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ABSTRACT. We establish sufficient conditions which guarantee asymptotic stability of the zero
solution and boundedness of all the solutions of the following nonlinear differential equation of third

order with the variable delay r(t)
2" (t) + a)a” (t) + b()gr (' (t = (1)) + g2(2 () + h(x(t — r(t)))
=p(t, z(t), .I'/(t), z(t —r(t)), x/(t —r(t)), x//(t))'

By defining an appropriate Lyapunov functional, we prove two new theorems on the stability and
boundedness of the solutions of the above equation. Our results extend the results obtained in the

literature. We also give an example to illustrate our results.

AMS (MOS) Subject Classification. 34C11, 34K20

1. INTRODUCTION
Hara [6] investigated the uniform boundedness of the differential equation
2 (1) + a()2" (t) + b(t)a' (1) + c()h(w) = p(t, 2(t), 2'(1), 2" (1)).

Tung [15] proved stability result for solutions to the following nonlinear third order

differential equations with deviating argument r

2" (t) + a(t)2"(t) + b(t)g1 (2 (t — 7)) + ga(2'(t)) + h(x(t — 1))
= p(t,z(t), 2'(t), x(t —r), 2" (t — r), 2" (¢)).

For several papers published on the qualitative behaviors of solutions of various non-
linear third order differential equations with delay or without delay, we refer the

readers to the papers [1, 6-17] and the references therein.

*This research was supported by the the National Natural Science Foundation of China (11201258),
the Natural Science Foundation of Shandong Province of China (ZR2011AQ006, ZR2011AMO008)
and STPF of University in Shandong Province of China (J10LA13).
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The object of this paper is to consider nonlinear third order differential equation

with variable delay r(t)

2"(t) + a(t)z” (¢) + b(t) g1 (2" (t — (1)) + ga(2' (1)) + Mz (t — (1))
= p(t,2(t), 7' (t), 2t — r(t)), 2'(t — (1)), 2"(£)), t> 0.

Then (1.1) can be written as the following system

( /(1) = y(t),

y'(t) = (1),

(1.2) q () = —a(t)z(t) — b(t)g +0(1) [0 91 (y(5))2(s)ds
—g2(y(t)) — h(x(t)) +ft () h' x(S))y(S)ds

L+t 2(t),y@), z(t — (1), y(t —r(t)), 2(1)),

where 0 < r(t) < p, p is a positive constant, and r'(t) < (3, 0 < § < 1; the primes

in (1.1) denote differentiation with respect to ¢, t € RT, RT™ = [0, 00); the functions

a,b, g1, g2, h and p are continuous in their respective arguments on R, R, R, R and

RT x R5, respectively, with g;(0) = ¢2(0) = h(0) = 0. The continuity of the functions

a,b, g1, g2, h and p guarantees the existence of the solution of (1.1) (see [3]). It is

(1.1)

assumed that the right hand side of the system (1.2) satisfies a Lipschitz condition in
x(t), y(t), x(t—7r(t)), y(t—r(t)) and z(t). This assumption guarantees the uniqueness
of solutions of (1.1) (see [3]). It is also supposed that the derivatives a'(t) = La(t),
V(t) = 2Lb(t), h'(t) = Lh(t), and ¢} (t) = Lg;(t), exist and are continuous; throughout
the paper z(t), y(t), z(t), are abbreviated as x, y, z, respectively.

Our purpose is to extend and improve the results established by Tung [15] to
equation (1.1) for the asymptotic stability of zero solution and boundedness of all
solutions, when p = 0 and p # 0 , respectively. We also give an example to illustrate
the effectiveness of the used method. Our approach is based on the Lyapunov’s second

method.

We point out that equation (1.1) is different from that investigated in [6-15].
Throughout all the above papers, the terms g;(2'(¢)) and h(z(t)) did not include the
variable delay r(t) # 0. However, equation (1.1) is in the form of g;(2/(t — r(t))) and
h(z(t — r(t))) with r(t) # 0. This case is a significant difference between our paper

and the above papers.

2. PRELIMINARIES AND MAIN RESULTS

We will give some basic information for the general non-autonomous delay dif-
ferential system. Firstly, we consider the general non-autonomous delay differential

system

(2.1) t' = F(t,x),
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where z; = x(t + 1), for t > 0, —r <7 <0, F: [0,00) x Cy — R" is a continuous
mapping, F(t,0) = 0. We suppose that F' take closed bounded sets of R™. Here
(C,||- ) is the Banach space of continuous functions ¢ : [—r, 0] — R™ with supremum
norm, r > 0; Cpg is the open H-ball in C; Cy = {¢ : [-1,0] — R™ : ||[¢| < H}.
Standard existence theory (see [1]), shows that if v € Cy and ¢t > 0, then there is
at least one continuous solution z(t, to, 1) such that on [ty, to + 6) satisfying equation
(2.1) for t > ty, z4(t,9) = ¢ and 0 is a positive constant. If there is a closed subset
B C Cpg such that the solution remains in B, then § = co. Further, the symbol | - |
will denote a convenient norm in R” with |z| = max;_p<s<; |2;|. Let us assume that
Cy={v¢: [t —6,t] — R"|¢ is continuous} and 1)y denotes the ¢ in the special C, and
9] = max;_g<s<¢ [Y(t)|. It is clear that equation (1.2) is a special case of (2.1).

Definition 2.1 (Burton [3]). A continuous function W : [0,00) — [0,00) with
W(0) = 0,W(s) > 0 if s > 0, and W is strictly increacing. (We denote wedges
by W or W;, where i is an integer.)

Definition 2.2 (Burton [3]). Let D be an open set in R" with 0 € D. A function
V 1 ]0,00) x D — [0,00) is called positive definite if V(¢,0) = 0 and there is a
wedge Wi with V (¢, 2) > Wi(|z|), and is called decrescent if there is a wedge Wy with
V(t,z) < Wa(|z|).

Definition 2.3 (Burton [3]). Let F(¢,0) = 0, then

(i) the zero solution of equation (2.1) is stable if for each € > 0 and t; > t,, there
exists 0 > 0 such that [¢p € C(t1), ||¢]| < d,t > t1] imply that |z(¢,t, V)| < €;

(ii) the zero solution of equation (2.1) is asymptotically stable if it is stable and for
each t; > ty, there is an n > 0 such that [¢p € C(t1),]|¢| < J] implies that

x(t, to, ) — 0 as t — oo.

Definition 2.4 (Burton [3]). Let V (¢, %) be a continuous functional defined for ¢ > 0,

¢ € Cy. The derivative of V along solutions of equation (2.1) will be denoted by V

and is defined by the following relation V' (¢, ) = limy,_,osup V(Hh’x“h(to’ﬁ))_v(t’mt(to’w)) ,

where x(tg,1) is the solution of equation (2.1) with x,(tg, ).

Secondly, we consider the general autonomous delay differential system
which is a special case of equation (2.1), and the following lemma is given.

Lemma 2.5 (Sinha [10]). Suppose F'(0) = 0. Let V' be a continuous functional defined
on Cg with V(0) = 0 and let u(s) be a nonnegative and continuous function for 0 <
s < oo and u(s) — oo as s — oo, with w(0) = 0. If for all ¢ € C, u(1(0)) < V(¥),
V() >0, V() <0, then the solution x = 0 of equation (2.2) is stable.
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If we define Y = {¢) € Cy : V(1)) = 0}, then the solution & = 0 of equation (2.2)
is asymptotically stable, provided that the largest invariant set in Y is Z = {0}.
Let Q = {(t,r,y,2) e RT x R3: 0 <t < o0, |z| < Hy, ly| < Hy, |2| < Hy, H <
Suppose there are positive constants a, «, 3, by, ba, B, ¢, ¢; and L such that the

following assumptions hold for every ¢, z, y and z in €2

(a1) a(t) > 2a+a

(az) B > b(t) > 3,

(az) 91(0) = g2(0) = h(0) =0,

(ag) 0 < ey <h(x) <c,af —c>0,

(a5) 22 > by > 1, 20 > by > 1, (y # 0) and |gi(y)| < L,
(as) [ab(t) — cly® > 27 1Cm()y +U(t) [y g1(n)dn,

(a7) [p(t,z, y,x(t —r(1)),y(t —r(t), z)| < q(t),

where ¢ € L1(0,00), L! is the space of Lebesgue integrable functions. Now we give

our main results.

Theorem 2.6. Suppose that the functions a,b, g1, g2 and h satisfy assumptions (ai)—
(ag). Then the zero solution of equation (1.1) with p = 0 is asymptotically stable,
provided that

_ 2a(1 — B)by 2(1—o)(a+a)
p< mm{a(l “B)BL+o) +(at+t e (BL+o)(1-0)+ (@t l)BL} '

Theorem 2.7. Suppose that the functions a,b, g1, g2, h and p satisfy assumptions
(a1)—(ay). Then there exists a positive constant M such that the solution x(t) of
equation (1.1) with p # 0 defined by the initial functions

a(t) =), 2@)=¢'@), 2"(t)=4"(t),
satisfies the inequalities

[e(t)] < VM, |2'(t)] < VM, 2"(t)] < VM,
for all t > to, where ¢ € C%([ty — 0, to], R), provided that

, 2a(1 — 3)by 2(1 —o)(a+a)
p= mm{a(l —B)(BL+) +(a+tl)e (BL+o)(l—0)+ (at 1)BL} ‘

We define the following Lyapunov functional for the proofs of Theorem 2.6 and
Theorem 2.7:

1 Y Y
23) Vit z) = 57+ oy +30) [ omdn+ [ gato)dn
0 0

T 0 t
! 9 2
— h h(&)d 0)dod
# e h@y o [ n@derm [ o
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0 t
+ 2 / / 22(6)d6ds,
—r(t) Jt+s

where p1, j1o are some positive constants which will be specified later in the proofs.

The following lemmas are needed in the proofs of Theorem 2.6 and Theorem 2.7.

Lemma 2.8. Assume that all the conditions of Theorem 1 hold. Then there exist
positive constants E; (i = 1,2,3) such that

(24) V(t, @, yp, 2) > Era® + Eay” + E327,
for all x, y and z.

Proof. From the assumptions (a;)—(ag), &% > b > 1, 28 > py (y #£ 0), and
0<c¢ <HW(x)<ec, it follows that

Y Y b 2 2
) [ oty =it [ 2y > A > O
Y o Y 92(n) b2y2
| otnan = [ &gy > 2
R

Taking into account the above discussion, we have

V(t, ze, Ye, 2¢) > %(z +ay)? + a/x h(€)de — hZ(ﬂiC) n Bly + 62_1h(x)]2 N b22yz

t
/ / 0)dOds + jiy / 2*(0)dbds,
t+s —r(t) Jt+s
1

—(Z+Oéy) +a/xh(£>d£_cf0 d§+6[y+ﬂ_lh(x)]2 b2y2

_'_
/ / 0)dOds + pio / 0)dOds.
t+s —r(t) Jt+s
It is clear that

2 2
a/; h()de — C‘[g}’# _ 8 (af— ) /0 WE)dE > 27 ey BN — o)

[\)

Hence

V(t, ze, ye, 2) > 1(Z + ay)? + Bly + ﬂ_lh@)P + bgy + 27,87 (aff — c)2?

2
/ / 0)dOds + pio / 0)dfds.
t+s —r(t) Jt+s

It follows from the terms of the above inequality that there exist sufficiently small
positive constants E; (i = 1,2, 3) such that

V(t, x4, ys, 2) > E1a® + Eyy® + E32°.
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Lemma 2.9. Assume that all the conditions of Theorem 2.6 hold. Then there exist

positive constants Ey and Es such that

d
dtv(t xtuytazt) < E4y - E5Z

for any solution (x(t),y(t), z(t)) of (1.2).
Proof. Differentiate (2.3) to obtain

iV(t T, Yo z) = —[ab(O) g1 (y)y ™" + age(y)y™" — 1 (z) — 27 ad (1)]y?

dt
00 [ on —la(t) —ols* 5 2b0) [ gvts)=(s)is
v [ W) o) [ gilolo))=(e)ds
+%L_MW»(WHWWW)
ﬂmd)um—r}/

— {1 —r'(1)} 2*(s)ds.

t—r(t)

Applying the assumptions of Lemma 2.9 and the inequality 2|st| < s* + 2, we get
Yy
— [ab()g1 (y)y ™" + aga(y)y ™t — W(z) — 27 ad (t)]y* + b’(t)/ g1(n)dn
0

—{[ab(t) = dJy* — 27 ad (t)y* + V' (t) /Oy g1(n)dn} — abyy® < —abay?,

—[a(t) — a]2* < ~(a + )22,

BL BL

wwﬁmwm»mw«7w+7}wf@m

aBL , oaBL

quL®¢@w>mw<—7wy+j7- 22(s)ds,

t—r(t)
t c c t
z/‘ M@@M@Mwsw%+—/’ ¥ (s)ds,
t—r(t) 2 2 S

acC ¢

t
o [ Watus< Yo+ [ s
t—r(t) t—r(t)

iy’ (t) + p2’r(t) < my’p + pez’p,

— {1 —7"(t)} - y2(s)ds — po{l —7'(t)} - 2*(s)ds
< —m{l—o} y*(s)ds — po{l — o} 2*(s)ds.

t—r(t) t—r(t)
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These estimates imply that

d aBL «ac
%V(t Ty, Yp, 2) < — {abz - (T + 5 + Ml)ﬂ} Y
aBL ¢ 9
—qata—(—5—+5+tu)ppz
2 2
1)BL ¢
+{u —ug(l—a)}/ 22(s)ds
2 t—r(t)
a+1)c t
+ {% — (1 — a)} / y*(s)ds.
t—r(t)
Let p, = (( = and pup = g’g‘;’lﬁ We have
d aBL «ac
%V(tvxta Yi, 2t) < — {abz - (T + 5 + Ml)P} Y
aBL 2
a+a—(?+2+u2)p .

The preceding inequality implies

d
V(g 2) < —Bay® = E52,
for some positive constants F; and Es provided that
, 2a(1 — )by 2(1 —o)(a+a)
p < min )
a(l—=0)(BL+c¢)+ (a+1)¢ (BL+c¢)(1—0)+ (a+1)BL

O

Lemma 2.10. Assume that all the conditions of Theorem 2.7 hold. Then there exists

a positive constant Eg such that

d
(2.5) %V(t T, Y, 2t) < Be(2+ 3 + 2%)q(t),

for any solution (x(t),y(t), z(t)) of (1.2) with p # 0.

Proof. Since p # 0, calculating the total derivative of the functional V' (¢, zy, yi, 2¢)
with respect to ¢ along the trajectories of the system (1.2) and using the conditions
of Lemma 2.10, we get

d

Ev(tu Tty Yt Zt) S _E4y2 - E15Z2 + (Oéy + Z)p(tv x,Y, .flf(t - T(t))u y(t - T(t>)7 Z)'
Hence

d
£V(t T, Yo, z) < Es(|y] + [2])a(t).

where Eg = max{1,a}. By |y| <1+ y* and |z| < 1+ 2%, we have

d
SVt ze e 2) < Eg(2+ y> + 2%)q(2).
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3. PROOFS OF MAIN RESULTS

Proof of Theorem 2.6. By utilizing (2.4), it follows that
V(ta Tty Yt Zt) Z E7($2 + y2 + Z2)a
where E7; = min{ Ey, Fy, E5}. The existence of a continuous function u(s) > 0 with

u(]1(0)]) > 0 such that u(|(0)]) < V() is now readily verified.
It also followed that the largest invariant set in Y is Z = {0}, where ¥ =

{p € Cx : V() = 0}. That is the only solution of equation (1.1) for which
%V(t, Ty, Yt, 2¢) = 0 is the solution z = 0. This discussion guarantees that the null

solution of equation (1.1) is asymptotically stable. O
Proof of Theorem 2.7. By using the inequality (2.4) and (2.5), it follows that

d
%v(ta Ty 2) < Ee(2+ BV (a0, 1, 21) )q(t)
= 2Esq(t) + EsE7 'V (t, x4, ye, 20)q(t).
Let Ly = fooo q(s)ds. Integrating the above inequality from 0 to t and using the
assumption ¢ € L'(0, 00) we get

t
V(t, Lty Yt Zt) S V(ZZ}'(], Yo, ZO) + 2E6L0 + EGE’Y_I / V(t, Lsy Ys, ZS)Q(S)CZS.
0

Hence making use of the Gronwall-Bellman inequality, we obtain

t
V(t, o, ye, 2) < {V (20,90, 20) + 2E6Lo} eXP(E6E7_1/ q(s)ds)
0
= {V (20,90, 20) + 2Es Lo} exp(Es E; ' Ly) = M, < oo,

where M; > 0 is a constant.

It follows that
12 _l_ y2 + 22 S E7_1V(t, Tty Yt Zt) S M7

where M = E-'M,;. This inequality implies that |x| < VM, |y| < VM, |z| < VM,
for all t > t,.
Hence |z| < VM, |2'| < VM, |2"| < VM for all t > t,. O

4. EXAMPLE

In order to illustrate our main results, we consider the nonlinear third order delay

differential equation
(4.1) 2”(t)+ (13 4+ 2+ ) Ha"(t) + 41 + e ' (t —r(t)) + 82" (t) + z(t — (1))
= p(t, x(t), (1), 2(t — r(t)),2'(t = r(t)), 2" (1)).
Equation (4.1) may be expressed as the following system

r =Y,
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y =3
=134+ 2+t Nz —4(l+eHy -8y —x
41 +et t z(s)ds t s)ds t,x,y,x(t—r(t)),y(t —r(t)), 2).
waee) [ st [ s +plt ol =)0 r(9). )
Let
p(t,x,y,a?(t—r(t)),y(t—r(t)),z)

8
T2 a2(t) + 22— r(0) + @) + (- r(t) + 22 (E)

We have
at) =13+ (2+t*) "' >22x6+1, a=6, a=1,

1<bt)=1+e'<2, pB=1, B=2,

g1(y) =4y, go(y) =0,

gl;y)=4=bl>1, (y#0), gily)=4=1L,
/Oy g1(n)dn = 2y?,

wlo) = 8002000 = 0. 20 sy 20)

h(z) =z, h(0)=0, HK(x)=1,
0<2'<hW(@)<1l, =21 c=1,
dt) = —2L 4>0), V)=, (t>0)
Qrep =Y et =
(2,0t = r(0), 0 = 7(0)),2) = () < 17 = a)

In view of the above discussions, it follows that

[ab(t) — cJy® = [6+5e ]y, (t>0), aB—c=5>0,

- / / Y 6t -
2 lad (@) +6(0) [ aldn =~ 3~ (2 0)
2 —t7. 2 6t 5 o ol 2 Y
[ab(t) — cly” = [6 + 5e”"|y” > —my —e 'yt =2"ad (t)y" +0'(t) [ g(n)dn,
0

o0 [e.e] 8
/0 q(s)ds:/o 1+82ds:47r< 00,
that is ¢ € L'(0, 00).

Hence, all the assumptions of Theorem 2.6 and Theorem 2.7 hold. That is the
zero solution of (4.1) with p = 0 is asymptotically stable and all the solutions of (4.1)
with p # 0 are bounded.
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