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ABSTRACT. Here is a very particular by-product of the main result of this paper: for each
h e L*=(]0,1]) \ {0}, with h > 0, and for each « €]1, 2|, the only positive solution of the problem

{ —u = h(t)u’~t  inlo,1]
u(0) =u(l) =0

3

satisfies the inequality

2

1 1 2(ess su Rz \ 7
/ |u’(t)|2dt§/ h(t)dt 2ess supjo,h)? )
0 0 v
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1. RESULTS

Let Q C R™ be a bounded domain with smooth boundary and let p > 1. On the

Sobolev space W, ”(Q), we consider the norm

= ([ IVU(:E)V’d:):);.

If n > p, we denote by A the class of all continuous functions f : R — R such that

/(&)

sup
eer 1+ (€]
Where0<7<mgi_"p“’ifp<nand0<7<+ooifp:n. While, when n < p,

< 400,

A stands for the class of all continuous functions f : R — R. Given f € A and
h € L*(Q)), consider the following Dirichlet problem

{ ;iiVO(|Vu|p_ Vu) = h(f)f(u) ;r;gg (th)

Let us recall that a weak solution of (Py;) is any u € W, () such that
/ |Vu(2)|P"2Vu(r)Vo(r)ds — / h(x) f(u(x))v(z)dx =0
0 Q
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for all v € Wy ().

The functionals T, Jy,; : Wy *(Q2) — R defined by
1
T(u) = —||ul|P
(u) pH I

D) = [ ha)Flute)de
where .
ﬂ@=£f@%

are C! with derivatives given by

T’(u)(v):/Q|Vu(a7)|p_2Vu(:)s)Vv(:B)dz

%wa:/hMﬂMﬂM@M

Q
for all u,v € W,?(€). Consequently, the weak solutions of problem (Py) are exactly

the critical points in W, ?(Q) of T — Jy; which is called the energy functional of the
problem. Moreover, Jj ; is compact, while 7" is a homeomorphism between VVO1 Q)

and its dual.

Let us now recall a consequence of the variational principle established in [5] (see
also [1], [3], [4] and [7]):

THEOREM A. Let X be a reflexive real Banach space and let &,V : X — R be
two sequentially weakly lower semicontinuous functionals, with ¥ also coercive and
®(0) = w(0) =0.

Then, for each o > infx VU and each )\ satisfying

info-10_ooon ®
\ o _ fyig-cod)

o
the restriction of AU + ® to U1(] — 0o, o) has a global minimum.

If we want to apply Theorem A to get the existence of a weak solution for problem
(Pry), we need to know that, for some o > 0, we have

sup Jif(u) < .
[lullP <o p

Such an estimate can be obtained under quite natural assumptions if p > n, due
to the embedding of W,?(Q) in C°(Q). Actually, in the almost totality of the very
numerous papers dealing with applications of Theorem A and its consequences to
problems of the type we are dealing with, we find the assumption p > n (see the

references in [7]).

The aim of the current paper is to highlight a class of nonlinearities f for which

Theorem A can be applied without the assumption p > n.

Before stating the main result, we need to introduce some further notation.
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Let 0 < a < b < +o0. For a generic pair of functions ¢,9 : R — R, if A € [a, b],
we denote by M (¢, 1, \) the set of all global minima of the function Ay — ¢ or the
empty set according to whether A < 400 or A = +o00. We adopt the conventions

sup ) = —oo, inf ) = +o00. We also put
a(p,9,b) =max q infe, sup
B Mewb)

and

B(p, 1, a) = min {sﬁpw, M(1n£ w}

Furthermore, let g € }O, ffn} if n > porq€]0,4+o00lif n <p.

D
Set
Jo [u(z)]9dz

sup

wewdr@\{o} ([, [Vu(z)|pdz)? ’

Finally, denote by F, the family of all lower semicontinuous functions ¢ : R — R,
with supg ¥ > 0, such that

Cq:

0 (€)
e JEJ7 + 1

>_

and
e YO
cer\foy €]

< +00 .

After introducing these notations, we can state our main result:

Theorem 1.1. Let f € A and h € L>(Q2) \ {0}, with h > 0. Moreover, assume that
there ezists ¥ € F, such that, for each X €]a,b|, the function \ip — F is coercive and

has a unique global minimum in R. Finally, suppose that there exists a number r > 0

satisfying
a(F,p,b) <r < B(F,¢,a)
and
(1) sup F' < ~ a=p
Yi(r) p(yyess supghc,) s (fQ )

Under such hypotheses, the problem

—div(|Vul[P72Vu) = h(z)f(u) in Q
u=20 on 052

has a weak solution which is a local minimum of the energy functional and satisfies

/|Vu )|[Pdx <( rJo I )
V€SS supghcq
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Our proof of Theorem 1.1 is based on a joint application of Theorem A with the
following proposition which is nothing else than a very particular case of Theorem 1
of [6].

PROPOSITION A. Let p,9 : R — R be two functions such that, for each \ €
la,b], the function A\ — ¢ is lower semicontinuous, coercive and has a unique global

minimum mn R. Assume that

ale,¥,b) < B(e, 9, a).

Then, for each s €]la(p,¥,b), B(p, 1, a)], there exists As €|a, b[, such that the unique
global minimum of the function Ay — @ lies in ¢ ~1(s).
Proof of Theorem 1.1. Set

@) o rfo h(z)de 9
ypess supghe, )
Hence
QUGS suthcqa%
3 =
(3) " Jo h(x)dx
By the Sobolev embedding theorem, we have
(4) {fue WyP(Q) : |lullP <o} C {u € LYQ): / lu(z)|dx < cqa%} .
Q
In turn, as ¢ € F,, we have
(5) [ narotutedr < ess supghn [ Ju(o)pras
Q Q

for all u € L9(Q2). Therefore, from (4) and (5), it follows that
(6)
{u e WyP(Q) : |lullf <o} C {u € LI(Q) : / h(x)(u(x))dr < ess supghw,cqa%} :
0

Now, for each A €]a, b[, denote by &, the unique global minimum in R of the function
A — F. In view of Proposition A, since r €]a(F,,b), B(F,1,a)[, there exists A, €
la, b such that

V(&) =7
So, we have

A = F(6x,) < Mp(6) = F(€)

for all ¢ € R. From this, it clearly follows that
(7) F(é,) = s F
Likewise, for each u € L9(€2), it follows that

Ovr — F(éy) /Q hz)dz < / h@) v (u(z)) — Flu(z)))dz.
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Therefore, taking (7) into account, for each u € L9(Q2) satisfying
/ W) (u(z))dz < r / h(z)dz,
Q Q

we have

/Q h(z)F(u(z))de < sup F /Q h(z)dz.

PH(r)
In view of (3) and (6), this implies that

(8) sup /h(x)F(u(x))de sup F/h(x)dx.
[ullP<o /O p=1(r) Jo
At this point, from (1), (2) and (8), it follows that
SUD |y p<o Jo P(T)F (u(x))dx - 1
o D

This allows us to apply Theorem A, with X = Wol’p(Q), ® = —Jpyand ¥ = T.
Consequently, the functional T'— J,; has a local minimum in W, ?(Q) with norm less

than a%, and the proof is complete. O

We conclude by presenting an application of Theorem 1.1.

Theorem 1.2. Let h € L*>*() \ {0}, with h > 0, and let f : [0, +oo[— [0, +0o0] be a

continuous function satisfying the following conditions:

(i1) F has no global mazimum in [0, +0o] ;
(ig) the function t — tfq(—f)l is decreasing in 0, +o0o[ and tends to 0 ast — +o00 ;
(i3) either

F(t)

lim = 400
t—0t+ P

or ess infoh > 0 and

. F() 1
lim inf > - ;
t—0t+  tP p ess infghe,

(i4) there is s > 0 such that
sP

p(ess supghcy) g (fQ h(x)dz) -

F(s) <

Then, the problem

—div(|Vu[P~2Vu) = h(x) f(u) in Q
u=>0 on 0f)

has a positive weak solution satisfying

() /Q Vu(@)Pde < (M)ip.

ess supghc,
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Proof. Extend f to the whole R by putting f(t) = f(0) for all ¢ < 0. Clearly, in view
of (iy), we have f € A. Moreover, as hf > 0, each non-zero weak solution of (P,y) is
strictly positive in Q ([2], [8]). We are going to apply Theorem 1.1 with ¢(t) = |¢|?
and a = 0, b = +o0. So, let A > 0. Of course, from (iy) it follows that

lim (At|? — F(t)) = +oo.

|t| =00

Let us show that the function ¢ — A[¢t|9— F'(¢) has a unique global minimum. Arguing
by contradiction, assume that this function has two distinct global minima t,t,. We
can suppose that ¢; < t. Since A|t|7 — F'(t) > 0 for all ¢ < 0, it would follow that
t; > 0. By the Rolle theorem, there would be t3 €]t;, t5] such that

gAth Tt = f(ts).

As a consequence, we would have

contrary to (iy). Clearly, a(F,|-|?, +0o0) = 0 and, in view of (i), 5(F,|-|?,0) = +oc.
As a consequence, from (i4) it follows that (1) is satisfied with r = s? Hence,
Theorem 1.1 ensures the existence of a weak solution of problem (P) which is a
local minimum of the energy functional and satisfies (9). Finally, let us show that 0 is
not a local mininum of the energy functional, so that the above solution is not zero.

By a classical result, there is a bounded and positive function v € W, () such that

/Q|v(:v)|pd:)3:cp/Q|Vv(x)|pd:B.

Now, if ess infoh = 0, we denote by 1 a positive number such that the set A~ ([n, +0o0|)

has a positive measure. While, we set
n = ess infoh
if ess infoh > 0. Then, thanks to (i3), there is 6 > 0 such that

fQ |v(x)|Pdz
pncy fhfl([woo[) [v(x)|Pdx

P

F(t) >

for all ¢t €]0,0[. Hence, for each p € }O we have

_g
7 supqv |’

[ rFGEn 2 [ E)s

fQ|v )|Pdx /
> h(z)|p (@) dz
P Sy (g socp [0 @PAT Sy (0]
N Jo (@) |Pdz

. / ()P da
pncy fh*l([nﬁ-oo[) |p(z) [Pd h=1([n,4o0])
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Jo lpo (@) Pda

ey
1

= —/|V,uv(z)|pdx.
P Jo

This shows that the energy functional takes negative values in each ball of W, (Q)

centered at 0 and so 0 is not a local minimum for it. The proof is complete. O

Notice the following remarkable corollary of Theorem 1.2.

Corollary 1.3. Let ¢ > 1, let h € L>(Q) \ {0}, with h > 0, let ay,...,ar (k> 3)
be k non-negative numbers and let q1, ..., qx be k numbers lying in |1, q[. Assume that
either there is some i € {1,...,k} for which ¢; < p and a; > 0, or ess infoh > 0 and,
if we put

I={ie{l,...,k}:q =p},
we have I # 0 and
S a > 1
— * 7 ess infohc,
Finally, let s > 0 be such that

sP

k
il log(1+ s™) + %ar(}tgsq2 + Z i o < p — .
G ‘g — i p(ess supghey)a( [, h(x)dx) @

Then, the problem

—div(IVul 2Vu) = h(z) (@ + a2 + Sy ™t) in Q
u=>0 on 0f)

has a positive weak solution satisfying

/Q\Vu(x)\pd:c < (M)ZSP.

ess supghc,

Remark 1.4. For instance, taking into account that ¢, = 772 when Q =0, 1], from
Corollary 1.3 it follows that that, for each h € L>(]0,1]) \ {0}, with A > 0, and for
each v €]1,2[, the only positive solution of the problem

{ —u’ = h(t)uw~! in 0,1
u(0) =u(1) =0

satisfies the inequality

2

1 1 2(ess su h)z\ 2
/ o (8)[2dt < / noyar | 2 P’ .
0 0 ym
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