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ABSTRACT. We consider a parametric nonlinear elliptic Neumann problem driven by a nonhomo-
geneous differential operator. Using variational methods combined with truncation and comparison
techniques, we prove a bifurcation-type theorem describing the dependence of the set of positive

solutions on the parameter A > 0.
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1. PRELIMINARIES

Let © C RN be a bounded domain with a C?-boundary 9. In this paper we

study the following nonlinear Neumann eigenvalue problem

(1.1) { —div (a(Du(2)) + B(2)|u(2)[P~*u(z) = Af(z,u(2)) in Q, }

%:0, on 09, u>0, A>0.

Here a : RY — RY is a map which is continuous, strictly monotone and satisfies
certain other regularity conditions which are presented in hypotheses H(a). These
hypotheses incorporate as special cases several differential operators of interest and
provide a unifying framework to deal with such equations. So, our setting includes
equations driven by the p-Laplacian (1 < p < o0), the (p, g)-Laplacian (1 < ¢ <p <
o0) and the generalized p-mean curvature operator. Also, # € L>*(Q),\{0}, A > 0
is a parameter (the “eigenvalue”) and f : Q@ x R — R is a Caratheodory reaction
(i.e., for all z € R, 2 — f(z,x) is measurable and for a.a. z € Q, x — f(z,x) is
continuous). Finally n(-) denotes the outward unit normal on 0€2. We are looking for
positive solutions of problem (1.1) and more precisely, our aim is to investigate the

dependence on the parameter A > 0 of the set of positive solutions of problem (1.1).
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In this direction, we prove a bifurcation-type result for problem (1.1), showing that
there exists a critical parameter value A, > 0 such that for all A > A, problem (1.1)
has at least two nontrivial positive smooth solutions, for A = A, problem (1.1) has at
least one nontrivial positive smooth solution and finally for A € (0, \,) problem (1.1)

has no nontrivial positive solutions.

Nonlinear eigenvalue problems driven by the p-Laplace differential operator with
Dirichlet boundary condition, were studied by Brock-Itturiaga-Ubilla [3], Dong [6],
Filippakis-O’Regan-Papageorgiou [7], Guo [9], Hu-Papageorgiou [10], Perera [16], and
Takeuchi [19]. From the aforementioned works only [3], [7], [10] prove bifurcation-
type results describing the precise dependence of the set of positive solutions on the
parameter A > 0. Parametric equations with Neumann boundary condition, were
studied by Motreanu-Motreanu-Papageorgiou [14]. In [14] the eigenvalue problem is
different and the authors do not prove a bifurcation type theorem. We should mention
that in contrast to the p-Laplacian, our differential operator here is not in general

homogeneous and this is the source of difficulties in the analysis of problem (1.1).

Our approach is variational, and uses also suitable truncation and comparison
techniques. In the next section, we state the hypotheses on the data of problem (1.1)

and we prove some auxiliary results which we will need in the sequel.

2. HYPOTHESES-AUXILIARY RESULTS

Let h € C*(0, +00) such that

0< h(t)) < ¢y forallt >0 and some ¢y > 0,
(2.1) and ;P71 < h(t) < (97! 4 P71
for all ¢t > 0 and some ¢1,c0 >0, 1 <g<p<o0.

The hypotheses on the map a(-) are the following:

H(a): a(y) = ao(||y|)y for all y € RN with ag(t) > 0 for all ¢ > 0 and
/
(1): a9 € C'(0, +00), tag(t) — 0 as t — 0% and lim t;o((tt))

(ii): |[Va(y)l] < c3 ””y” for all y € RN\ {0} and some c3 > 0;
(ifi): (Va(y)$, Epe > ML |¢|1? for all y € RM\{0}.

Remark 2.1. Evidently, hypothesis H(a)(i) implies that a € CY'(RY\{0},RY) N
C(RN,RY) and so hypotheses H (a)(ii), (iii) make sense. We set Go(t) = [ ao(s)sds
and consider the potential function G : RN — R defined by G(y) = G0(||y||) for all
y € RN, Then

VG(y) = G’o(llyll)ﬁ = ao([lyll)y = aly) for all y € R™\{0}

and VG(0) =0 (see H(a)(i)).

> —1;
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Note that G(-) is convex and since G(0) = 0, VG(y) = a(y) for all y € RY, we
have

(2.2) G(y) < (a(y),y)ge for all y € RY.

From (2.1), (2.2), hypotheses H(a) and the integral form of the mean value theorem,

we have the following lemma summarizing the properties of the map af(-).

Lemma 2.2. If hypotheses H(a) hold, then

a) the map y — a(y) is mazximal monotone and strictly monotone;
b) [la()ll < ca(lyll*=" + [[ylP~") for all y € RY and some ¢y > 0;
c) (a(y),y)es = 25llyl? for ally € RY.

Similarly, this lemma and (2.2) lead to the following growth estimates for the
primitive G(-).

Corollary 2.3. If hypotheses H(a) hold, then 2|yl < G(y) < es([ly[|” + [ly||”)

for all y € RY and some c5 > 0.

Examples The following maps satisfy hypotheses H (a).

a) a(y) = |ly[["~?y with 1 < p < 0.

This map corresponds to the p-Laplace differential operator

Apu = div(||Du||P"2Du) for all u € W'P(Q).

The primitive is G(y) = |y||” for all y € R™.

b) a(y) = [[ylP~%y + [lyll*"%y with 1 < ¢ <p < co.
This map corresponds to the (p, ¢)-differential operator

Apu+ Agu for all u € WHP(Q).

The primitive is G(y) = S[ly[[” + ¢[ly[|* for all y € R™.
This differential operator is important in quantum physics in connection with the
problem of existence of solitons, see Benci-D’Avenia-Fortunato-Pisani [2]. Equations
driven by such differential operators, were studied recently by Cingolani-Degiovanni
[5], Li-Zhang [13], Sun [18].

p—2

c) a(y) = (1+ |lyll*) » y with 1 < p < oc.
This map corresponds to the generalized p-mean curvature differential operator

p—2

div[(1 + ||Dul*) » Du] for all u € W(Q).

The primitive is G(y) = %[(1 + [ly]|?)2 — 1] for all y € RY.

Equations monitored by this differential operator were investigated by Chen-Shen
[4].
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d) aly) = |lyl|F~%y + Hlyﬂﬁ;nzf with 1 < p < oo. item[] The primitive is G(y) =

SlylP + Sin(1 + [ly||P) for all y € RY.

Remark 2.4. We should mention that in [14] the authors also deal with equations
driven by a nonhomogeneous differential operator div a(Dw). However, the hypothe-
ses on the map a(-) are more restrictive and exclude important cases such as the

(p, q)-differential operator and the generalized p-mean curvature differential operator.

Let fo: 2 x R — R be a Caratheodory function with subcritical growth, i.e.,

|fo(z,2)| < a(z) +clz|" forall z€Q, allz €R

. . NN—_’;) it p <N, e .
with 1 <r < p* = . Let Fo(z,2) = [, fo(z,s)ds and consider the
+oo ifp> N.

C'-functional @, : Wy (Q) — R defined by
wolu) = / G(Du(z))dz—/Fo(z,u(z))dz for all u € WHP(Q).
Q 0

The next result relates Holder and Sobolev local minimizers of ¢ and can be

found in Motreanu-Papageorgiou [15].

Theorem 2.5. If hypotheses H(a) holds and ug € W1P(2) is a local C*(Q)-minimizer
of v, i.e., there exists po > 0 such that

wo(ug) < wolug +h) for all h € CHQ) with 17l o1y < po

then ug € C17(Q) for some v € (0,1) and ug is also a local WHP(Q) minimizer of o,
i.e., there exists p1 > 0 such that

woluo) < @olug + h) for all h € WHP(Q) with ||h|| < pr.

Let X be a Banach space and ¢ € C'(X). We say that ¢ satisfies the “Palais
Smale condition” (the PS-condition), for short), if the following holds:

“Every sequence {z,},>1 C X such that {¢(x,)},>1 C R is bounded and
H(2) =0 in X,
admits a strongly convergent subsequence”.

The next theorem is known in the literature as the “Mountain Pass Theorem”

and characterizes certain critical values of .
Theorem 2.6. If p € C(X) satisfies the PS-condition, xg, 1 € X, ||x1—x0] > p > 0

max{p(zo), p(z1)} < inflp(z) : |z — 2ol = p] =1,
and

¢ = inf max p(y(t)) where I' = {~r € C([0,1], X) : v(0) = xo, (1) = 21}

~eT 0<t<1
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then ¢ > n, and c is a critical value of .

Let (-,-) denote the duality brackets for the pair (W'F(Q)*, W'?(Q)) and let
A Whr(Q) — WHP(Q)* be the nonlinear map defined by

(2.3) (A(u),y) = /Q(a(Du),Dy)RNdz for all u,y € WHP(Q).

From Gasinski-Papageorgiou [8, p. 652], we have:

Proposition 2.7. If hypotheses H(a) hold, then A : W1P(Q) — WLP(Q)* defined by
(2.3) is continuous, monotone (hence maximal monotone) and of type (S), i.e., if
U, — u in WHP(Q) and limsup(A(u,), u, —u) <0, then u, — u in WHP(Q).

n—oo

In the analysis of problem (1.1) in addition to the Sobolev space WP(Q), we
will also use the Banach space C'(£2). This is an ordered Banach space with positive

cone
C.={uecC'Q):u(z)>0forall z € Q}.
This cone has a nonempty interior given by

intCy = {u € Cy :u(z) >0 forall z€ Q}.

In what follows, by || - || we denote the norm of W'P(€Q). The same notation also
denotes the RN-norm. However, no confusion is possible since it will always be clear
from the context which norm is used. For x € R, we set ¥ = max{+x,0} and then
for u € W1P(Q) we define u*(-) = u(-)*. We know that

ut € W (Q), jul =uT+u", u=u" —u".

By |- |z we denote the Lebesgue measure on RY and for any measurable function

g: QxR — R (for example a Caratheodory function), we introduce the map
Ny(@)() = gl u() for all we WH(Q)
(the Nemytskii map corresponding to g).

Next we introduce the hypotheses on the functions z — ((z) and (z,z) — f(z,x).

. BEL™(Q), 820,8#0.

=
=

=

o [ QxR — Ris a Caratheodory function such that f(z,0) =0 a.e.in 2 and

(i): for every p > 0, there exists a, € L*>(£2)4 such that
f(z,x) <ay(z) foraa. z€Q, all zel0,p];
(ii): for every p > 0, we can find ¢, > 0 such that
f(z,2) > ¢, fora.a. z€Q, allz > p.

Gid): Tim L) gy L0

T—~400 le'p_l z—0t le'p_l

= 0 uniformly for a.a. z € .
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(iv): for every p > 0, there exists {, > 0 such that for a.a. z € Q, 2 —

f(z,z) + &2~ is nondecreasing on [0, p).

Remark 2.8. Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0,4o00], we may (and we will) assume that
f(z,x) = 0 for a.a. z € Q, all x < 0. Evidently hypothesis H(f)(#i) implies that
f(z,z) >0 for a.a. z€ Q and all z > 0.

Example The following function satisfies hypotheses H(f) (for the sake of simplicity

we drop the z-dependence):

b ifxef0,1], .
f(x) = , withl <g<p<r<oo.
27t if x> 1,

Proposition 2.9. If hypotheses H(3) hold, then there exists & > 0 such that

&1

1||Du||g + / BlulPdz > €||ul|? for all u € WHP(Q).
Q

Proof. Let ¢ : W1P(Q) — R be the C'-functional defined by

C

P(u) =

11||Du||g+/5|u|pdz for all u e W'P(Q).
Q

We need to show that 1 (u) > &£*||ul|P for all u € W1P(Q).

Arguing by contradiction, suppose that the proposition is not true. Exploiting
the p-homogeneity of ¥(-), we can find {u,},>1 € W'P(Q) such that

|lun|| =1 forall n>1 and ¥(u,) | 0 as n — oo.
By passing to a suitable subsequence if necessary, we may assume that
U, —u in W(Q) and u, — u in LP(Q).
It is easy to see that ¢(-) is sequentially weakly lower semicontinuous. So,

Y(u) <0,
= ||Dul|, = 0, hence u =6 € R.

If 0 # 0, then ¥ (u) = |0|7 [;, Bdz < 0, a contradiction.

So, # = 0 and we have u = 0. Hence

[ Dunll, — 0,
= u, — 0 in WHP(Q),

which contradicts the fact that ||u,|| = 1 for all n > 1. O
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Let
S| Dullp + [, BlulPdz

ully

AL = inf] cu e WW(Q),u # 0]

From Proposition 2.9 it follows that:

Proposition 2.10. If hypotheses H([3) hold, then > 5> 0.

3. BIFURCATION-TYPE THEOREM

We introduce the set
P ={A > 0:problem (1.1) has a nontrivial positive solution}.
We set
A =infP (if P =10, then A\, = +00)
Also, if A € P, then by S(\) we denote the set of nontrivial positive solutions of (1.1).
We start by establishing the properties of S(\) and of A,.

Proposition 3.1. If hypotheses H(a), H(B) and H(f) hold, then for all A > 0,
S(A\) CintCy and A, > 0.

Proof. We may assume that A € P (if A ¢ P, then S(\) = (). Then we can find
ue WP(Q), u >0, u # 0 such that
0
—div a(Du(2)) + B(2)u(z)P = AMf(z,u(z)) in Q, % —0 on 9.
From Hu-Papageorgiou [11] (see Proposition 2.7) we have v € L*(2). Then from
the nonlinear regularity result of Lieberman [12] (p. 320), we have u € C;\{0}. Let

p = ||ul|l and let £, > 0 be as postulated by hypothesis H(f)(iv). Then we have
(3.1) —div aD(u(2)) + (B(z) + A&,)u(z)P

= A[f(z,u(2)) + Eu(2)P > 0 ae. in €,

= div a(Du(2)) < (|B]le + A& u(z)P™" ace. in €.

From (3.1) and the strong maximum principle of Pucci-Serrin [17] (p. 34) we can apply
the boundary point theorem of Pucci-Serrin [17] (p. 120) and infer that u € intC..
Therefore we have

S(A) CintCy.
Hypotheses H(f)(7), (i), (éi7) imply that we can find ¢g > 0 such that
(3.2) 0< f(z,7) <cgaP™t foraa. z€Q, allz € R.

Let A < 5—; and consider p € (0,\]. If i € P, then we can find u, € S(p) CintCy
such that

(3.3) Auy) + Bul™ = uNp(u,).
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Acting on (3.3) with u, and using Lemma 2.2(c), we obtain
—l—/ﬁ|uu|pdz < ,U/ [z up)uudz

Q Q
+ [ BluPds < el (see (3:2)
< Nllu, (since s < 3),

+/6Mﬁw<ﬁﬂwm,
Q

which contradicts (2.3). Therefore 1 ¢ P and so A, > X > 0. O

Next we show the nonemptiness of P. In what follows F(z, x) fo
Proposition 3.2. If hypotheses H(a), H(3) and H(f) hold, then P # ().

Proof. Hypotheses H(f)(i), (i), (¢it) imply that given € > 0 we can find ¢; = ¢7(g) >
0 such that

(3.4) 0< F(z,2) < |:L"|p+c7 fora.a. 2 € Q, allz € R.

Then for every u € WP(Q2), we have

gpA(u):/G(Du)dz—l—l/ﬁ|u|pdz—)\/F(z,u)dz
Q P Ja Q

* e
(3.5) %MW—EWW?AMMN

(see Corollary 2.3, Proposition 2.9 and (3.4))
1
(3.6) = 2—9[5* — Ael||ul|P — Aer| Q2w

Choosing ¢ € (0, %), from (3.5) we infer that ¢, is coercive. Also, using the Sobolev
embedding theorem, we check easily that ¢, is sequentially weakly lower semicontin-
uous. So, by the Weierstrass theorem, we can find ug € W?(Q) such that

(3.7) o (ug) = inflox(u) 1 u € WHP(Q)].
If w € C,\{0}, then [, F(z,@)dz > 0 and so for A > 0 big, we have

)\/QF(z,ﬂ)dz > /QG(Dﬂ)dz + - / Blu|Pdz,
= (i) <0 =¢x(0),
= @a(ug) < 0=¢x(0) (see (3.7)), hence ug # 0.
From (3.7) and for A > 0 big we have
o)\ (ug) =0 with g # 0,
(3.8) = A(ug) + BluolP*ug = AN (up).
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On (3.8) we act with —uy; € W'?(Q2) and obtain
€1

p—1

= & lug [P <0

| Dug ||5 + / Bug)Pdz <0 (see Lemma 2.2(c)),
Q

(see Proposition 2.9), hence uy > 0, ug # 0. Therefore uy € S(\) C intC, (see
Proposition 3.1) for A > 0 big and so P # 0. O

Proposition 3.3. If hypotheses H(a), H(3) and H(f) hold and X € P, then [\, +oc) C
P.

Proof. Let > A. Since A € P, we can find uy € S(\) C intC, (see Proposition 3.1).

We consider the following truncation of the reaction in problem (1.1).

pf(zun(z)) if z <wua(2),

3.9 hu(z,x) = .
(39) (52) wf(z, ) if uy(z) < =z,

Clearly this is a Caratheodory function. We set H,,(z,z) = [
the C'-functional ¢, : W?(Q2) — R defined by

wu(u):/QG(Du)dz—l—%/Qﬂusz—/QHM(z,u)dz for all u € W'?(Q).

As in the proof of Proposition 3.2, using hypotheses H(f)(), (4i7), we show that v,

h,(z, s)ds and consider

is coercive. Also it is sequentially weakly lower semicontinuous.

So, we can find u, € W'P(Q) such that
Yu(u) = infly,(u) 1w € WH(Q)],
= 1, (u,) =0,
(3.10) = A(u,) + Blua’"*u, = Np, ().
On (3.10) we act with (uy —u,)™ € W'?(Q). Then

(Al (3 =)+ [ Bl 2, =)
= [ ) =) (see (39)
> /Q M (2, un) (uy — w,)*dz (since A <y and f > 0)
= (A (i =)+ [ Bl = ) s

= (a(Duy) — a(Duy), Duy — Duy,)pndz

{urx>upu}
+/ B — u, P2, (s — u,)dz < 0,
{urx>up}

= [{uy > u,}|ny =0 (see Lemma 2.2(a)), hence uy < u,.
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Therefore (3.10) becomes
a(u,) + 6uﬁ_1 = uNg(u,) (see (3.9)),
= u, € S(u) C intCy (see Proposition 3.1),
= [\, +00) CP.

As a consequence of Proposition 3.3, we have that (A, +00) C P.

Proposition 3.4. If hypotheses H(a), H(3) and H(f) hold and X\ > A, then problem

(1.1) has at least two nontrivial positive solutions

ug, u € ntCy.
Proof. Let A\, < 0 < X\ < p and let ug € S(0) C intC,. We have
(3.11) A(ug) + Bub™ = ON;(ug) < uNs(ug) in WHP(Q)*

(recall @ < pand f > 0).

Reasoning as in the proof of Proposition 3.3, we truncate f(z,-) at uy(z) and
employ the direct method. Using (3.11), we obtain u, € S(u) C intCy such that
ug < uy. Since § < A < pand f > 0, we have

(3.12) Alug) + Bub™" > ANj(up) in WHP(Q)",

(3.13) A(uy) 4 Bub > ANg(u,) in WHP(Q)*,
Then we introduce the following Caratheodory fuction
Mz up(2))  if x < wp(2),
(3.14) ex(z,2) = § Mf(z,2) if up(z) <z <w,(z),
M(zuu(z)  ifu,(z) <.

We set Ex(z,2) = [ ea(z,5)ds and consider the C'-functional v, : W'P() — R
defined by
1
a(u) :/G(Du)dz+—/6|u|pdz—/EA(z,u)dz for all u e W"P(Q).
Q P Ja Q

Evidently ~, is coercive (see Proposition 2.9 and (3.14)). Also, it is sequentially

weakly lower semicontinuous. So, we can find uy € W?(2) such that
M(uo) = inflya(u) - u € WH(Q)],

= 7&(”0) = Oa

(315) = A(Uo) + /6|UQ|p_2U0 = Ne/\ (Uo)
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As in the proof of Proposition 3.3, acting on (3.15) with (ug — ug)* € WH(Q2) and
using (3.12) and then acting on (3.15) with (ug — u,)* € WH?(Q) and using (3.13),

we show that
g € [ug,u,) = {u € W(Q) : up(2) < u(z) <uu(z) ae in Q},
= ug € S(A) CintCy (see (3.14), (3.15)).

Let p = |luylloo and let £, > 0 be as postulated by hypothesis H(f)(iv). For 6 > 0,
we set ud(z) = ug(z) + ¢ for all z € Q. Then u} € intC, and we have

(3.16)
— div a(Dug(2)) + (B(2) + pép)ug(2)" ™!
< —div a(Dug(2)) + (B(2) + p&,)ue(2)?~ + ¢(8) with ¢(§) — 0T asd — 0T
= M (zu0(2)) + péuo(2)"™
= ulf (2, u0(2)) + Euo(2)" ™' = (1 = N) (2, uo(2)) + ()
< wf (2, u0(2)) + n€puo(2)" ™" = (1 — N +C(6)
where py = ming ug (recall ug € intCy. and see H(f)(ii1)).

Since ((0) — 0+ as § — 0T, we can find ¢* > 0 such that
C(6) — (L —A)e, <0 forall 0 € (0,6
. So, from (3.16) we have for all § € (0,0%]
— div a(Dub(2)) + (8(2) + &, ud(2)
< wf (2, uu(2) + p&pun(2)" ™
= —div a(Du,(2)) + (B(2) + pé,)uu(z) ae. in Q,
= u) < w, (by acting with (uf —u,)"(Q)),
= u, — uy € ntC,.
In a similar fashion, we show that
ug — ug € intCl.
So, we have proved that
(3.17) Uy € it [Uo, Uyl
From (3.14) we see that
Yl fugsu] = PAlfuonu,) + & with &, € R

(see the proof of Proposition 3.2 for ¢,).
Using (3.17) if follows that

ug is a local C'(Q2)-minimizer of py,
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= ug is a local WP(Q)-minimizer of ¢, (see Theorem 2.5).
By virtue of hypothesis H(f)(iii), given € > 0, we can find § = §(g) > 0 such that

(3.18) F(z,2) < S2? foraa. z€ Q, all z € [0, 9].
p

For u € C'(Q) with [[ul[¢1 gy < d, we have
oa(u) :/G(Du)dz—l—1/ﬁ|u|pdz—)\/F(z,u)dz
Q P Ja Q
1
(3.19) > ]—9[5 — Ae]flull”

(see Proposition 2.9 and (3.18)).
Choosing ¢ € (0, %), from (3.19) we infer that
ox(u) >0 = p\(0) for all ue C'(Q) with 0 < [uller@y <9,

= u =0 is a local C*(Q)-minimizer of ¢y,

= u =0 is a local W'P(Q)-minimizer of p, (see Theorem 2.5).
Without any loss of generality we may assume that ¢, (0) = 0 < @, (ug) (the reasoning
is similar, if the opposite inequality holds) and that ug is an isolated critical point of
(otherwise we have a whole sequence of distinct positive solutions and so we are done).

Then as in Aizicovicci-Papageorgiou-Staicu [1] (see the proof of Proposition 29), we
can find p € (0, |Juo||) such that

(3.20) PA(0) = 0 < pa(uo) < inflpa(u) : [lull = p] = np.

Recall that @, is coercive (see the proof of Proposition 3.2). Using this fact, we can
easily check that ¢, satisfies the PS-condition. Combining this with (3.20), we can
apply Theorem 2.6 and obtain @ € W1?(Q) such that

(3.21) 15 < oa(u)
(3.22) o\(a) = 0.
From (3.20) and (3.21) we see that u ¢ {0,uo}, while from (3.22) it follows that

The next proposition examines what happens at the critical parameter value
A > 0.

Proposition 3.5. If hypotheses H(a), H(B) and H(f) hold, then A\, € P.

Proof. Let {\,}n>1 € P such that A, | A\ and A\, > A, for all n > 1. Then we can
find u, € S(\,) C intCy such that

(3.23) {tn}n>1
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is decreasing (see the proof of Proposition 3.4) and
(3.24) Alu,) + pul = X\, Ny(u,) for all n > 1.
Recall that
0< f(z,2) <cgzP™t foraa. z€Q, al x>0 (see (3.2)).
From this estimate, Proposition 2.9 and (3.23), (3.24), we infer that
{tp}ns1 € WH(Q) is bounded.
Hence we may assume that
(3.25) Uy = u, in WH(Q) and u, — u in LP(Q).
On (3.24) we act with u,, — u, € WP(Q2), pass to the limit as n — oo and use
(3.25). We obtain
Tim (A(u,). 1, — .) =0,
(3.26) = u, — u, in W'P(Q) (see Proposition 2.7).
So, by passing to the limit as n — oo in (3.24) and using (3.26), we have
A(w) + pul ™t = ANy (us),
= u, € C4 (nonlinear regularity, see [11], [12]).

If we show that u, # 0, then u, € S(\.) C intCy and so A\, € P. To this end, we

have

—div a(Du,(2)) + B(2)un(2)PF = Mo f(2,un(2)) ae. in Q, % = 0 on 0N.

Since 0 < u,, < wy for all n > 1, from Hu-Papageorgiou [11] (see Proposition 2.7), we
can find M; > 0 such that

|tn|loo < M for alln > 1.

Then the regularity result of Lieberman [12] (p. 320) implies that there exist n € (0,1)
and M, > 0 such that

(3.27) up € CH(Q) and ||up|| oy < Mz for all n > 1.

Since C1(Q) is embedded compactly in C1(Q), from (3.27) and (3.26), we have
U, — u, in CHQ).

Suppose that u, = 0. Then

(3.28) u, — 0 in C'(Q).

By virtue of hypothesis H(f)(iii), given € > 0, we can find § = §(g) > 0 such that

(3.29) f(z,x) <eaP! foraa. z€Q, all x€]0,6].
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From (3.28) it follows that there exists an integer ng > 1 such that

u,(2) €[0,6] forall z € Q, all n > ny,
= —div a(Du,(2)) + B(2)un(2)P ! < Myeun(2)P7!
a.e. in 0 ,n>ng (see (3.29))

= & Junll” < Aellunllh, n > ng (see Proposition 2.9),

6‘*

= = <\, forall n > ny,
€

=S
€

But e > 0 is arbitrary. So if we let ¢ — 07, we reach a contradiction. This proves
that u, # 0 and so A\, € P. O

Summarizing the situation for problem (1.1), we can state the following bifurcation-

type theorem.

Theorem 3.6. If hypotheses H(a), H(B) and H(f) hold, then there exists A\, > 0
such that

(a) for all A € (A, +00) problem (1.1) has at least two nontrivial positive solutions
Ug, U € intCy;

(b) for A = A, problem (1.1) has at least one nontrivial positive solution u, € intC'y;

(c) for A € (0, A\y) problem (1.1) has no nontrivial positive solution.
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