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ABSTRACT. We consider the Schrédinger equation

—Au+ V(z)u = AK(z)f(u) + pL(z)g(u) in RY, (P )
ue HY(RY), A

where N > 2, A\, > 0 are parameters, V,K,L : RY — R are radially symmetric potentials,
f R — R is a continuous function with sublinear growth at infinity, and g : R — R is a continuous
sub-critical function. We first prove that for A small enough no non-zero solution exists for (Px ),
while for X large and p small enough at least two distinct non-zero radially symmetric solutions do
exist for (Py ). By exploiting a Ricceri-type three-critical points theorem, the principle of symmetric
criticality and a group-theoretical approach, the existence of at least N — 3 (N mod 2) distinct pairs
of non-zero solutions is guaranteed for (Py ,) whenever X is large and p is small enough, N # 3, and
f, g are odd.

Keywords: Schrodinger equation, sublinear, three-critical points theorem, principle of symmetric

criticality
1. INTRODUCTION

In this paper we consider the perturbed Schrodinger equation

—Au+ V(z)u = MK (x) f(u) + pL(z)g(u) in RY,

u e HY(RN), (Fo)

where N > 2, V,K,L : R¥ — R are some non-negative potentials, A\, > 0 are
parameters, while f,g : R — R are nonlinear continuous functions with different
behavior. The interest in this problem comes from mathematical physics; for instance,
certain kinds of solitary waves in the nonlinear Klein-Gordon or Schrodinger equations
appear as solutions of problem (P, ,,).
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The non-perturbed problem (Py) = (Pyp) or its related form has been studied by
many authors during the last two decades under various assumptions on the potentials
V, K and on the nonlinear function f. Most of these papers address the case when
V and K have suitable sign- and growth-properties, and f has a superlinear and
subcritical growth. In these papers existence and multiplicity results for (P)) are
established via various variational arguments, see Rabinowitz [8], Bartsch et al. [1, 2],
and further subsequent papers. In particular, if f is odd, the existence of infinitely
many solutions for (P,) is usually guaranteed. A particularly interesting paper is
due to Clapp and Weth [3] where the existence of at least % + 1 pairs of non-zero
solutions for (Py) is proved for every A > 0 by assuming certain one-sided asymptotic
estimates for V and K when f(s) = |s|P™2s, p € (2,2*). Problem (P)) has been also
studied in the case when f is odd and has an asymptotically linear growth at infinity;
more precisely, Liu, van Heerden and Wang [7] prove a multiplicity result for (P))
whenever V(z) = ug(x) + 1, > 0, and the number of solutions for (P,) depends
on the behavior of the dimension of the eigenspace of a specific Dirichlet eigenvalue
problem defined on the bounded domain = int(g~*(0)).

The aim of the present paper is to supplement the aforementioned contributions
by requiring that the non-zero continuous function f : R — R has a sublinear growth
at infinity and a superlinear growth near zero, and problem (Py) = (Pyp) is perturbed

by an arbitrarily nonlinear term. More precisely, we assume that
(f1) f(s) = o(|s]) as |s] — oo;

(f2) f(s) = olls]) as s — 0;
(f3) there exists s € R such that F'(so) > 0, where F(s) = [; f(t)dt.

In order to avoid technicalities, we assume in the sequel that potentials V| K, L :
RY — R satisfy

(Hy) V € C(RY) is radially symmetric and infgn V' > 0;
(Hgr) K,L € L*(RY) N LY(RY) are radially symmetric and K > 0, K # 0.

Note that solutions of (P, ,) are being sought in weak form in the space
W = {u c H'Y(RY) : / (|Vul* + V(z)u®)dr < oo} :
RN

In fact, under the above conditions on f, V and K which will be assumed throughout
in the sequel, every weak solution u of (Pyp) is a classical one. Indeed, we have
Au=:h € L} (RY), thus u € HZ (RY) (cf. Evans [4, §8.3]) and u satisfies (Py) for

loc

a.a. v € RV,
The hypotheses (f1), (f2) and (f3) guarantee that the number
f(s)

Cy = Inax S

s#0
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is well-defined, positive and finite. Now, we are in a position to state our main result.

Theorem 1.1. Assume that N > 2. Let V,K,L : RN — R be two potentials such
that both (Hyv) and (Hg 1) hold, and let f : R — R be a continuous function verifying
(f1) — (f3). Then, the following assertions hold:

(i) For every A € [0,¢; || K| %infenV'), problem (Py) = (Pxo) has only the zero
solution;

(ii) There exists Ao > 0 such that for every X > Ag and every subcritical nonlinearity
g : R — R, there exists 6y > 0 such that for every u € [0, 6], problem (Py,) has
at least two distinct non-zero radially symmetric weak solutions in W ;

(iii) If f is odd, there exists Ay > 0 such that for every A > Ay and every odd
subcritical nonlinearity g : R — R, there exists 61 > 0 such that for every
p € [0,01], problem (Py,) has at least sy = max{2, N —3- (N mod 2)} distinct

pairs of non-zero weak solutions {£u}} C W, i=1,...,sn.

The function g : R — R is said to be subcritical is for some ¢ > 0 and 2 < p < 2%,

lg(s)] < c(|s| + |s|P~) for all s € R.

The proof of Theorem 1.1 (i) is direct. In order to prove Theorem 1.1 (ii)—(iii), we
find critical points of the energy functional associated with problem (P, ,) by means
of a Ricceri-type three-critical points theorem and the well-known Palais’ principle of
symmetric criticality. In particular, the proof of the multiplicity in Theorem 1.1 (iii)
requires special treatment. Our strategy is to apply Ricceri’s result to some particular

subspaces of W which have two main properties:

e they can be compactly embedded into LP(RY), p € (2,2%);
e they cannot be compared from a symmetrical point of view, i.e., their pairwise

intersections contain only the 0 element.

After a careful group-theoretical analysis inspired from Bartsch and Willem [2], we
construct sy = [%] + (=1)" such subspaces of W whenever N # 3. Further
energy-level analysis together with Ricceri’s multiplicity result provides at least two
pairs of distinct non-zero solutions for (P, ,) belonging to these subspaces separately
whenever A is large enough and y is small. Thus, the minimal number of distinct pairs
of non-zero solutions for (P ) is sy = 25y = N —3 (/N mod 2). One can also observe
that sy > 2 for every N # 3. Furthermore, in each dimension N > 2, two pairs of
solutions are radially symmetric, while if sy > 2 (which occurs for N =4 or N > 6),
the rest of the (sy—2) pairs of solutions are sign-changing and non-radially symmetric
functions. This statement is based on the aforementioned group-theoretical argument

which is described in Section 2.
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In Section 2 we recall Ricceri’s three-critical point theorem and display the group-
theoretical arguments needed for the proof of Theorem 1.1 (iii). In Section 3 we prove

our main theorem.

2. PRELIMINARIES

2.1. A Ricceri-type three-critical point theorem. The functional space
W = {u c H'Y(RY) : / (|Vul* + V(z)u*)dr < oo}
RN

is endowed with its natural inner product (u,v)w = [pn(VuVv + V(2)uv) dz and
norm | - [|w = 1/(,-)w. Due to hypothesis (Hy), it is clear that the embeddings
W c HY(RY) c LP(RY) are continuous, p € [2,2%). Here, 2* = oo if N = 2, and
2* = 2N/(N — 2) for N > 3. Once (f;) and (f) hold, the functional F : W — R
defined by
Flu) = K(2)F (u)dz
RN

is well-defined and is of class C*. If g is subcritical and L verifies (HJ,), the functional
J : W — R defined by

T(u) = / ()G,

is of class C'. Moreover, the critical points of the functional E) , : W — R defined
by

By ) = llulfy — AF(u) ~ pT (u)

are precisely the weak solutions for problem (P, ,). In order to find critical points
for E) ,, we will apply the principle of symmetric criticality together with a recent
critical point theorem due to Ricceri [9]. In order to recall Ricceri’s result, we need
the following definition: if X is a Banach space, we denote by Wx the class of those
functionals £ : X — R having the property that if {u, } is a sequence in X converging
weakly to v € X and liminf, E(u,) < E(u) then {u,} has a subsequence converging

strongly to u.

Theorem 2.1 ([9, Theorem 2|). Let (X, | - ||) be a separable, reflexive, real Banach
space, let By : X — R be a coercive, sequentially weakly lower semicontinuous C*
functional belonging to W, bounded on each bounded subset of X and whose deriv-
ative admits a continuous inverse on X*; and let E5 : X — R be a C' functional
with compact derivative. Assume that Ei has a strict local minimum point ug with

Ey(up) = Ea(ug) = 0. Assume that 7 < x, where

2.1 7 :=max < 0, limsu , limsup ——=< %,
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Es(u)
2.2 X = sup .
( ) Eq1(u)>0 Ey (u)

Then, for each compact interval [a,b] C (1/x,1/7) (with the conventions 1/0 = oo
and 1/00 = 0) there exists k > 0 with the following property: for every A € [a,b] and
every C functional Es : X — R with compact derivative, there exists § > 0 such that

for each p € [0,6], the equation
B} (1) - AEj(u) — pEj(u) = 0

admits at least three solutions in X having norm less than k.

2.2. Special symmetries. Let N > 2 be fixed and assume that a closed subgroup
of the orthogonal group O(N) acts on the space W, i.e., (¢,u) — ¢pxuec W, ¢ € G,
u € W. We define the set of fixed points of W with respect to the group G which

contains the G-invariant functions, i.e.,
W ={u€eW:¢xu=u for every ¢ € G}.

In particular, if G = O(N) and '+’ is the standard linear and isometric action defined

(2.3) (¢ *u)(z) =ul¢p " z) for v € RY, ¢ € O(N),

the set Wo () is exactly the subspace of radially symmetric functions of W. Standard
arguments show that Wo(yy C LP(RY) is compact for every p € (2,2*), see Lions [6].

In order to prove Theorem 1.1 (iii), more specific groups and actions are needed

whose origin can be found in Bartsch and Willem [2]. Let us fix N =4 or N > 6 and

define the number
N —3
ty = {T] + (=1)N.

Note that ty > 1 and for every i € {1,...,ty}, we may introduce the following
subgroups of the orthogonal group O(N):

G — O(f) x 0(%), if =22
’ O(i+1) x O(N —2i —2) x O(i + 1), if i# 822
We introduce the involution function 7; : RY — R associated with G N by
() (3,21), if 1= %, and x = (z1,23) with z1,23 € R%;
T = ; ;
(x3,29,21), if 1# %, and x = (1, 29, 3) with z1, 23 € R 29 € RV-272,
By definition, we clearly have that 7; ¢ Gy, 7,G N7Z'TZ-_1 = Gy, and 72 = idgw.

Now, let G} ; = (GniyTi) = Gni UGy, We know from the properties of 7;
that only two types of elements in Gy ; can be distinguished; namely, ¢ = g € Gy,
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and ¢ = 1,9 € G]T\,Z \ Gy, (with g € Gy;). The action of the compact group G;VZ on
W is defined by

(2.4) (g*u) (@) =u(g™'z), ((ng)*u)(z) = —u(g~'7 'z),
for g € Gy, w € W and x € RY. Now from Bartsch and Willem [2, pp. 455-457],
the embedding Wr C LP (RY) is compact for every p € (2,2%).

The next result is of crucial importance in Theorem 1.1 (iii); a similar statement

can be found in Kristdly, Radulescu and Varga [5], thus we omit its proof.

Theorem 2.2. The following statements hold true:
(i) If N =4 or N =6, then W N Woqy) = {0} foralli € {1,... tx};
(ii) If N =6 or N > 8, then Wgr 1 WGITVj = {0} for everyi,j € {1,...,ty} with
g g
i 7.

3. PROOF OF THEOREM 1.1

In the sequel we assume that all the assumptions of Theorem 1.1 are fulfilled.
Proof of Theorem 1.1 (i). Assume that u € W is a solution of (Py) = (Pyp).
Multiplying (Py) by the test function v and using the definition of the number ¢; > 0,

we obtain
Julfyy = [ (9P + V@)
RN

= M| K(z)f(uu

RN

K[ e / 2
<
- )\inRN VCf RN V(x)u

[ K| £
il’lfRN V
Now, if 0 < X < cj?l | K||;~infgn V, the above estimate implies u = 0, which concludes

the proof of (i). O

As we pointed out in the Introduction, the solutions of (P ,) are exactly the

A

crllulliy-

critical points for the functional E) , = & — A — u€s : W — R, where
1
Er(u) = §HUH%V, Ey(u) = F(u) and E(u) = J(u), u e W.

Before proving (ii) and (iii) of Theorem 1.1, we need the following

Lemma 3.1. (i) limsupy,,, o IIJ:L?I%)/ < 0;
(ii) limsup, o 75 < 0;
w

(iii) Let X be a closed subspace of W which is compactly embedded into L™ (RY),
r € (2,2%). Then Flx and J|x have compact derivatives.
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Proof. Due to (f1) and (fs), for every fixed € > 0 there is a 0. € (0,1) such that

£6)] < e

Since f € C(R,R), there also exist two constants M2, M? > 0 such that

|s| for all |s| < 4. and |s| > 6.

O -y and O < e o an 1) € 52,671

[sjo=t = F st

where 1 < ¢ < 2 < p < 2*. Combining the above two relations, we obtain that
infRN V

(3.1) £ (s)] §€||K||Loo |s| + M|s|7 for all s € R;
inf
(3.2) 1£(s)] < 61|T[§]|V Vsl 4+ M2|sp" for all s € R.
LOO

On account of (3.1), since K € L>®(RY) N L'(RY) and the embedding W C L"(RY)
is continuous for r € (2,2*), by the Holder inequality one can find C! > 0 such that
Flu) < K ()| F(u)|
RN
infRN \% 2 Ml
——u” + —=|ul?
TP

9
< Sl +Cllull

< | K@) [g

RN

Consequently, for every u € W\ {0}, we have that
I (u)
lullfy

Since g < 2, the arbitrariness of £ > 0 yields (i).

3 —
=+l

A similar argument based on (3.2) gives the existence of a C2? > (0 such that for
every u € W\ {0},
I (u)
lullfy
Since € > 0 is arbitrary and p > 2, (ii) follows readily.
The proof of (iii) is standard. O

€ -2
=+ Rl

For any 0 < r; < 7o, let A[ry,m) = {x € RY : r; < |z| < ry} be the closed
annulus with radii r; and 7, . Since K € L®(R") is a radially symmetric function
with K > 0 and K # 0 (cf. hypothesis (Hg)), one can find real numbers R > r > 0
and Ky > 0 such that

(3.3) essinfyeap, m K () > K.
Proof of Theorem 1.1 (ii). Let sp € R from (f3). For a fixed o € (0, (R —1)/2)

with r, R from (3.3), we can define a radially symmetric truncation function u, €
WO(N) such that
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(a) suppu, C Alr, RJ;
(b) [luollzee < [sol;
(c) us(z) = so for every x € Alr + 0, R — 0.
Here is an example of such a function u, : RY — R
2l =r)e i fz[ <740
us(r) =< 8o if r+o0<|z|<R-—o0;
2(R—lal); if |o|>R—o.
where z, = max(z,0). Denoting by wy the volume of the unit ball in RY, we clearly
have from the properties (a)-(c) and relation (3.3) that
HUUHI%V > 8(2)(4)]\/ }RanV ((R — O')N _ (7‘ + O’)N) 7
and

Flus) > wn[KoF(s0) ((R —o)N —(r+ U)N) — || K| p=~ max |F ()| x

[t]<|sol
x((r+o)¥ =rV+RY —(R—0)")].

If o is close enough to 0, the right-hand sides of both inequalities are strictly positive.

Therefore, we can define the number

. ull?
(3.4) Ao = inf {2”]__7% cu € Wony, Flu) > O} )

Moreover, it is also clear (cf. Lemma 3.1 and the above estimates) that

27(4) e W \ {0}} € (0, 00)
Tl

and x5! = Ao.

Now, we are in a position to apply Theorem 2.1 with X = Wo(y) and £, B, E3 :
Won) — R defined by E;, = gl‘WO(NW Ey = 52|WO(N) and F3 = Eg\WO(N). On account
of Lemma 3.1, the assumptions of Theorem 2.1 are fulfilled with 1y = 0 € Wo(n) and
T=0.

Thus, for every A > Ay := A\g = X"

> ( and every subcritical nonlinearity
g : R — R, there exists dy > 0 such that for every p € [0, d] the functional Ey ,[wey,
has at least three distinct critical points in Wo(y). Since E) , is O(N)—invariant, i.e.,
E\ . (¢xu) = E) ,(u) for every ¢ € O(N) and u € W (cf. relation (2.3) and hypotheses
(Hy) and (H, 1)), the principle of symmetric criticality implies that the critical points

of Ex ulwoy, are also critical points for Ey ,. This concludes the proof. [J

Proof of Theorem 1.1 (iii). Let N # 3. Since f and g are odd, the energy
functional E) , is even, and its critical points (hence solutions for (P, ,)) appear in
symmetric pairs. Consequently, a similar argument as in (ii) shows that there exists
Ao > 0 such that for every A > Ay and every odd subcritical nonlinearity ¢ : R — R,
there exists &, > 0 such that for every pu € [0, 53] problem (P ,,) has at least two pairs
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of solutions {:tu())‘:f } and {:tu())‘jé‘ } which are non-zero distinct functions belonging to
Wo(ny- In the case when N =2 or N = 5 we have sy = 2, i.e., the conclusion of (iii)

follows from the latter arguments.

Consequently, it remains to consider N =4 or N > 6. In this case ty > 1, so we
may fix ¢ € {1,...,ty} arbitrarily. Without any loss of generality, we may assume
for 0 < r < R in relation (3.3) that r(5 + 4v/2) > R. Due to the latter choice, it is
clear that the sets

2
1= r1,T3) € ' X ' : Ty — ! + |x3|° < d
Q RH—I RH—I R +3 2 R

R+&>2+ R—r

are disjoint. For every o € (0, 1], we introduce the set

: R+3r\? R-—
DZ: LEERNI\/<‘SL’1|— _Z T) +‘.§L’3‘2§0' T’

where z = (21, 22, 23) € RY with 21,23 € R, 25 € RV~%72 whenever i # 222, and

z = (21, 73) € RY with 21, 23 € R? whenever i = A=2 (and 5 is considered formally
0). Note that the set D}, C R is G ~invariant, i.e., D} C D}, for every ¢ € G ;.

Moreover, meas(D?) > 0 for every o € (0,1] and
(3.5) lirq meas(D} \ D!) = 0.

Let so € R from (f3) and for a fixed number o € (0, 1), we construct the following

special truncation function

i R—r R+3r\’ , R-—r
ul () = g~ max || — 1 + |zs3)%,0 1
+
R—v | R+3r2+||2 R—r y
1 a. T3 1 T1|%,0 1
+

y R—T’_mx 122 R—r 1659
4 T\ ) )  R=r2(1 =0

The special shape of u}, shows that ¢ *ul, = ul, for every ¢ € G, (see relation (2.4)),

thus u! € WG% . Moreover, the following useful properties hold:
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(a”) supp u, = Di € Alr, R];

(b) llug iz < sol;

(¢") |ul(x)| = |so| for every x € D!.

Since F' is even (thus F(sg) = F(—sp)), by exploiting the properties (a’)—(c’), we
obtain that

F(ul) > KoF(sg)meas(D") — || K|| 1 mz‘lx| |F(t)|meas(D} \ D).

lt|<
If o is close enough to 1, the right-hand side of the latter term is strictly positive, see

(3.5). Consequently, we can introduce the number

]l
(3.6) P 1nf{2}_(2/> tu € Wer , Flu) >0
As before, one has that
2F
w K

and y; ' = \.

We can apply Theorem 2.1 with X = WGITVZ-’Z_ and Ey, Fy, E3 : WG%J — R defined
by E; = €1|WG176,1-’ Ey = €2|WGIT$,Z- and Fy = 53|WG;§72.' Due to Lemma 3.1, the assump-
tions of Theorem 2.1 are satisfied with ug =0 € WG%J and 7 = 0. Consequently, for
every A > x;* = A\; > 0, there exists 6 > 0 such that for each u € [—67,0}], the
functional E/\’“|W01Tvii has at least three critical points in WG%J.

Due to the evenness of E ., relation (2.4), and hypotheses (Hy ), (Hg, 1), we have
that E) (¢ *u) = Ey,(u) for every ¢ € Gy, and u € W, ie., E) , is G}y, —invariant
on W. On account of the principle of symmetric criticality, the critical point pairs
{i—u;\j‘ } and {ﬂ:ui’f of Eulw,_-, are also critical point pairs for E), whenever
A >\ and p € [—67, 7], hence sglyllltions for problem (P ,,).

Now, it remains to count the number of distinct solutions of the above type. Due
to Theorem 2.2, there are at least (1+ty) subspaces of W whose mutual intersections
contain only the 0 element:

(I) the subspace Wo(w) of radially symmetric functions of W, and

(II) tx subspace(s) of W' of the type W .

As we pointed out above, each of these subspéices contain two distinct pairs of non-
zero solutions for (Py,) whenever A is large enough and p is small enough. More

precisely, if
A > Ay i=max{ Ao, A1,..., Ay fand 0 < p < min{éa\,éf‘, .. .,5t)‘N} =: 01,

where )y and &) come from the radial case (see (3.4)), while )\; is from (3.6), i €
{1,...,tn}, problem (P, ,) has at least

sy =2(1+ty) =N —3(N mod 2)
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distinct pairs of non-zero solutions. This concludes our proof. U

Remark 3.2. The statement of Theorem 1.1 (iii) is not relevant for N = 3 since
ss = 0. However, Theorem 1.1 (ii) gives two distinct (pairs of) non-zero, radially
symmetric solutions for (P,,) whenever X is large and p is small enough (and f, g
are odd).

Remark 3.3. The proof of Theorem 1.1 (iii) shows that in each dimension N > 2,
two pairs of solutions are radially symmetric. Moreover, if N = 4 or N > 6, then
sy > 4 and the rest of the (sy — 2) pairs of solutions are sign-changing and non-

radially symmetric functions in W.

Remark 3.4. From a Strauss-type estimate (see Lions [6]) we know that the elements
u € W are homoclinic, i.e., u(z) — 0 as |z| — co. Thus, all solutions in Theorem 1.1

(ii)—(iii) have this property.
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