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ABSTRACT. The purpose of this paper is to establish and improve the main results of a number

of recent papers for a more general sublinear dynamic equation

A
(r(2>(1)™ +p(t) f (27 (£)) = 0,
Our results are established for a time scale T without assuming certain restrictive conditions on T,
and where, in addition, r and p are real-valued, rd-continuous functions on T with no explicit sign
assumptions. The function f € C (R, R) is assumed to satisfy zf () > 0 and f'(z) > 0, for = # 0.

Some examples are given to illustrate the main results.
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1. PRELIMINARIES

We are concerned with the oscillatory behavior of the following second order

sublinear dynamic equation

(1.1) (r®)z* (1) +p(t) f (27 (1)) =0,

on a time scale T which is unbounded above, where r and p are real-valued, right-
dense continuous functions on T. The function f € C(R,R) is assumed to satisfy
zf(x) > 0 and f'(z) > 0, for x # 0. Here we are interested in the oscillation of

solutions of (1.1) when f(z) satisfies, in addition, the sublinearity condition

(1.2) 0< Ed_:)s; 0al—$<oo, for all €> 0.

o f(x) Joe f(z)
By a solution of (1.1) we mean a nontrivial real-valued function x € C},[T,, o),
T, > to which has the property that rz® € C},[T,,00) and satisfies equation (1.1)
on [T}, 00), where C,4 is the space of rd-continuous functions. We shall not consider
solutions which vanish identically in some neighborhood of infinity. A solution of (1.1)
is said to be oscillatory if it is neither eventually positive nor eventually negative.

Otherwise it is said to be nonoscillatory. There has been a great deal of research
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into obtaining criteria for oscillation of all solutions of dynamic equations on time
scales. In most papers dealing with oscillation the assumption is usually made that
the functions 7, p are nonnegative. We refer the reader to the papers [1, 2, 11, 12],
and the references cited therein. On the other hand, much less is known for equations
when no explicit sign assumptions are made with respect to the coefficient functions
r and p. This will be one of our main concerns in this paper. We shall also relax a
certain restrictive condition on the time scale, thereby extending the applicability of

our results.

Erbe, Baoguo and Peterson established in [9, 4] some oscillation criteria of Belohorec-
type and Kamenev- type for the special case of (1.1) where r (t) = 1 and f (27 (t)) =
x7 (o (t)), where 0 < v < 1 is a quotient of odd positive integers. Hassan, Erbe and
Peterson [15] improved these results and generalized them to the sublinear dynamic
equation (1.1) with damping term, and f (27 (¢)) = |27 (¢)|” sgn 27 (¢), with 0 < v < 1
and established Belohorec-type oscillation theorem, where the coefficient functions r
and p are allowed to change sign for large t. For superlinear dynamic equation, see
3, 6, 10, 13, 14]

However, the results in [3, 4, 9, 14, 15] apply only to time scales satisfying the
so-called Condition (C): There exists an M > 0 such that x (t) < Mu(t), t € T,
where y is the characteristic function of the set T = {t € T : u (¢) > 0}. We note that
if T satisfies condition (C), then the graininess function is bounded away from 0,
uniformly, wherever it is positive. Moreover, it is easy to see that the subset T of T
defined by

T ={tcT:t>0 is right-scattered or left-scattered}

is necessarily countable and TcT. Then, we can rewrite T as
T={tcT:0<t;<ty<---<t,<--},
and so
T = TU [Unea (tn_1,t0)] ,

where A is the set of all integers for which the real open interval (¢,_1, ¢, ) is contained
in T. Although most of the standard time scales do satisfy condition (C), which is
an assumption on the graininess function, there are many time scales which do not.

For example, it is easy to see that the time scale given by

> o n—+1
gk,were k U{ + - },

n=1

does not satisfy condition (C).

The purpose of this paper is to obtain oscillation criteria for the general nonlinear
dynamic equation (1.1). We note that in our results, the equation involves a more

general function f and the coefficient functions r» and p may change sign. Our work
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applies to general time scales without assuming condition (C). Several examples are

given to illustrate the main results.

Our work improves and generalizes those established in [9, 4, 15], and many
known results on nonlinear oscillation. These results have significant importance for
the study of oscillation criteria on discrete time scales such as T = Z, T =hZ, h > 0,
T={t:t=q" k€N ¢g> 1}, and the harmonic time scale T = H,,.

2. MAIN RESULTS

Before stating our main results, we begin with a couple preliminary lemmas which

will play an important role in the proof of our main results.

Lemma 2.1 ([8, Theorem 5.45]). Let h be a bounded function that is integrable on
la,b]y. Let my and My be the infimum and supremum of the function H (t) :=
fat h(s) As on [a,bly respectively. Suppose that g is a nonnegative and nonincreasing

function on [a,bly. Then there is some number A with myg < A < My such that

Lemma 2.2. Assume that x is a positive rd-continuous function on [ty,00); and

f:(0,00) — (0,00) is continuous and increasing. Then

boaB(s) =) dr
. — 2 A —
21) T @ () SS/W G}
and

b (s) *® dr
2.2 — 72 A _
(22) T @(s) sz/m<to)f<f>
Proof. Let

=) dr
F(z(s)) := /w(to) e for s € [to, 00)7.

Then, by the Pétzsche chain rule ([7, Theorem 1.90]), we have
1
1

) Ty )

(F (x ()" = / F' (an () dh 2(s) =

Now for any fixed point s € [ty, 00)r, we have

xh(s):(l—h)x(s)+hx"(s){ ii

and therefore this yields
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Therefore we have

A = 171 fL' X S) = 72:A(8)
‘/o Fan™ / e = ey

boaB(s) t A B B *®)  dr
i 7f(xg(s))As§/tO (F (2 (s))) AS—F(:):(t))—/x |

Also for any fixed point s € [ty, 00)r, we have

and so

xh(s):(l—h)x(s)—i-hm”(s){ ii

which implies

for s € [to, 00)T.

A_ 1 1 ..'L' X =
(Flz (=) ‘/of«ch( dh /f b 256) = TGy

and then

b (s) t A — P(s B = dr
s / (F (2 (s)))* As = F (2 (1)) = / |

This completes the proof. O

2.1. Kamenev Type. In this subsection, we establish oscillation criterion of Kamenev-
type for Eq. (1.1) where r () > 0 on [tg,00)r. As in Philos [18], we consider a non-
negative kernel function h (,s) defined on D := {(¢,s) € T>: ¢t > s > t;}. We shall

assume that h (¢, s) satisfies the following conditions:

(Hy) h(t,t) =0 for t > t,
(Hy) h2: (t,s) <0 for t > s > t,
where h®s (¢, s) denotes the partial delta derivative of h with respect to s.
(Hs) (r(s) b2 (t,5))> > 0 for t > s > to,
where h2? (t, s) denotes the second order partial delta derivative of h with respect

to s.
(Ha) —h7' (t,t0) h® (t,5)] _, < M for large t.

Theorem 2.3. Assume that [ satisfies (1.2). If there exists a nonnegative kernel
function h (t,s) on D satisfying (Hy)—(Hy) such that

(2.3) li?lilpm/t hit,o(s)) p(s) As = oo,

then every solution of equation (1.1) is oscillatory.
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Proof. Assume (1.1) has a nonoscillatory solution x on [ty, 00)r. Then, without loss
of generality, there is a solution x of (1.1) and a T € [tg, 00) such that z(¢) > 0
on [T, 00)r. From the quotient rule and Pétzsche chain rule ([7, Theorem 1.90]) and
then by Eq. (1.1), we get

r) e 1% ()2 )" et - )
{ f () } = ) T faem) ), | @ @) dhan)
o O E®) L
= —p(t) a0 F @ @) )y f(xn (1)) dh

since r(t) > 0 and xp, (t) :== (1 — h)x (t) + ha? (t) >0, for 0 < h <1, t € [T,00)r. In
(2.4), replace t by s and multiply both sides by h (¢, 0 (s)) and integrate with respect
tosfromT tot, t>T

25 [ o) {%r as<— [t )i s

Now using the integration by parts formula and the second mean value theorem
(Lemma 2.1) combined with (H;) — (Hs), we get

/th(t,a(s))[(() (Sq As

T s))
r(T) x> (T) ' . z (s)
(T T [ Ot ) F i o
(2.6) = =N h(t,T)—r(T)h™ (t,s)| _, A,
where N := r(f)a ) and where m, < A < M,, and where m, and M, denote the

f(())

infimum and supremum, respectively, of the function fT Jf(x((s As. By (2.2) in Lemma

2.2, we have
/t 22(8) Ay /1‘(” dr ("W dr /I<T> dr /I<T> dr
r f(x(s)) = Juery f(7) Jo f(7) 0 firy= Jo  f(r)

z(T)
(2.7) Azmx>—/ ar_
0

From (2.5), (2.6) and (2.7), we find

o(T)  gr t
—N h(t,T)+7r(T) h™ (t,s)}S:T/O d < —/ h(t,o(s))p(s) As.

Dividing by h (t,T) and using (Hy), we get

z(T) . t
—N—MT(T)/O fdm < —h(tle)/ hit,o () p(s) As.
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If we now take the liminf as ¢ — oo of both sides, we get, from (1.2) and (2.3) the

desired contradiction. This completes the proof. O

Remark 2.4. In the case 7 (t) = 1 and f (27 (t)) = 27 (0 (t)), where 0 <y < 1l is a
quotient of odd positive integers, the additional assumption was imposed in [4] that
T, T satisfies condition (C). Therefore, Theorem 2.3 improves the main results in [4]

by removing this assumption.

Let us illustrate the previous result for the case when the coefficient changes sign:

Example 2.5. Consider the second order ¢-difference equation

A n+1
(2.8) (%xA(Q")) 1 %f (z (¢"*")) =0,

for n € Ny, where a > 0, b > 0 and ¢ < 0. We choose h (t,s) =t —s = q™ — ¢" for
m >n and m,n € N. Tt is clear that conditions (H;)—(H4) hold. Since

1 t 1 t
h(t,o(s s) As=—— t—o (s s) As
v ] ) pe as= 2 [a-o )
t 1 t
>/p(s) As—;/a(s)p(s) As
1 1
m—1 n+1 m—1 n+1
b(-1)"* L1 by .
= FOGEY (g—1)q" - 7" 99 — et (q—1)q
n=0 n=0
m—1 m—1
— b(q o 1) [ ( 1)n+1 q—nc ql—m ( 1)n+1 qn(1_c)
n=0 n=0

m—1 m—1

(_1)n+1 ¢ — ql—m Z (_1)n+1 qn(l—c)

+ gkt

3
Il
=)
3

> Il
— o

1 4 g—ck+1) B
Y L+gte
(q—zk + qq—c(2k+1)) (1 + q—c) _ (1 + q—c(2k+1)) (1 + qq—c)
a (1+¢7°) (1 +q¢')
A+ ) P (1) =1 —qq "
a (1+¢7¢) (1 +¢'°)

— 00 as k — oo.

Therefore

1 t
lim su 7/ h(t,o(s s) As = oo.
msup ooy ), (t,o(s)) p(s)

Then, by Theorem 2.3, every solution of (2.8) is oscillatory.
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2.2. Kiguradze Type. In the next theorem, we establish oscillation criteria of

Kiguradze-type for the sublinear equation (1.1) and for both cases

> At
(2.9) / SO
and

> At
(2.10) /to S <>

Theorem 2.6. Assume that f satisfies (1.2). If there exists a C}, function ¢ such
that (2.9) holds and

s()r(t) >0, ¢*M)rt) >0, (B>@)r(1)> <0, for telty,o00)

In addition, assume
(2.11) | o wpnai-c,
to
hen every bounded solution of equation (1.1) is oscillatory.

Proof. Assume (1.1) has a bounded nonoscillatory solution = on [tg, 00)r. Then,
without loss of generality, there is a solution z of (1.1) and a T € [ty, 00)T such that
z(t) > 0 on [T,00)7. There are two cases to consider: either z2(t) is eventually

negative or 2 (¢) is not eventually negative.

Case (i). 72(¢) is eventually negative. Then there exists Ty > T such that z*(¢) < 0
for t > T;. From (2.11)

t
(2.12) o7 (s)p(s)As >0 forallt > Ts.
T

Multiplying both sides of (1.1) by ¢“(¢) and integrating from T3 to t for ¢t € T, we
obtain that

213) [ o) (26 st [ 6p(s) () A5 =0
Using integration by parts, we have that for ¢t > T5
4 (5) (r(s)2*(9) As
Ty

= ¢ (t)r(t)z™(t) — ¢ (To) r(T2)z™ (1) — ; o™ (s)r(s)z™(s)As
(2.14) > ¢ (t) r(t)a™(t) — ¢ (To) r(Ta)z™ (Tn).

Again by integration by parts and using the Pdtzsche chain rule, from (2.12), we get
that for t € [T, 00)r

. ¢ (s)p (s) [ (27 (5)) As = f (2 (1)) . ¢7 (1) p (1) AT
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t 1 s
-] raenar] o [Co@pear as
7, LJo S
(2.15) > f(z(t)) . ¢7 (T)p (1) AT = 0.
Applying (2.14) and (2.15) in (2.13), we obtain that

¢ (&) r(t)z™(t) < ¢ (Tp) r(To)2™ (12),

and hence
(1)~ (1) < 6 (D) (T (D) [ 0
R e O R O)
Since ¢ (Ty) r(Ty)a>(Ty) < 0, we conclude that lim, .. x (t) = —oo, which is a con-
tradiction.

Case (ii). 22(t) is not eventually negative. Multiplying both sides of (1.1) by
t g
[%} and integrating from T to t, t > T, we get

(x (¢
[0t as= = [ 205 rege2)* o

By integration by parts we have that for t > T

[ @) as = ] e - |20 s

f(@(T)) f (1))
T 9(s) s A
[ [reny] et as
Then, from the quotient rule and the Potzsche chain rule, we get
) A ODIDEAT) (0 ()
p I A (@ (D) 7 ()

o) )

Pl S @]

F@Ee) @) @) ] s A
@

_o(M)r(D)z(T) 6 (1) (t)x%)
f (= (1)) 0
o™ (s)r & (s fo f’ xh $)dh (15(5))°
[ e [ 7 ) .

where xp, (t) :== (1—=h)z (t)+hz (t) > 0, for 0 < h < 1, ¢ € [T, 00)7. Since vf(v) > 0,
f'(v) >0, for all v # 0 and ¢ (¢) r(t) > 0, for all t > T, we get
(2.16)

. o)D) (D) ) (1) | [ 65 (5) r(s)a(s)
/¢ ) As < cI0) +/T IO
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We claim that ft MAS is bounded above for all t > T. Since ¢* (t) r(t) >0

(zo(s))

and (¢ (t) r(t )) < 0, we have from Lemma 2.1 that for each t € [T, c0)r

LA ()t (s) | (a
A A = (0) (D) A ).

where m < A(t) < M, and Where m and M denote the infimum and supremum,

respectively, of the function fT f(m[, AT for s € [T,t)r. By (2.1) in Lemma 2.2, we

tgA(s) . x(t)d—T_ x(t)d—T_ :c(T)i x(t)d—T
TmmmAglmfm‘A 7 A fmgl G

Hence, for all ¢ € [T, 00)r, we have

have

L2 (s)r(s)x?(s
A¢2@%»Um:&@wmAm<wﬁwmﬂf

z(t) )
(2.17) < 6™ (T)r (T) / r "2y
0

From (2.16) and (2.17), we get for t € [T, 00)r,
¢ () r(t)z2(t) _ o (T)r(T)=>(T) / '
< +N— | ¢7(s)q(s)As
f(x(t)) f(x(T))
In view of condition (2.11), it follows from the last inequality that there exists a
sufficiently large T > T such that

2™ (t) <0, fort e [T1,00)r,

which is a contradiction. This completes the proof. O

In the following, we assume that there exists a C!, function ¢ such that (2.10)
holds and we establish some sufficient conditions for oscillation of all bounded solu-

tions of equation (1.1).

Theorem 2.7. Assume that f satisfies (1.2). If there exists a C}; function ¢ such
that (2.11) and (2.10) and

MFIOR0) {/W )] s =

then every bounded solution of equation (1.1) is oscillatory.

(2.18)

Proof. Assume (1.1) has a nonoscillatory solution x on [ty, 00)r. Then, without loss
of generality, there is a solution x of (1.1) and a T € [ty, 00)r such that x(t) > 0 on
[T, 00)t. As in the proof of Theorem 2.6, we have two cases to consider: either 22 (t)

is eventually negative or x2(t) is not eventually negative.
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Case (i). z2(t) is eventually negative. Then there exists 77 > T such that 22(t) < 0
t
for t > T}. Multiplying both sides of (1.1) by { ¢ ()
f(x(t))
t,t > 1T, we get

o) s == [ [ (a2 s

] and integrating from 7} to

Sz (s))
By integration by parts we have that for t > T}
[ as = | Eas] et @ - [ T] roeo

+/ {f?x<?i>>]AT<S>$A<S> A

Then, from the quotient rule and the Potzsche chain rule, we get

) A ST PTNAT) 6 ()
IRl A =T ()
ot oW h @) dte)] s
+f Feon - e e ] (Pl A
_ ¢ (M) r(M)z>(Th) o () r(t)z>(t)
F (1) f(a:(t))
FOR () r(s)ad(s) (5) Jo /' (@ (s) dh (22()"
L o) B A 7 () 7 @(s) as
which implies
. o) (DA ()
[0 sy 2s = 2D

since vf(v) > 0, f'(v) > 0, for all v # 0 and 22(t) < 0, and ¢ (t) r(t) > 0, for all
t > T. Therefore

t :L’A (t)

/ﬁl # (p() du] 85 < " T <<>_/(”)%

/<T1> ds _ /<T1> ds (12)
= < < 00,
z(t) f(s) 0 f(s)

since #2(t) < 0, then lim,_,, x(t) > 0, which is a contradiction to (2.18).

Case (iii). The proof is similar to that of Theorem 2.6 and hence is omitted. O

2.3. Belohorec type. In the following theorem, we prove oscillation criteria of
Belohorec-type for equation (1.1) where the assumption is made that o is differ-
entiable on T and r (t) > 0 on [tg,00)r and where f (z7 (t)) = |27 (¢)|” sgn 27 (),
where 0 < v < 1.
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Theorem 2.8. If there exists a positive C}; function ¢ such that,for t € [ty,00)r,

(2.19) oA (1) >0, (r(t)e* ()" <o,
and

© At * . o
(2.20) / el / 5 () p (1) At = o0,

then every solution of equation (1.1) is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solution x on [ty, 00)r. Then, without loss
of generality, there is a solution x of (1.1) and a T € [ty, 00)r such that x(t) > 0 on

[T, 00)r. We can write the equation (1.1) in the form (suppressing arguments)
(2:21) (ré®) 247 + (r6®)7 (¥7) + (re)* y> + (ré) Y>> + 77y = 0,
where z = ¢y and so, from the product rule, we get
#® = 0%y + oy,
and
(r0%)% = (r6%) 7+ (70%)” 7" + (09)% 9™ + ()" >

Multiplying both sides of (2.21) by

and integrating from T to ¢, t > T, we get

Y (1)
t t(r(s) &2 () 1y (s
/TWU(S)I?(S)AS = —/T ( (Wyw()g) Y5 ps
- / (r () 6% ()" (7 ()"
T Y1 ()
/t (r ()9 () y* (s)
T Y (s)
tir(s s))7 yAA (s
(2.22) - / ( <>¢>y<w>(8)y (5)
Integrating by parts, we obtain
/t (r(s)6®(5)” () r()e* M)y (1)
T Y7 (s) Y (1)
MA@y (M) [r8) (9] o AL
7 () /[ v () } V()4
(D)D) (1) [ (1 ()62 () y7 (s)
- 7 (T) T T
tr(s) 0™ (5) (7 ()" 7 (5)
22 e T Ioa

It is easy to see by the Pétzsche chain rule ([7, Theorem 1.90]) that

() = 4 / [y(s) + hu(s)y> ()] dh 42 (s)
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_ . /0 (1= B)y(s) + by ()] dh 5 (s)
(2.24) > Ly (] (),

since for 0 < v < 1 and for a fixed point s € [T, 00)r, we have

Cvu(e) e (L] SETETT B (s) <0
[(1—h)y (s) + hy” (s)] {z[yg(s)],y_l 1 (s) > 0,
and so
(L =)y (s)+hy” ()" w2 (5) = [y7 ()] y2(s), for s € [T, 00)r.
By using (2.24) in (2.23), we get
/t (r(5) 6% ()" (0 (D"
T Y17 (s)
(2.25)
MMy (1) [ ()% () v (s) "1 (s) 0% ()Y (s) 4
= 7 (T) / o ”/T o o
Again by integrating by parts, we have
(r(s) 9 (5)7 Y2 (s)
/T om0
oWyt (M) _r(MeMy (M) [ [r(966)]% A A
ey 7 (7) ” e ] v ile)a
_ 0oyt () Moy (1) [ (r()6() v (s)
v (1) vy (T) . 7 (5)
r(9)0) fyu " (9)dh 12 ()",
* / v ()57 (5) 8
roMyA (1) _r(NeMyA (D) [ (s ¥ (s)
226) =275 v (1) / IO I

where yp, (t) :== (1 —h)y (t) + hy? (t) > 0, for 0 < h < 1, t € [T,00)r. From (2.22),
(2.25) and (2.26), we get

r(T)¢p™ (T)y° (T r(T)o(T)y> (T . tor(s)p®(s)y2 (s .
where K 1= 2 )¢yv((T))y @ 4 )‘ZS(% @ We claim that fAT %As is bounded
below for ¢ > T'. Since 7 (s) ¢ (s) > 0 and (r (s) ¢* (s))~ < 0, we have from Second

Mean Value Theorem Lemma [8, Theorem 5.45] that for each t € [T, 00)r

/ ) ¢;<(SS>)9A<S>AS =7 (T) > (T) A (1),
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where m < A(t) < M, and where m and M denote the infimum and supremum,
respectively, of the function [ Zi((:)) AT, for s € [T, t)r. Then [, tat(s) jAs > i) =(t) _dr

fla(s)) a(to) f(7)
Lyis) \ 2D O dr IR S T SO y' O (T)
J S L UR LD R
Hence, for all t > T', we have
(2.28) .
[ HOEEE gyt (a0 2 L 06 1) 1)

)
From (2.27) and (2.28), we get, for all t € [T, 00)r,

N Or YUl
/T¢ (s)a(s)As < Ky y (b) +1_7

In view of condition (2.20), it follows from the last inequality that there exists a

[y (1) (T) ¢ (T)] .

sufficiently large 77 > T and a positive constant K, such that
r06 (0> (1) _

—K,, forte[T,00)T,

Y (1)
and so LA .
y> (s) / As
As < =K. ————, forte[T},00)r.
L5 o 750 0) [, 00)r
Then, from (2.20), we get
t oA
(2.29) im [ A= oo

t—oo J, Y7 (5)

Again by (2.2), we have

(2.30) / G N [y () =y (Th)], for t € [T}, 00)

' Ry ST Ul hoolr
Hence from (2.29) and (2.30), we have lim; .., y (t) = —o0, which is a contradiction.
This completes the proof. O

Remark 2.9. In the case T =R and r(¢) = 1 Theorem 2.8 is due to Wong [21]
and, when ¢ () = ¢, 0 < 3 < 1 Theorem 2.8 is due to Belohorec [5]. If T = Z,
r(t)=1and p(t) > 0and ¢(t) = (t—1)", 0 < 3 < 1; then Theorem 2.8 includes
Theorem 4.3 in Hooker and Patula [17, Theorem 4.1] and Mingarelli [20].

Example 2.10. Let t, > 0 and T is a discrete time scale, i.e. T = {t,, : n € Ny} such

that ¢,, — oo, and consider the dynamic equation

(2.31) A(r (tn) Ax(tn)) + p(ta) [z (tnaa)[” sgn 2 (tna) =0,

where 0 < v < 1 is a positive real number. Define

r(tn) =ty p(tn) = t’Yl <$+ 0 )

n+1 tntn—l—l
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with 3; € R, i = 1,2 such that 8; < 0 and 5 < 1. Let ¢ (t,) := t,. Then (2.19) is
satisfied. By Example 5.60 in [8], we see that

<At =, At,
[ T = 2 @ =

0 n=ng

/: @ () p (t) At = i (t% + (_Un) At, = o0,

t,t
n=no n nin+1

i.e., (2.20) is satisfied. Then, by Theorem 2.8, Eg. (2.31) is oscillatory.

and
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