz., the time t and the house price at time t.

Theorem 3. Assume that the exponential utility function u(w) = − 1
α
e−αw is given.

Then, the indifference continuous annuity rates bi (i = 1, 2, 3) solve the following

equation

(23) φ3(H, t; b1, b2, b3) = 0,

where φ3(H, t) satisfies the equation

(24) 0Lr,σ
b3

φ3(H, t) +
∑
i=1,2

λ3i(t)
[
eφi(H,t)−φ3(H,t) − 1

]
= 0,

in which φi(H, t) (i = 1, 2) solves the HJB equation

(25) 0Lr,σ
bi

φi(H, t) + λi0(t)
(
e−(ᾱg(H,t)+φi(H,t)) − 1

)
= 0.

Here, the Equataions (24) and (25) are subject to the terminal conditions φi(H, T ) =

0, i = 1, 2, 3.

Proof. Let

(26) U (i)(w, σ, r, H, t) = U (0)(w, σ, r, t)eφi(H,t), i = 1, 2, 3.

From (26), we obtain the following partial derivatives of U (i)(w, σ, r, H, t):

∂U (i)

∂r
=

∂U (0)

∂r
eφi(H,t),

∂U (i)

∂H
= U (0)eφi(H,t) ∂φi

∂H
,

∂U (i)

∂w
=

∂U (0)

∂w
eφi(H,t),

∂2U (i)

∂w2
=

∂2U (0)

∂w2
eφi(H,t),
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∂U (i)

∂σ
=

∂U (0)

∂σ
eφi(H,t),

∂U (i)

∂t
= eφi(H,t)

[
∂U (0)

∂t
+ U (0)∂φi

∂t

]
,

∂2U (i)

∂r2
=

∂2U (0)

∂r2
eφi(H,t),

∂2U (i)

∂H2
= U (0)eφi(H,t)

[
∂2φi

∂H2
+

(
∂φi

∂H

)2
]

,

∂2U (i)

∂σ2
=

∂2U (0)

∂σ2
eφi(H,t),

∂2U (i)

∂w∂H
=

∂U (0)

∂w
eφi(H,t) ∂φi

∂H
.

Substituting these partial derivatives in 6Aπ
bi
U (i)(w, σ, r, H, t), (see Definition 1),

and noting (9), we can further simplify maxπ

{
6Aπ

bi
U (i)(w, σ, r, H, t)

}
(i = 1, 2, 3) to

max
π

{
6Aπ

bi
U (i)(w, σ, r, H, t)

}
= U (0)(w, σ, r, t)eφi(H,t)

[
∂φi

∂t
+ biαer(T−t) +

1

2
σ2H2 ∂2φi

∂H2
+ rH

∂φi

∂H

]
= U (0)(w, σ, r, t)eφi(H,t)

0Lr,σ
bi

φi(H, t),(27)

where the definitions of the operators 6Aπ
b U (i)(w, σ, r, H, t) and 0Lr,σ

bi
φi(H, t) are given

by (6) and (8), respectively.

Noting that ᾱ = αer(T−t) and Equation (26), we get∑
i=1,2

λ3i(t)[U
(i)(w, σ, r, H, t)− U (3)(w, σ, r, H, t)]

[1.0ex] = U (0)(w, σ, r, t)eφ3(H,t)
∑
i=1,2

λ3i(t)
[
eφi(H,t)−φ3(H,t) − 1

]
,(28)

U (0)(w + g(H, t), σ, r, t)− U (i)(w, σ, r, H, t)

[1.0ex] = U (0)(w, σ, r, t)eφi(H,t)
[
e−ᾱg(H,t)−φi(H,t) − 1

]
, (i = 1, 2).(29)

Substituting (27) and (28) into (19), we note that (24) obtains.

In the same way, substituting (27) and (29) into (20), we see that (25) holds.

Remark 1. The definition of the differential operator 0Lr,σ
bi

φi(H, t) in Theorem 3 is

given by the Relation (8). The differential operator 0Lr,σ
bi

φi(H, t), (i = 1, 2, 3), can be

expanded as follows

0Lr,σ
bi

φi(H, t) =
∂φi

∂t
+ rH

∂φi

∂H
+

1

2
σ2H2 ∂2φi

∂H2
+ biαer(T−t).

Here, r = rt represents the initial value of stochastic interest rate rs, (t ≤ s ≤ T ), (i.e.,

at the time of writing the home reversion plan for a pair of insureds); while r in [16]

means the constant interest rate. In this paper, σ represents the stochastic volatility

σs, (t ≤ s ≤ T ), at initial time t; while σ in [16] means the constant volatility of the

value of the risky asset.
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Remark 2. The reader will notice that Theorem 3 coincides with Theorem 4.3 in [16]

in form, but with different notations. However, there exist some similarities and

differences between them in inferences.

• The main differences are due to the different meanings of r, σ in these two the-

orems. r, σ in Theorem 3 represents, respectively, the initial value of stochastic

interest rate and stochastic volatility whose dynamics are modeled by the dif-

fusion process (2) and (3), respectively. Thus, Theorem 3 indicates that the

indifference annuity rates only relate with the initial value of stochastic interest

and volatility rates at the beginning of underwriting the insurance contract, and

have nothing in common with how these two diffusion processes evolve; while

r, σ in Theorem 4.3 in [16] denotes, respectively, the constant interest rate and

volatility rate during the whole insurance period.

• There exist mutual connections between them. In case that the initial value of

stochastic interest and volatility rates in Theorem 3 coincide with the constant

interest and volatility rates in Theorem 4.3 in [16], the indifference annuity rates

under stochastic interest and volatility rates are the same with that under the

constant interest rates and volatility rates.

4. THE INSURANCE CONTRACT LINKING HOME REVERSION

PLAN AND LONG TERM CARE FOR A SINGLE INSURED

Under the hypothesis that the interest rate and volatility rate are both constants,

Xiao’s work [30] prices the insurance contract linking home reversion plan and long-

term care insurance using the principle of equivalent utility. In this section, we

will continue to price this contract presented by [30] now under the assumption of

stochastic interest and stochastic volatility rates. The results show that the nonlinear

PDE system that the indifference annuity rates satisfy coincides in form with those

in Theorem 2 of [30]. Since the discussions of this section parallels that of Section 3

above, we use correspondingly similar notations, but omit the proofs.

This section will continue to apply the three-state Markov model (see Figure

1(c)) present in [30] to describe the actuarial structure of the linking contract for a

single insured. We work with the financial market described in Section 2.

The stopping time τi = inf{t; Zt = i} represent the time of entering the State i,

i = 0, 1. The linked insurance contract designed by Xiao (2010) is characterized by

the following clauses:

(I) When the insured stays at state i (i = 1, 2), the insurer pays the continuous

annuities with the constant rate bi, i = 1, 2, and b2 < b1.

(II) At the stopping time τ = min{τ0, τ1}, the insureds repay the insurer with the

money from the sale of the house.
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Now, when the insurer signs the contract linking the home reversion plan to the

long term care, the dynamics of the wealth process for the insurer follows the system:

Wt = w,

Wτ+
1

= Wτ−1
+ Hτ1 , τ1 < τ0 < T ,

Wτ+
0

= Wτ−0
+ Hτ0 , τ1 = ∞, τ0 < T ,

dWs = [rsWs + (µ− rs)πs − b2] ds + σπs dBH
s , t < s < min(τ0, τ1),

dWs = [rsWs + (µ− rs)πs − b1] ds + σπs dBH
s , τ1 < s < τ0,

dWs = [rsWs + (µ− rs)πs] ds + σπs dBH
s , τ0 < s < T .

The value functions describe the goal of the insurer, where the goal is to maximize

the expected utility of terminal wealth. The value functions for the insurance contract

linking the home reversion plan to the long term care are defined as follows:

(30)

U (2)(w, σ, r, H, t; b1, b2) = sup
{πs∈A}

E[u(WT )|Wt = w, σt = σ, rt = r, Ht = H, Zt = 2],

(31) U (1)(w, σ, r, t; b1) = sup
{πs∈A}

E[u(WT )|Wt = w, σt = σ, rt = r, Zt = 1].

Mimicing the method used in establishing Lemma 2, we can obtain the following

HJB equation system that the value functions defined by (30) and (31) solve.

Lemma 4. The value function U (2)(w, σ, r, H, t) solves the HJB equation

(32)

max
π

[6Aπ
b2

U (2)(w, σ, r, H, t)] +
∑
i=0,1

λ2i(t)[U
(i)(w + H, σ, r, t)− U (2)(w, σ, r, H, t)] = 0,

where U (1)(w, σ, r, t) satisfies the following HJB equation

(33) max
π

[
7Aπ

b1
U (1)(w, σ, r, t)

]
+ λ10(t)[U

(0)(w, σ, r, t)− U (1)(w, σ, r, t)] = 0.

Here, the Equations (32) and (33) are subject to the boundary conditions

U (2)(w, σ, r, H, T ) = u(w), U (1)(w, σ, r, T ) = u(w).

When the continuous annuity rates b1 and b2 paid by the insurer cause the optimal

investment involving the insurance risk to be the same with that of without the

insurance risk, we get

U (0)(w, σ, r, t) = U (2)(w, σ, r, H, t; b1, b2).

Such annuity rates are the indifference annuity rates. With the above equation, we

can obtain the indifference annuity rates b1 and b2 that satisfy the HJB system given

in the following theorem.
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Theorem 5. Assume that the exponential utility function u(w) = − 1
α
e−αw is given.

Then, the indifference annuity rates bi (i = 1, 2) satisfy the following equation

(34) φ2(H, t; b1, b2) = 0,

where φ2(H, t) solves the following HJB equation

(35) 0Lr,σ
b2

φ2(H, t) +
∑
j=0,1

λ2j(t)
[
e−ᾱH−φ2(H,t)(φ1(t)1{j=1} + 1{j=0})− 1

]
= 0,

in which φ1(t) satisfies the HJB equation

(36)
dφ1(t)

dt
+ [b1ᾱ− λ10(t)] φ1(t) + λ10(t) = 0.

Here, the Equations (35) and (36) are subject to the terminal conditions φ2(H, T ) = 0

and φ1(T ) = 1.

Proof. Let

U (2)(w, σ, r, H, t) = U (0)(w, σ, r, t)eφ2(H,t),

U (1)(w, σ, r, t) = U (0)(w, σ, r, t)φ1(t).(37)

Suitably modifying the derivation of Equation (24) to suit the present case, we

obtain the Equation(35) from the Equation (32).

Substituting the partial derivatives of U (1)(w, σ, r, t) in 7Aπ
b1

U (1)(w, σ, r, t), (see

Definition 1), and using (9), we can further simplify maxπ

[
7Aπ

b1
U (1)(w, σ, r, t)

]
to

(38) max
π

[
7Aπ

b1
U (1)(w, σ, r, t)

]
= U (0)(w, σ, r, t)

[
dφ1

dt
+ b1αer(T−t)φ1(t)

]
,

From Equation (37), we get

(39) U (0)(w, σ, r, t)− U (1)(w, σ, r, t) = U (0)(w, σ, r, t) [1− φ1(t)] .

Inserting Equations (38) and (39) into (33), we obtain (36).

5. CONCLUSION

In this article we assume that the dynamics of the stochastic interest rate and

stochastic volatility rate are governed by two diffusion processes. Under such an as-

sumption, we applied the utility indifference pricing arguments to derive the partial

differential equation system that the indifferent annuity benefits satisfy under the

exponential utility function. Interestingly, the PDE systems under stochastic interest

and stochastic volatility rates are of the same form with those under the constant

interest rate and volatility rate. However, the implications provide us with some

similarities as well as differences between them. In case that the value of stochastic

interest and volatility rates at the beginning of signing the insurance contract are the

same with the constant interest and volatility rates in [30] and [16], the indifference
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annuity benefits under the stochastic interest and volatility rates coincide with those

under the constant interest and volatility rates. The indifference annuity rates under

the stochastic interest and volatility rates relate only with the initial value of sto-

chastic interest and volatility rates at the start of writing the insurance contract, and

have nothing to do with the specific changing path of these two diffusion processes

that drive the dynamics of stochastic interest and volatility rates.
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