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1. INTRODUCTION

Let T' be a positive integer, p : Z[0,T] — (1,00), r : Z[1,T] — (0,00) and the
homeomorphism hy,) : R — R be defined by hyp(z) = |z[P® 2z, for all z € R
and k € Z[0,T]. Here and below, for a,b € N with a < b, we use the notation
Zla,b] = {a,a+1,...,b}.

In this paper we deal with the existence of at least three solutions for the periodic

problem

Py etk = )4 By (w(k) = A (k). (V) k € Z{1T],
r 2(0) — (T +1) = 0 = Az(0) — Axz(T),

as well as for the Neumann problem

Py b= 1) )y () = A2 (b), () k€ Z[LT)
N Az(0) = 0 = Az(T),

Received October 13, 2012 1056-2176 $15.00 (©Dynamic Publishers, Inc.



184 G. BONANNO, P. JEBELEAN, AND C. SERBAN

where X is a positive parameter, Ax(k) = x(k + 1) — x(k) is the forward difference

operator, A,y stands for the discrete p(-)-Laplacian operator, i.e.,

(1.1) Apr-yz(k — 1) := A(hp—1)(Az(k — 1))
= hpy (Az(k)) = hye—1)(Az(k — 1))

and f:Z[1,T] x R — R is a continuous function.

Throughout the paper, we assume that the variable exponent p satisfies

(1.2) p(0) = p(T)

whenever we refer to the periodic problem (Pp). From now on, we also employ the

notations:

“ = min p(k), p"= max p(k) and r_ = min r(k).

keZ[0,T] ’ kEZ[0,T] kEZ[1,T]
In the last years, the critical point theory has been extensively used to obtain mul-
tiplicity of solutions for boundary value problems involving the discrete p-Laplacian
operator (see e.g., [1], [4], [7]-][13], [18], [26] and the references therein).

Boundary value problems with discrete p(-)-Laplacian were studied in recent time;
we refer the reader to [3], [15], [16], [19], [21], [22]. The existence of at least three solu-
tions for discrete anisotropic equations subjected to homogeneous Dirichlet boundary
conditions was obtained in [14], [20]. Also, using some related variational arguments,

the existence of infinitely many solutions for such equations is studied in [23].

In the recent work [2], the authors have obtained the existence of ground state
and saddle point solutions for problems (Pp) and (Py) with A = 1; also, they give
an alternative variational proof of the upper and lower solutions theorem for both of
the problems. By mountain pass type arguments, in [25], the existence of at least
two positive solutions for problems (Pp) and (Py) is established, for sufficiently large

values of the parameter \.

The aim of this paper is to present suitable assumptions which guarantee the
existence of at least three solutions for problems (Pp) and (Py). Hence, the first
results (see Theorems 3.1 and 3.4) ensured the existence of an open interval Ay,
such that for every A € Ay, problems (Pp) and (Py) admit at least three solutions
whose norms are bounded with respect to A\. Next, under a suitable sign hypothesis
on f and without assuming any asymptotic condition on the primitive F' of f, we
obtain the existence of at least three positive solutions for problems (Pp), (Py) (see

Theorems 3.6 and 3.9), for each X belonging to a well-defined interval.

The rest of the paper is organized as follows. The functional framework, the
variational setting and the abstract three critical points theorems are presented in

Section 2. In Section 3 we give our main results.
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2. FUNCTIONAL FRAMEWORK AND ABSTRACT CRITICAL
POINTS THEOREMS

To establish the main results we shall use a variational approach. With this aim,

to treat the periodic problem (Pp), we introduce the space
Xp:={x:Z[0,T+1] >R |z2(0)=x2(T+1)},
while in the case of Neumann problem (Py), we shall use
Xy ={x:2[0,T+ 1] — R}.

For convenience in notations we generically denote by X one of the spaces Xp or
Xn. The space X will be endowed with the Luxemburg type norm

T+1 (k—1) T p(k)
, 1 |Ax(k—1)]P 1 |x(k)
— inf : — = =<1

]l py = in {” >0 ; p(k—1) ‘ v T T k) |y = [

for some n > 0. It is easy to check that for all z € X and any n > 0, one has
T+1 (k—1)
|Ax —1 |p |m +

21) ol <3 Z < 2l i Nllpy > 1

We shall use the functional px : X — R given by

T+1 _1 |pk 1)

(22)  ex Z

Standard arguments show that px € C*(X,R) and

Z(—’; kPR (V) z e X.

T+1 T
(23)  (Dx(@),y) = hyp—y(Az(k — 1) Ay(k — 1) + > r(k)hy (x(k))y(k),
k=1 k=1
for all x € X. Also, we define
T
(2.4) Fx(z) =) F(kz(k), (V)zeX,
k=1

where F': Z[1,T] x R — R is the primitive of f, i.e.,
¢
Fkt) = / fle,r)dr,  (9) k€ Z[L,T], (V) t € R.
0
It is easy to see that Fx € C'(X,R) and
T
(2.5) (Frew),y) =D f(ka(k)y(k), () 2,y € X.
-1

The energy functional corresponding to problem (Pp) (resp. (Py)) is

Dx(x) = px () - \Fx(2), (V)€ X,
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with X = Xp (resp. X = Xy). From (2.3) and (2.5), one has

T+1
(D (@), ) = ) hypw—ny (Az(k — 1) Ay(k — 1)
k=1
+ 3 (k) hyy ((R))y(k) = A fk,z(k))y(k), (V) 2,y € X.
k=1 k=1

The search of solutions of problem (Pp) reduces to finding critical points of the

energy functional @y, by the following

Proposition 2.1 (see [2, Proposition 2.1]). Assume that hypothesis (1.2) holds true.
A function x € Xp is solution of problem (Pp) if and only if it is a critical point of
Px

o
Also, we have

Proposition 2.2 (see [2, Proposition 2.3]). A function z € Xy is solution of problem
(P ) if and only if it is a critical point of ®x, .

Next, we recall for reader’s convenience, two theorems which will be employed in
our proofs. The first was obtained in [5] as a consequence of a three critical points
theorem of B. Ricceri [24], by using some results on a suitable minimax inequality
(also see [6]). The second one was established in [7] (also see [10]) and it is a finite

dimensional variant of Theorem 3.3 in [§].

Theorem 2.3 ([5, Theorem 2.1)). Let (Y, ||]|) be a separable and reflexive real Banach
space, and let 1, J 'Y — R be two continuously Gateauz differentiable functionals.
Assume that there exists yo € Y such that ¥ (yo) = J(yo) = 0 and (y) > 0 for every
y €Y and that there exist y; € Y, w > 0 such that

(i) w < P(y);

: J(y1)
() w?;;gw ) < wlb(yl)'

Further, put

hw
J
WS = SuDy(y < (4)

with h > 1, assume that the functional 1 — \J is sequentially weakly lower semicon-
tinuous, satisfies the Palais-Smale (in short, (PS)) condition and

a = ,

(i) lm (¢(y) — AJ(y)) = 400, for every A € [0,al.

llyll—+o0

Then, there exists an open interval A C [0,a| and a positive real number j such that,
for each \ € A, the equation ¥'(y) — AJ'(y) = 0 admits at least three solutions in'Y,

whose norms are less than .
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Theorem 2.4 ([7, Theorem 2.1}, [10, Theorem 31]). Let Y be a finite dimensional
real Banach space and 1, J : Y — R be two functionals of class C' on'Y, with 9

coercive. Moreover, assume that

(i4) ¥ is convex and infy ¥ = (0) = J(0) =0;
(i5) for each A > 0 and every uy, uy which are local minima for the functional »— \J
such that J(uy) > 0 and J(ug) > 0, one has

inf | J(&uy + (1 — &ug) > 0.

£€l0,1
Further, assume that there are two positive constants wy, wo and v € Y, with w; <
¥(v) < wa/2 such that
J(v) SUPyey—1(—oo,ws) J(v)

L SUPyey 1 (—oown) J (¥)

< d < .
(i) w1 — 2¢(v) an W ~ dp(v)
Then, for each

A€ M, min ] , wa/2 )
J(v) SUPyeyp—1(—oco,wr) J(y) SUPy eyp—1(—oo0,w2) J(y)

the functional 1 — AJ admits at least three distinct critical points y1, yo, ys such that
y1 € 7 (—00,wr), Y2 € Y wi,w2/2) and ys € YT (—00,w,).

3. MAIN RESULTS

Under suitable assumptions, first we obtain the existence of an open interval A,
depending on h > 1, such that problems (Pp) and (Py) admit at least three solutions

for every X\ € Ay. Moreover, an upper bound for A, is established.

For each positive constant ¢, we shall use the notations:

S P L (ko)

Doin(€) = k=1 )
min(C) min{c~, " } max{c, "}

Chax(€)

Theorem 3.1. Assume that there exist positive constants c,d with ¢ < d such that

(3.1) i (k. 1) p~ min{c® , @ }r (d)
3.1 supF ,t < - — Fmax
=1 ltl<e p* Zle r(k)
and
F(k,t
(3.2) li‘?'lsup W <0, (v)keZ[1,1).
— 00

Also, we set

(3.3)

[ 3

-1

_ p_Fmax(d> . er ZZ:I Sup\t|<c F(k’, t)
ZZZI r(k) r_min{c?”, "} ’

If (1.2) holds true, then for every h > 1, there exists an open interval A, C [0, ha]

and a positive real number p such that, for all X € Ay, problem (Pp) admits at least

three solutions in Xp, whose norms are less than .
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Proof. We apply Theorem 2.3 with Y = Xp, ¢ = ¢px, (see (2.2)) and J = Fx,
(see (2.4)). Clearly, the regularity assumptions required on ¢x,,Fx, and Xp are

satisfied. Also, vx,(0) = Fx,(0) =0 and px,(x) >0, for all x € Xp.

We denote .
r_min{c? | cP
w= { } >0
pt

and since ¢ < d, one has

B> min{d” ,d""} ir(k) e min{c® , "}

MH
=3
|
ol o
S

(3.4)  ¢x,(d) = > = w,
k=1 p+ k=1 er
that is, condition (i1), with y;(k) =d € Xp, for all k € Z[0,T + 1].
Also, it is easy to see that (3.1) implies
T
(3.5) > F(k,d) > 0.
k=1
If x,(x) < w, then
T
Z lz(k)[P®) < min{c®”, "}
—1
and hence, for each k € Z[l, |, one obtains
lz(k)| < min{c?, " } 70
pt
If ¢ > 1, then |z(k)| < c® < c. Also, |z(k)| < ¢*® < ¢, provided that ¢ € (0,1).
Therefore, maxyezp 7 |#(k)| < ¢ and from (3.1) and (3.5), we infer
T
sup  Fx,p(z) < sup Fxp(z) < Zsup F(k,t)
oxp(@)<w maxez(1,7) [2(k)|<c —1 ltl<c
p~min{c” " Yr Pona(d) = wp~ Fxp(d)
pE (k)T max{dr dr S (k)
< waP (d)
$PXp (d>
Thus, condition (i) is satisfied. Moreover, we have
_ hw
T Fe@
Wﬁ - supapxp(z)<w FXP ('T)
hw -
— p—r_min{c?” " }Timax(d) T - ha’
pt Z{;l r(k) B Zk:l SUP|¢|<c (k1)

with @ given in (3.3). Now, we consider g(k,t) = Af(k,t) — 7(k)hyu(t), for all
k € Z[1,T] and t € R. Then,
|t|P(R)

G(k,t) = AF(k,t) — r(k’)m
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and in view of (3.2), we obtain the following Hammerstein type condition

) G(k,t) r(k)
(3.6) h‘rt?jolip 2[00 < k) <0, (V)keZlT].

Next, we use the same arguments as in the proof of Theorem 3.1 in [17]. From (3.6),

there are constants o > 0 and p > 0 such that

wag—i%mwﬂ(WkemLﬂJWteRmmM>p
p

On the other hand, by the continuity of G, there is a constant M, > 0 such that
\G(k,t)| <M, (V) keZ]l,T], (V)teRwith [t| < p.
Hence, we infer

T o) T ek
G%ﬁSA@+MMM M@W . () keZ[1,T], (V) teR.

To prove the coercivity of ¢ x, — AFx, (i.e., Px,), from the above inequality we have

T+1
Az(k — 1)1
O, (2) —Z‘ z(k ’ ZG E,ax(

—~  plk—
T+1 _ T
IAﬂk—DWk” O, |z (k) [P
> —— (" + PN -MT+0y T
; p(k—1) p_( ) 8 ; p(k)
T+1
Az(k — 1)1
= Z ‘ x(p(k’ ’ Z — Cl, (V) T e Xp,
k=1 k=

where C = M,T + = (" + pP")T. This, together with (2.1), yields
Cxp (@) = 2]} ) = Cr (V) 2 € Xp, [[2]lopey > 1.
Consequently, ®x,, is coercive, for every A > 0. So, condition (i3) is fulfilled.

Also, it is easy to see that from coercivity, ®x, satisfies (PS) condition.

Thus, from Theorem 2.3, for every h > 1, there exists an open interval A, C

[0, ha] and a positive real number p such that, for all A € Ay, equation

Pxp(T) = AT, () =0
admits at least three solutions in Xp and by virtue of (1.2) and Proposition 2.1, we

have that problem (Pp) admits at least three solutions in Xp, whose norms are less

than p and the proof is complete. O

Remark 3.2. (i) We note that according to the proof of Theorem 2.3 (also see [5,

Proposition 1.3]), & entering in Theorem 3.1 satisfies

Fx(d)
wwx,}z(d)  SUPyy, (2)<w Fxp (@) Fxp(d)
< pU<w———,
" ex,(d)

sup  Fxp(x) +

pxp (@) <w

for every h > 1.
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(i) It is worth to point out that applying [10, Theorem 30}, under the assumptions
(1.2), (3.1) and (3.2) from Theorem 3.1, we also obtain in a similar way as above

that, for every

(S rowinge el
p_rmax(d> 7 p+ 22:1 Sup|t‘<c F(k, t) 7

problem (Pp) admits at least three solutions in Xp, such that at least one is in

N r_min{c* "}
SOX}D <_OO7 :

p+

and another one in

_, (r_min{e", "}
Sﬁxl ( o , oo .

(iii) Theorem 3.2 proved in [4] for p=constant is an immediate consequence of The-

orem 3.1.

Example 3.3. Let p~ =5, p" =17, T =15, A > 0, 7(k) = 1 and f(k,t) = 2k(t3 —1),
for all k € Z[1,15], t € R. We consider the problem

{0l = D)+ a(b) = 20k(a (k) 2], (v) k€ Z{1,15]
z(0) — z(16) = 0 = Az(0) — Az(15).

We have A

t

F(k,t)=k (5 - t2) . (V) ke Z[1,15], (V) t€R.

If we choose ¢ = 1 and d = 2, then it is easy to see that the conditions of Theorem
3.1 are satisfied. Hence, if p(0) = p(15), then for every h > 1, there exists an open
interval A, C [0,2'2h/5] and a positive real number u such that, for every A\ € Ay,

problem (3.7) has at least three solutions in Xp, whose norms are less than p.

Using exactly the same strategy as above we have the following

Theorem 3.4. Assume that there exist positive constants c,d with ¢ < d such that
(3.1) and (3.2) hold true and let a be given by (3.3). Then, for every h > 1, there
exists an open interval A, C [0,ha] and a positive real number p such that, for all
A € Ay, problem (Py) admits at least three solutions in Xy, whose norms are less

than .

In order to obtain at least three positive solutions for the periodic problem (Pp),

we shall need the following maximum principle.

Lemma 3.5. If

{ — g1yl = 1) + (k) (2(k) 2 0, (V) k € Z[1,T),
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then either x > 0 in Z[0,T + 1] or z = 0.

Proof. Let j € Z[1,T] be such that z(j) = mingezp 1 (k). Clearly,
(3.9) Az(j) >0 and Az(j—1)<0.
From (3.8), (1.1) and (3.9), we obtain
P (@()) Z 1Az A2()) - [A(j = DA - 1) > 0,
which implies that > 0, for all k € Z[0,T + 1].

Moreover, assuming that x(j) = 0, from the previous inequality and nonnegativ-

ity of z(j — 1) and z(j + 1), we have
0 < |z + DPY?2( + 1) + 2 — )PV V22— 1) <0

and so, z(j + 1) = x(j — 1) = 0. Thus, repeating these arguments, the conclusion

follows at once. O]

Theorem 3.6. Let f be a positive continuous function on Z[1,T] x [0,00). Assume

that there exist three positive constants ci, d and ¢y, with ¢y < d, such that

(3.10) max{d’ ,d""} < P - min{c’;,c’f}
1% _r(k

and

- P r_
2p* Ele r(k)

(311) max {Fmin(cl), 2Fmin(62>} Pmax(d>-

If (1.2) holds true, then for each

25T r(k) r_
3.12 M€e b=l 2 :
( ) ( pirmax(d) p+ max {Fmin(cl)a 2Fmin(02)}

problem (Pp) admits at least three distinct positive solutions x1, xe, x3 in Xp, such
that

ZL’z(l{Z) < C9, (V) keZ[O,T+1], 1=1,2,3.

Proof. Without loss of generality, we may assume that f(k,t) = f(k,O0), for all (k,t) €
Z[1,T] x (—00,0). We shall apply Theorem 2.4 with Y = Xp, ) = ¢x, and J = Fx,.
From (2.1), we have

exp(@) 2 2l (V) @€ Xp, (2]l pey > 1,
which imply that ¢x, is coercive. Clearly, (i4) is fulfilled.

Let uy, ug be two local minima of ®x,. They are two solutions for problem (Pp)
and owing to Lemma 3.5, one has &uy (k) + (1 — &)us(k) > 0, for all k € Z[0,T + 1]
and all £ € [0,1]. Hence,

FXP(§U1 + (1 - 5)“2) > 07 (V) f € [07 1]
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and (i5) is verified.

Setting

+

_min{c &
— and WQZT mm{f 4}
p D

in the same way as in the proof of Theorem 3.1, if px, (z) < w; (resp. px, () < wa),

_romin{d '}

w1 =

Y

we have that maxgezn ) |2(k)| < ¢1 (resp. maxpezp 1 |v(k)| < cz). Therefore, one

obtains
Squego;(;(—oo,m) IXP (.7)) < Supmaxkez[l’T] |z(k)|<c1 ‘FXP (x)
W1 B w1 a
T T
., SUPy<e, F(k,t F(k +
(313) Zkil p|t‘< ! ( ) S Zk:l ( ’01) == p_ Fmin(cl)>
w1 w1 T_
as well as
SUD et (oows) T Xp(T)
(3.14) DX T <2 Thpin(e).
wWa r_

On the other hand, since ¢; < d, we get px,(d) > wy (see (3.4)). Also, from
(3.10), one has

+

ox(d) < max{d? ,d""} ir(k:) - min{c ¢ } w2
k=1

N P~ 2pt Ty
So, we have w; < ¢x,(d) < we/2. Now, using (3.11), (3.13), (3.14) and the fact that
Zle F(k,d) > 0, we infer

SUP, et —00,w fX (‘T> + - d
€rxp v " < P Fmin(cl) < N Fmax(d) < M’

w1 r— 2 Zle (k)

respectively,

SUPg et —00,w 'FX (‘T) + - d
€¢XP( ? i S p_ Pmin(c2) < f— Pmax(d> S M
ws r_ AT (k) 4oxp(d)
and (i) holds true, with v(k) = d € Xp, for all k € Z[0, T + 1]. Further, again from
(3.13) and (3.14), one has that

S %X—P(d), min 1 ; wa/2 .
‘FXP (d) Supmétp)—(;(—oo,wl) ‘FXP (l’) Supmécp;(;(—oo,wz) FXP (.T)

Therefore, the functional ®x, admits at least three critical points x; € Xp,

i = 1,2,3, which on account of (1.2) and Proposition 2.1 are solutions of problem

(Pp) and owing to Lemma 3.5, are positive functions.

Finally, for i = 1,2, 3, since w; < wp and px,(x;) < we, we get that

max z;(k) < ¢
keZ[1T)
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and the end points inequality follows from the boundary conditions and the proof is

complete. O

Remark 3.7. Since the range of solutions obtained in Theorem 3.6 is in [0, ¢z], the
conclusion still remains true if we assume that f is a positive continuous function
only in Z[1,T] x [0, ce]. Also, it can be seen from the proof of Theorem 3.6 that if f
is only nonnegative on Z[1,T] x [0, ¢z], then problem (Pp) has at least two positive

solutions.

Example 3.8. Let p~ =7, p" =12, T =15, A >0, r(k) = 1 and

k, 0<t<1,

kt'® 1<t<5b

k,t) = ’ - ’

J(k8) k(10 —-t)18, 5<t<9,
k, t>9,

for all k € Z[1,15], t € [0,00). By a simple computation we see that the conditions
in Theorem 3.6 are satisfied if we choose ¢; = 1, d = 2 and ¢ = 9. Hence, with f
defined above, if p(0) = p(15), then for each A € (19/3584,19/1440), the problem

A g — 1) by (o(R)) = M 8), (%) b € Z[1,15],
z(0) — 2(16) = 0 = Az(0) — Az(15)

has at least three distinct positive solutions z; € Xp, ¢ = 1,2, 3, such that, for each
k € Z[0,16], one has z; <9, i = 1,2, 3.

It is easy to check that Lemma 3.5 remains valid with

~Apgeyall — 1)+ (W) > 0, (V) k € ZIL T,
Az(0) = 0= Ax(T),

instead of (3.8). Hence, for the Neumann problem (Py), by no longer than “mutatis

mutandis” arguments (also, see Remark 3.7), we have the following

Theorem 3.9. Assume that there exist three positive constants c¢i, d and co, with
c1 < d, such that (3.10) and (3.11) hold true. If f is a positive continuous function
on Z[1,T] x [0, ca], then for each X as in (3.12), problem (Px) admits at least three

distinct positive solutions x1, o, x3 in Xy, such that
xl(k) < g, (V) kEZ[O,T+1], 1=1,2,3.
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