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ABSTRACT. In this paper, we introduce a new concept of square-mean asymptotically almost
automorphy for stochastic processes. Also, we study the properties on the completeness and the
composition of the space that consists of such processes. We then apply the results obtained to
investigate the existence of the square-mean asymptotically almost automorphic mild solutions to
a class of abstract semi-linear stochastic integro-differential equations. Finally, an example is also
given to justify the practical usefulness of the established general theorems. Our main results extend

some known ones in the sense of square-mean almost automorphy.
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1. INTRODUCTION

In this paper, we study the existence of square-mean asymptotically almost auto-

morphic solutions for the following abstract stochastic integro-differential equations

(11) dx(t) = [Ax(t) + fot B(t — s)x(s)ds| dt + f (t,x(t)) dW(t), t >0,
' x(0) = zo,

where A and B(t),t > 0 are densely defined and closed linear operators in a Hilbert
space L*(P,H), W (t) is a two-sided standard one-dimensional Brownian motion de-
fined on the filtered probability space (2, .#,P,.%;), where %, = o{W(u) — W (v);

u,v < t}, xg is an Fy-adapted, H-valued random variable independent of the Wiener

Received December 10, 2012 1056-2176 $15.00 @Dynamic Publishers, Inc.



270 Z-H. ZHAO, Y-K. CHANG, AND J. J. NIETO

process W, and f : [0, 400) x L?*(P,H) — L?*(P, H) is an appropriate function specified

later.

The concept of almost automorphy was introduced by S. Bochner [5, 6] in relation
to some aspects of differential geometry. It turns out to be an important generalization
of almost periodicity. For more details about this topics and the related works, we
refer the reader to [27, 28].

The asymptotically almost automorphic functions were firstly introduced by
G. M. N’Guérékata in [29]. Since then these functions have became of great interest
to several mathematicians and generated lots of developments and applications, we
refer the reader to [7, 18, 19, 20, 31] and the references therein.

Recently, the existence of almost periodic, almost automorphic and pseudo al-
most automorphic solutions to some stochastic differential equations have been con-
sidered in many publications such as [1-4, 8-14, 30| and references therein. In a
very recent paper [13], the authors introduced a new concept of S?-almost auto-
morphy for stochastic processes including a composition theorem. However, to the
best of our knowledge, there are no results available in the literature on square-mean
asymptotically almost automorphic mild solution to abstract semi-linear stochastic
integro-differential equations. Therefore, motivated by the works [10, 13, 19], the
main purpose of this paper is to introduce the notion of square-mean asymptotically
almost automorphic stochastic process and establish some basic results not only on
the completeness of the space that consists of the square-mean asymptotically almost
automorphic processes but also on the composition of such processes. Also, we apply
this new concept to investigate the existence of square-mean asymptotically almost
automorphic mild solutions to the problem (1.1). The obtained result can be seen as

a contribution to this emerging field.

The rest of this paper is organized as follows. In section 2, we introduce the notion
of square-mean asymptotically almost automorphic processes and study some of their
basic properties. In section 3, we prove the existence of square-mean asymptotically
almost automorphic mild solutions to the problem (1.1). An example is given in

Section 4 to illustrate the results obtained.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notations, lemmas and tech-
nical results which will be used in the sequel. For more details on this section, we
refer the reader to [10, 12, 21].

Throughout the paper, we assume that (H, || - |, (-,-)) and (K, || - ||k, (-, )x) are
two real separable Hilbert spaces. Let (02, .%,P) be a complete probability space. The
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notation L?(P, H) stands for the space of all H-valued random variables x such that

Bla|? = / |2 < oo.
Q

ol = ( [ el dIP)

Then it is routine to check that L?*(IP, H) is a Hilbert space equipped with the norm
| - ||2- The notation Cy (R*; L?(IP, H)) stands for the collection of all bounded continu-
ous stochastic processes ¢ from RT into L?(IP, H) such that lim;_ 1o, E|j¢(¢)]]* = 0. It
is then easy to check that Cy (RT; L*(IP, H)) is a Banach space when it is endowed with
the norm |||, := supseg+ |@(t)]|2. Similarly, Cy (R* x L*(P, H); L*(P, H)) stands
for the space of the continuous stochastic processes f : RT x L?(P,H) — L*(P, H)
such that

For z € L*(P,H), let

i B ) =0
uniformly for x € K, where K C L?(P,H) is any bounded subset. In addition, W (¢)

is a two-sided standard one-dimensional Brownian motion defined on the filtered
probability space (2, #,P, %), where #;, = c{W (u) — W(v);u,v < t}.

Throughout the rest of the paper, A : D(A) C L*(P,H) — L*(P,H) is the
infinitesimal generator of a resolvent operator {R(t) : ¢ > 0} in the Hilbert space
L*(P,H) and B(t) : D(B(t)) ¢ L*(P,H) — L*(P,H), t > 0 is a bounded linear

operator. To obtain our results, we assume that the abstract Cauchy problem

{d:c(t) [ t)+ [i B(t — s)a(s)ds| dt, t >0,

21) 2(0) = zo € L2(P, H),

has an associated resolvent operator of bounded linear operators {R(t) : ¢ > 0} on
L2(P, H).

Definition 2.1. A family of bounded linear operators {R(t) : ¢ > 0} from L?*(P, H)
into L?(P,H) is a resolvent operator family for the problem (2.1) if the following

conditions are verified.

(i) R(0) = I (the identity operator on L?*(P,H)) and the map ¢t — R(t)z is a
continuous function on [0, +00) — L*(P, H) for every x € L?(P, H);
(ii)) R(t)D(A) € D(A) for all t > 0 and all z € D(A), AR(t)z is continuous on
[0,4+00) and R(t)z is continuously differentiable on [0, +00);
(ili) For every x € D(A) and t > 0,
t
CZR( t)xr = AR(t)x +/0 B(t — s)R(s)xds,

d

dtR( Jr = R(t)Ax +/0 R(t — s)B(s)xds.
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For more on resolvent of bounded linear operators and related issues, we refer
the reader to [16, 17, 23].

Definition 2.2 ([21]). A stochastic process z : R — L*(P,H) is said to be stochasti-
cally continuous if
lim E|lz(t) — x(s)||* = 0.

Definition 2.3 ([10]). A stochastically continuous stochastic process z : R — L?(IP, H)
is said to be square-mean almost automorphic if for every sequence of real numbers
{s! }nen, there exist a subsequence {s, }nen and a stochastic process y : R — L?*(IP, H)
such that

lim E||x(t+ s,) — y(t)||2 =0 and lim E|y(t —s,) — :E(t)||2 =0

hold for each ¢t € R. The collection of all square-mean almost automorphic stochastic
processes 7 : R — L*(P, H) is denoted by AA (R; L*(P,H)).

Definition 2.4 ([10]). A function f : Rx L*(P,H) — L*(P,H), (t,z) — f(¢,z), which
is jointly continuous, is said to be square-mean almost automorphic if f(¢, x) is square-
mean almost automorphic in ¢ € R uniformly for all x € K, where K is any bounded
subset of L?(IP, H). That is to say, for every sequence of real numbers {s’ },cn, there
exists a subsequence {s, ey and a function f : R x L2(P,H) — L*(P,H) such that

lim E|[f(t+ sn,z) — f(t,2)|> =0 and lim E|f(t — sn,z) — f(t,2)||> =0

for each t € R and each z € K. Denote by AA (R x L*(P,H); L*(P,H)) the set of all

such functions.

Lemma 2.5 ([21]). (AA (R; L*(P,H)), || - |l) is @ Banach space when it is equipped
with the norm

2]l := sup [[2(t)]l2 = sup(£|z(®)[*)?,
teR teR
for x € AA(R; L*(P,H)).

Lemma 2.6 ([10]). Let f : R x L*(P,H) — L*(P,H), (t,z) — f(t,x) be square-mean
almost automorphic, and assume that f(t,-) is uniformly continuous on each bounded
subset K C L*(P,H) uniformly for t € R, that is for all € > 0, there exists § > 0
such that z,y € K and E||x — y||> < § imply that E|f(t,z) — f(t,y)||* < € for all
t € R. Then for any square-mean almost automorphic process ¥ : R — L*(P,H), the
stochastic process F : R — L*(P,H) given by F(-) := f (-, z(+)) is square-mean almost

automorphic.

Definition 2.7. A stochastically continuous process f : RT — L*(P,H) is said
to be square-mean asymptotically almost automorphic if it can be decomposed as
f = g+ h, where g € AA(R;L*(P,H)) and h € Cy(RT; L?>(P,H)). Denote by
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AAA(RT; L3(IP, H)) the collection of all the square-mean asymptotically almost au-
tomorphic processes f: RT — L*(P, H).

Definition 2.8. A function f : RT x L*(P,H) — L*(P,H), (t,z) — f(t,x), which
is jointly continuous, is said to be square-mean asymptotically almost automorphic
if it can be decomposed as f = g + h, where g € AA (R x L*(P,H); L*(P,H)) and
h € Cy (R x L2(P,H); L*(P, H)). Denote by AAA (R* x L2(P,H); L*(P,H)) the set

of all such functions.

Now, we introduce a few preliminary and important results.

Lemma 2.9. If f, fi and fs are all square-mean asymptotically almost automorphic

stochastic processes, then the following hold true:

(I) f1+ f2 is square-mean asymptotically almost automorphic;
is square-mean asymptotically almost automorphic for any scalar \;
(IT) Af 4 ymptotically almost aut hic fi y scalar \
(ITT) there exists a constant M > 0 such that sup,cp+ E|f(#)]|* < M.

Proof. The proof of statements (I) and (IT) can be performed along the direction of the
proof of Theorem 2.5.3 in [27]. So, we only prove (III). Since f € AAA (R*; L*(P, H)),
we have by definition that f = g + h, where g € AA (R; L*(P,H)) and h € Cy(R™;
L*(P,H)). Then, by [21, Lemma 2.3.(3)], there exists a constant M; > 0 such that

Elgt)l* < M,

for each ¢ € R. On the other hand, since lim, ., , F||h(t)||* = 0, then for any given
e > 0, there exists a constant 7" > 0 such that

E|n®)]* < e

for each t € (T, 4+00). Note that E| h(t)||?* is uniformly continuous on [0, T'], therefore

there exists a constant M, > ¢ such that
E|h#)|* < M,
for each t € [0,T]. Now let M = 2(M; + Ms). Then, for each ¢t € R, we have
E|fOI < 2E[lgt)|* +2E|h()]* < 2(My + M) = M.
]

Lemma 2.10. Suppose that [ € AAA(RT; L*(P,H)) admits a decomposition f =
g+ h, where g € AA (R; L*(P,H)) and h € Cy (RT; L*(P,H)). Then {g(t) : t € R} C
{f(t) :t € Rt}.

Proof. By the definition of AA (R; L*(P,H)), there exists a subsequence {s,}nen of

{s! }nen with lim,,_ . s, = +oco such that for a certain stochastic process g

(2.2) lim El|g(t+s,) —g(t)|* =0 and lim E|g(t —s.) — g(t)]* =0
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holds for each t € R. For any fixed t; € R, we note that the sequence ty + s,, — +00

as n — +o00. Hence, we obtain

Jdim B f(to+s.) ~3(to)|* = lim_ Ellg(to + sa) + hlto + s,) = Gto)
< 2n1qirmeI|g(to+sn)—ZJ’(to)H2
+2 1ir+n E||h(to + sn)]|

= 0.

Therefore, §(to) € {f(t) : t € R*}, which shows that {g(¢) : t € R} C {f(t) : t € Rt}
On the other hand, it follows immediately from (2.2) that {g(t) : t € R} = {g(t) : t € R}.
Thus, {g(t) : t €e R} C {f(t):t € Rt} 0O

Using Lemma 2.10, the following key property can be proved. One can refer to
Theorem 2.5.4 in [27] for a detailed proof.

Corollary 2.11. The decomposition of a square-mean asymptotically almost auto-

morphic process is unique.

Lemma 2.12. AAA (R*; L?(P,H)) is a Banach space when it is equipped with the

norm:

| fll aaa@+sz2emy = sup [lg(t)]l2 + sup [|2(t)||2,
teR teR+t
where f = g+h € AAA (R"; L*(P,H)) with g € AA(R; L*(P,H)), h € Cy (RT; L*(P,H)).

Proof. Let {f,}°°, be a Cauchy sequence in AAA (RT; L?(P,H)), then by definition
that there exist two sequences of functions {g,}>>, and {h,}5>, such that f, =
Gn + hyp, n =1,2,..., where g, € AA(R; L*(P,H)) and h, € Cy(RT; L*(P,H)) for
n = 1,2,.... From Lemma 2.10, we easily deduce that {g,}°, is also a Cauchy
sequence of square-mean almost automorphic functions with respect to the norm of
the space AA (R; L*(P,H)). Thus there exists a function g € AA (R; L*(P,H)) such
that lim, o ||gn — g/|2 = 0 uniformly. Furthermore, the second terms of the functions
fn + {hn}o2, form a Cauchy sequence of continuous functions with respect to the
norm sup. Hence, there exists a continuous function h such that ||h, — h|z — 0

uniformly on R*, as n — oo.

Now, using the fact that for each n € N, limy_ o« ||, (f)||2 = 0 and the equality
h(t) = h(t) — h,(t) + hy,(t) for t € RT, we obtain

i [5(2)]2 =0,

Thus f := g+ h € AAA(RT; L?(P,H)) and lim, . || f, — fll2 = 0, so the space
AAA (RY; L*(P,H)) is a Banach space. O
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Lemma 2.13. AAA (R*™; L*(P,H)) is a Banach space with the norm:

(NI

1 flloo == sup [If(#)]l2 = sup (E[IF(t)]*)* -
teR+ teR+

Proof. The proof can be performed along the same line of the proof of [19, Lemma 1.8.],

and we omit the details here. O

Remark 2.14. In view of the previous Lemmas it is clear that the two norms are
equivalent in AAA (R*; L?(P, H)).

Lemma 2.15. Let f € AA(R x L*(P,H); L*(P,H)) and let f(t,x) be uniformly con-
tinuous in any bounded subset K C L*(P,H) uniformly for t € RT. Then f(t,x) is
uniformly continuous in any bounded subset K C L*(P,H) uniformly for t € R.

Proof. By the definition of AA (R x L*(P,H); L*(P,H)), there exists a subsequence

{8n}nen of {s] }nen with lim,,_. s, = +00 such that for a certain stochastic process

f

(2:3) T E|[f(t+ 50,2) ~ Flt.)| =0
and

holds for each ¢ € R and each x € K. Since f(¢,z) is uniformly continuous in any
bounded subset K C L?(IP, H) uniformly for t € RT, then for any € > 0, there exists
§ > 0 such that for all z,y € K with E||x —y||* < § and all t € RT

E|f(t,z) = ft,y)l* <e.
Take any t € R. For sufficiently large n, we have t 4+ s, > 0. Thus
B f(t + sp,2) = f(t + 50, 9)|* <.

Now, by (2.3), we get that

E||f(t,x) = f(t.y)]* <e,

which yields that f(¢,z) is uniformly continuous in any bounded subset K C L?(IP, H)
uniformly for ¢ € R. Next by (2.4), analogously to the above proof, we can prove
that f(t,z) is uniformly continuous in any bounded subset K C L*(P, H) uniformly
for t € R. O

Theorem 2.16. Let f € AAA (R'T x L?(P,H); L*(P,H)) and suppose that f(t,x) is
uniformly continuous in any bounded subset K C L*(P,H) uniformly for t € RY. If
u(t) € AAA(RT; L2(P,H)), then f (-,u(-)) € AAA(RT; L*(P, H)).
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Proof. Suppose that f and u have the following decompositions: f = g + h and
u = a+f, where g € AA(R x L*(P,H); L*(P,H)), h € Cy (RT x L*(P,H); L*(P,H)),
a € AA(R; L*(P,H)) and 3 € Cy (RT; L*(P, H)).

Now we write

fu®) = [ u®) = f o) +g@al) +h(talt))
= I(t)+ J(t)+ N(2),

where I(t) = f (t,u(t))— f (t,a(t)), J(t) = g (t,(t)) and N(t) = h (¢, a(t)). Combin-
ing limy_, ;oo Fllu(t) — a(t)||* = 0 with f(¢,) is uniformly continuous in any bounded
subset K C L?(P,H) uniformly for ¢t € RT, we get

lim EJI(#)|* = lim E|f(tu(t) - f(ta) [* =0,

t——+o00

On the other hand, from the definition of Cy (R™ x L*(P,H); L*(P,H)), it is easy to
see that h is uniformly continuous on K uniformly for ¢ € R, where K C L?(IP, H)
is any bounded subset. Thus, the function g is uniformly continuous on any bounded
subset K C L*(P,H) uniformly for ¢ € RT. Now, Lemma 2.15 yields that g(¢,z)
is uniformly continuous in any bounded subset K C L?*(P,H) uniformly for ¢ &
R. By Lemma 2.6, J(-) = g(-,a()) € AA(R; L*(P,H)). Furthermore, from h €
Co (RT x L*(P,H); L*(P,H)), we see that tEinooE||N(t)||2 = tEE—nooEHh(t’a(t)) 1> =
0. Hence, we have f (-,u(-)) € AAA (RT; L*(P, H)). O

We now give the following concept of mild solution of system (1.1).

Definition 2.17. An .#;-adapted stochastic process x : [0, +00) — L*(P, H) is called
a mild solution of problem (1.1) if z(0) = zy is Fy-measurable and z(t) satisfies the

corresponding stochastic integral equation

z(t) = R(t)xo + /0 R(t—s)f (s,z(s))dW (s)

for all ¢ > 0.

3. MAIN RESULTS

In this section, we establish the existence of square-mean asymptotically almost

automorphic mild solutions to (1.1). For that, we need the following technical result.

Lemma 3.1. Let {R(t) : t > 0} be a family of bounded linear operators on L*(P,H)
satisfying ||R(t)|| < Me™° for all t > 0, where M,§ > 0 are fized constants, and
let f € AAA(RT;LA(P,H)). If T is the function defined by Y(t) = [/ R(t —
s)f(s)dW (s),t >0, then T(-) € AAA(RT; L*(P, H)).
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Proof. Suppose that f = g+h, where g € AA (R; L*(P,H)) and h € Cyy (RT; L*(P, H)).
Then

T(t) = /0 R(t — 8)g(s)dW (s) + /0 R(t — $)h(s)dW (s)
= / R(t—s)g(s)dW(s)—/ R(t—s)g(s)dW(s)—l—/O R(t — s)h(s)dW(s)

—00 —00

= Tu(t) + Taft),

where T, (t) = [*__ R(t—s)g(s)dW (s) and To(t) = [J R(t—s)h(s)dW (s)— [°_ R(t—
s)g(s)dW (s).

First we prove that T;(t) € AA (R; L*(P,H)). Let {s) }nen be an arbitrary se-
quence of real numbers. Since g € AA(R;L*(P,H)), there exists a subsequence

{8n}nen of {s], }nen such that for a certain stochastic process g
(3.1) lim Ellg(t+s,) —g(t)[I* =0 and  lim E|g(t —s.) — g(t)[|* = 0.

hold for each t € R. Now, let W(a) = W(o+s,)—W(s,) for each o € R. Note that
W is also a Brownian motion and has the same distribution as W. Moreover, if we
let Ty (t) = ffoo R(t — s)g(s)dW (s), then by making a change of variables 0 = s — s,
to get (please see equation (10.6.6) in [25])

E|T1(t + s.) — T1(t)|?

t 2

/_ TR+ 5, — $)g(s)dW (s) — / Rt — 5)5(s)dW (s)

—00

=F

2

~ 5| [ R ol +5) - 0)

o0

and hence, using the Ito’s isometry property of stochastic integral, we have the fol-

lowing estimations

BN+ - Tl < ([ IRE-o)lsto + 5,) - goldo )

t
< Mz/ e P E|g(o + s) — g(o)|do
M? ~
< 2—5$upE||g(t+8n)—g(t)||2-
teR

Thus, by (3.1), we immediately obtain that

Jim BT (¢4 50) = Ta(8)]F = 0
for each t € R. A similar reasoning establishes that

Tim B3 (t — 5) = (0] =0

for each t € R. Thus we conclude that T;(-) € AA (R; L?(P, H)).
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Next, let us show that Ty € Cy (RT; L2(IP, H)). Since h € Cy (RT; L*(P, H)), for
any sufficiently small € > 0, there exists a constant T' > 0 such that E|/h(s)||*? < ¢
for all s > T'. Then, for all ¢ > 2T, we obtain

E|T,®)|* = E /02 R(t — s)h(s)dW (s) +/z R(t — s)h(s)dW (s)

2

2

—/_ R(t — s)g(s)dW (s)

3E (/0 IR(t — s)h(s)||2ds> 435 (/ |R(t — s)h(s)||2ds>

vae ([ IR s )

—00

IN

IN

T t
2
3M2/ 6‘2‘5“‘5)Ellh($)ll2d8+3M2/ e 20 E||h(s)||*ds
0 3

0
30 / e=250=5) [ (5) s

— o0

3IM? . _
7[6 o — e sup E||h(t)|]?
teR+

3M?
20

IN

_l_

_ 3M? _
1= e+ e sup Ellg(0)]*
teR

3M? - 3M?
% -
where M), = sup;cgp+ E||R(t)||* and M, = sup,cg F|lg(t)||>. Therefore, the last es-
timation converges to zero as ¢ — +o0o since ¢ is arbitrary. Thus, it leads to
limy 4o E||T2(t)||*> = 0. Recalling that Y(t) = Ty(t) + Ya(t) for all t > 0, we
get Y(t) € AAA(RT; L?(P,H)). The proof is completed. O

< 3M?*25M,e % +

—26t
Mye =",

Let us list the following assumptions:

(H1) There exists a resolvent operator {R(t) : ¢ > 0} of Eq. (1.1) and {R(¢) : t > 0}
is uniformly exponentially stable, that is, there are constants M,d > 0 such that
|R(t)|| < Me™ for all t > 0.

(H2) The function f € AAA (R* x L*(P,H); L*(P,H)) and there exists a continuous
and nondecreasing function Ly : [0, 400) — [0, +00) such that for each r > 0 and for
all Bl < r, Blyll? <,

B|lf(t,x) = f(t.)]* < Ly(r)E|lz — y]?
for all t € RT.
(H3) © :=sup,q [z — 2rLy(r)] > 20E||zo||* + 2 sup,ez+ E| f(s,0)[*.

Now, we are ready to establish our main results.
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Theorem 3.2. Assume that (H1)—(H3) hold. Then the problem (1.1) has a unique

square-mean asymptotically almost automorphic mild solution.

Proof. We define the operator A : AAA (RT; L*(P, H)) — AAA (R*; L*(P, H)) by

t
(A0)() = Rt + [ Rt =9)f (s.2(5)) AV (s)
0
== Al(t) + Ag(t), t Z O,
where Ay (t) = R(t)xo and Ay(t) = f(f R(t —s)f (s,x(s)) dW (s).

First we prove that A (AAA (RT; L?(P,H))) € AAA(RT; L*(P,H)). Given z €
AAA(RT; L?(P,H)), it is not difficult to prove that Az is continuous. Since z(t)
is bounded, we can choose a bounded subset K of L*(P,H) such that z(t) € K
for all ¢ € R*. Tt follows from (H2) that f(¢,z) is uniformly continuous on the

bounded subset K uniformly for t € RT. Then, Theorem 2.16 yields that f (-, z(:)) €
AAA (RY; L*(P,H)). Now, by Lemma 3.1, we have

t
As(t) == / R(t —s)f (s,2(s))dW(s) € AAA (R; L*(P, H)) .

0

On the other hand, since R(-) is uniformly exponentially stable, it follows that
. 2
Jim_ B[ ()] = 0.
Thus, Az € AAA (RY; L*(P, H)).
Now, by (H4), there exists a constant > 0 such that
(3.2) — —2rLs(r) > 26E||zol|* + 2 sup E| f(s,0)]>
seRT

Let D = {x € AAART; L*(P,H)) : ||z]lc < r}. Then D is a closed subspace of
AAA (RY; L*(P,H)). We claim that AD C D. In fact, for any given z € D and
t € RY, we get

2

El(A))? < 2M2Er|xo||2+2EH [ #e=91 Gstn awes

t
< OMPE|ao|? + 2B ( [ =91 62660 H%)
0
t
< 2MEE||w|? + 2M? / B B £ (5, 2(s)) || ds
0
<

t
2M?E||zo||* + 4M? [ / e~ 2L (r)rds
0

t
s [ BB 5,0 ||2ds}
0

2M?
J
which from (3.2) implies that ||[Az||o < r and so that AD C D.

< 2M2E||zo|? + Ly (r)r + sup E||f(s,0)[],

seRT
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Next, we prove that A(:) is a contraction mapping on D. From (3.2) we know
that % —2rLg(r) >0, ie., % > 2rL¢(r). Therefore, we have

2M?

(3.3) ;

Lf(r) < 1.

For any z,y € D and ¢t > 0, we see that

2

E|(Az)(t) = (Ay)@®)]* < E‘/O R(t = s)[f (s,2(s)) = f (s,y(s))]dW (s)

< 2 / e US|  (s,2(5)) — [ (s,9(s)) |*ds

ELf(r) sup E|z(t) — y(t)|?

- 25 teR+
M2
<4/—L — .
<\ 55 L) lle =yl

By (3.3), A is a contraction from D into ID. So by the Banach contraction principle,

Hence

N

Az = Aylloo = sup (Ell(A2)(t) — (Ay)(®)])

we draw a conclusion that there exists a unique fixed point z(-) for A in D. It is
clear that = is a square-mean asymptotically almost automorphic mild solution of
Eq. (1.1). The proof is now complete. a

Corollary 3.3. Assume that (H1)-(H2) hold. If Ly(-) = Ly and 2Ly < 535, then
there exists a unique square-mean asymptotically almost automorphic mild solution
to Eq. (1.1).

Proof. Consider the nonlinear operator A given by

(Az)(t) = R(t)xo+ /0 R(t —s)f (s,z(s))dW(s), t>0.

Then, from the proof of Theorem 3.2, we can see that A maps AAA (RT; L*(P, H))
into itself. Note that

20 ||zo||* + 2 sup E||f(s,0)|* < +oo,

sERT

since 2Ly < %, there exists a constant ry > 0 such that for all » > ro, we have
or 9 9
el 2rLs(r) > 20E||zo||* + 2 sup E| f(s,0)]".
seRt

In the following, using the same proof as in Theorem 3.2, we know that there exists
a unique mild solution z € AAA (R™; L*(P,H)) to Eq. (1.1). O
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4. APPLICATIONS

In this section, we apply our previous existence results to study the existence
of square-mean asymptotically almost automorphic mild solutions for the stochastic

partial integro-differential equation
t
0" (t) + B0 (t) = a(0)AO(t) — / B'(t —s)0'(s)ds
0
t

(4.1) + /0 o/ (t — $)A0(s)ds + a1 (t)as(0(£))W (1),

where «a(-), B(+) are real valued functions of class C? on [0, +o00) with a(0) > 0,
B(0) > 0, and W () is a two-sided standard one-dimensional Brownian motion defined
on the filtered probability space (£, #,P,.%,).

As was observed in [23, 26], the deterministic system of the type (4.1) arise in the
study of heat conduction in materials with fading memory. In [24], the authors estab-
lished the existence of almost periodic and asymptotically almost periodic solutions

for the partial integro-differential equation
t
Co"(t) + B(0)0'(t) = «(0)Al(t) — / Gt — s)0(s)ds
0
t

_|_/0 o' (t — s)AO(s)ds + a1(t)az (0(t)),

where «a(+), 3(-) are R-valued functions of class C? on [0, +00) with a(0) > 0, 3(0) > 0.
Recently, in [19], the authors studied the existence of asymptotically almost automor-

phic mild solutions to the partial integro-differential equation of the form
t
0"(t) + 8(0)0'(t) = «a(0)A(t) — / Bt — s)0(s)ds
0
t

+/0 o' (t — s)AB(s)ds + a(t)b(0(t)),

where €2 is a bounded open connected subset of R?® with C* boundary and o, 3 €
C*([0,+0),R) with «(0) and (3(0) positive. Now, we go back to investigate the
existence of square-mean asymptotically almost automorphic mild solutions to (4.1).

Throughout the rest of this section, we take X = H}(Q) x L*(2) where Q C R3

is a bounded open connected subset with smooth boundary of class C*°. We consider
the linear operator A : D(A) = (H*(Q) N H () x HY(Q) — X is defined by

2(7) = Coma” o)
y a(0)A - B3(0)y

where A is the Laplacian on Q with boundary conditions |gq = 0. It follows from
[15] that A is the infinitesimal generator of a Cy-semigroup {7'(¢) };>0 on X and that
there are constants M, > 0 such that ||T'(t)|| < Me=®" for all t > 0.



282 Z-H. ZHAO, Y-K. CHANG, AND J. J. NIETO

We suppose that B(t) = F(t)A where ' : X — X is defined by

0 0
F(t) = [Fy(t)] = ( —F(t) +B0)2y = )

and assume that o/(-),a”(+), #'(+), 3"(+) are bounded and uniformly continuous, and
forall t >0

we—wt
Fn ()], | Faa()]} < T
max {|[Fa (@] [F20]} = —=
w2€—wt
max {[| £, ()], [F5 (0]} < ——5—
21 22 O
Then, Eq. (4.1) takes the following abstract form
t
(4.2) dx(t) = [A:)s(t) —I—/ B(t — s):z(s)ds] dt + f (t,x(t))dW(t), t >0,
0

where

z(t) = 9(t> an T) = 0 or x = 0
() (n(t)> d f(t ) (al(t)a2(9)>f (77)63&

Moreover, it follows from [23] that the abstract integro-differential system has an
associated uniformly exponentially stable resolvent of operator {R(t)}+>0 on X with
IR(t)|| < Me~% for t > 0.

Let a(t) € AAA(RT;R) and ay : L* (P, H}(Q)) — L* (P, L?(2)) satisfies

()
(4.3) Ellas(6y) — as(6:)* < —
60 sup,egs [|a1(1)])?

for all 6;,0, € L* (P, H}(Q)). We claim that for each 6y € L? (P, H}(2)) and 1y €
L? (P, L3(2)), Eq. (4.2) with the initial value condition

(4.4) 2(0) = ( b0 )
o

satisfy all the conditions of Corollary 3.1. Clearly, (H1) holds. Since a;(t) € AAA(RT;R),
f e AAA(R* x [2(P,X); L2(P,X)). Take

x:<91), y:<92)€L2(P,X).
m 2
By (4.3), we have

E|f(t,z) = [ty

E||6; — 65

Ellay(t)[as(61) — az(65)]]”
Sup lax (8) |2 Ellaz(61) — az(62)|)?

()
60"

IN

IA

E||6; — 65

()
60

< Elz —ylf*

for all ¢ > 0. Hence, (H2) holds with L; = .
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Notice that 6 = 5, M = M. Therefore

_® . ® _ o
SM° oM MP
Thus, by Corollary 3.1, Eq. (4.2) with the initial value condition (4.4) has a unique

square-mean asymptotically almost automorphic mild solution.
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